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Summary
This article explores a general factor structure for high-dimensional nonstationary functional

time series, encompassing a wide range of factor models studied in the existing literature. We
investigate the asymptotic spectral behaviors of the sample covariance operator under this general
data structure. A novel fundamental sufficient condition, formulated in terms of a new introduced
effective rank tailored to this setup, is established under which empirical eigen-analysis yields
spurious results, rendering sample eigenvalues and eigenvectors unreliable for accurately recovering
the underlying factor structure. This generalizes the results of Onatski & Wang (2021) from typical
high-dimensional time series (HDTS) to the more intricate functional framework. The newly
defined effective rank is rigorously analyzed through a decomposition of the effects attributable to
functional factor loadings and functional factors. Contrary to the findings in the HDTS setting,
empirical eigen-analysis of models with only a small number of strong non-stationary factors
may still produce spurious limits in the functional framework. Therefore, additional caution
is warranted when applying covariance-based statistical methods to potentially nonstationary
functional data. Simulation studies are performed to determine conditions under which spurious
limits occur. Real data analysis on age-specific mortality rate data from multiple locations is
conducted for evidence of spurious factors induced by empirical eigen-analysis.

Some key words: Factor Structure; High-dimensional Functional time series; Non-stationarity; Sample
Covariance Operator; Spurious Analysis.

1. Introduction
Functional data analysis concerns random observations that take values in spaces of func-

tions, typically square-integrable function spaces over compact intervals. Such data have gained
substantial attention over the past few decades, both among theoreticians and researchers in
applied fields (see, e.g., Hsing & Eubank, 2015; Wang et al., 2016, 2015; Koner & Staicu, 2023;
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Ramsay & Silverman, 1997). To address the inherent in�nite-dimensional nature of functional data,
dimension-reduction techniques|such as functional principal component analysis and functional
factor models|are widely employed (Hall & Hosseini-Nasab, 2006; Benko et al., 2009; Shang,
2014; Hall et al., 2006).

Functional time series constitute a special class of functional data in which the observed random
functions exhibit serial dependence. In the univariate functional time series setting, a substantial
body of literature has extended classical time series methodologies to the functional framework
(H•ormann & Kokoszka, 2012, 2010; Hyndman & Shang, 2009; Aue et al., 2015; Horv�ath et al.,
2014, see, e.g., and references therein).

The analysis of multiple functional time series, particularly in high-dimensional regimes where
the number of series is comparable to or exceeds the sample size, has received growing attention;
see, for example, Gao et al. (2019); Jim�enez-Var�on et al. (2024); Hallin et al. (2023); Chang
et al. (2024b,a); Guo et al. (2024); Leng et al. (2024). A central di�culty in this setting is the
coexistence of multiple sources of dependence: within-curve dependence across the functional
domain, serial dependence over time, and cross-sectional dependence across series. Each component
may be high-dimensional. For instance, the Japanese sub-national mortality data analysed in
Jim�enez-Var�on et al. (2024) comprise 46 functional time series observed over 50 years, with each
annual observation recorded on a grid of 110 points.

Dimension-reduction methods for multivariate and high-dimensional functional time series
include extensions of functional principal component analysis (see, e.g., Gao et al., 2019; Chiou
et al., 2014; Happ & Greven, 2018; Di et al., 2009; Zapata et al., 2022) and functional factor
models (see, e.g., Jim�enez-Var�on et al., 2024; Hallin et al., 2023; Chang et al., 2024b,a; Guo et al.,
2024; Leng et al., 2024). These approaches approximate the data by low-rank representations and
are e�ective when the underlying data-generating mechanism is itself approximately low-rank.

Many of the classical methods discussed above are primarily developed under the assumption of
stationarity. In recent years, however, increasing attention has been devoted to the non-stationary
setting (see, e.g., van Delft & Eichler, 2018; van Delft & Dette, 2021; Chang et al., 2016; Li et al.,
2023; Horv�ath et al., 2014). For non-functional data, it is well established that directly applying
principal component analysis (PCA) or factor analysis to high-dimensional non-stationary time
series can lead to spurious conclusions. In such settings, temporal dependence may dominate
cross-sectional dependence, even when strong common factors are present. As a result, the leading
eigenvalues obtained from the standard PCA procedure primarily re
ect serial dependence rather
than genuine cross-sectional correlation. Consequently, the extracted components may fail to
represent the underlying factor structure and instead capture persistent time dynamics.

This issue was rigorously studied by Onatski & Wang (2021), who showed that standard principal
component analysis (PCA) may produce spurious factors when applied to high-dimensional
integrated time series lacking a genuine low-rank structure. Even in the absence of true common
factors, the leading sample principal components can explain a large fraction of the total variance,
leading to erroneous inference. They further established that, under high-dimensional asymptotics,
the sample eigenvalues and eigenvectors converge to functionals of a Wiener process, irrespective
of the underlying covariance structure, indicating that strong temporal dependence can dominate
the spectral behavior. Building on this framework, He & Zhang (2024) extended the analysis
to models with more general forms of temporal dependence beyond the unit root case. They
also derived the asymptotic distributions of the sample eigenvalues, which enable formal tests to
distinguish genuine factors from spurious ones. To mitigate the occurrence of spurious factors in
practice, Zhang et al. (2025) proposed a data-adaptive method to identify the underlying structure
of high-dimensional time series before conducting eigen-analysis.

The present paper investigates the emergence of spurious phenomena in high-dimensional
functional time series, with an extra functional dimension. We consider a general high-dimensional
functional factor model with non-stationary factors that encompasses several existing frameworks
in the literature (see, e.g., Hallin et al., 2023; Tavakoli et al., 2023; Guo et al., 2024; Leng
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et al., 2024). In parallel with results from the high-dimensional literature, under mild rank-type
conditions on the covariance operator of the process, the empirical eigenvalues and eigen-functions
converge to a spurious limit that fails to represent the genuine covariance structure. As a result,
methodologies relying on functional principal component analysis can produce inconsistent or
misleading conclusions in the presence of non-stationarity.

We generalize the core results of Onatski & Wang (2021) to the setting of high-dimensional
functional time series (see Theorem 1). The in�nite-dimensional nature of functional observations
introduces substantial technical challenges and gives rise to asymptotic behavior that is qualitatively
di�erent from that observed in �nite-dimensional settings. In particular, the conclusions of our
main theorems diverge signi�cantly from those of Onatski & Wang (2021), highlighting structural
features that are intrinsic to functional data. We elaborate on these distinctions below.

Onatski & Wang (2021) introduce a su�cient condition for the emergence of a spurious limit
based on the notion of an \e�ective rank," which characterizes the extent to which the model
can be well approximated by a low-rank structure. They show that models with a large e�ective
rank are prone to exhibiting spurious limits. In our setting, however, the concept of e�ective rank
becomes more challenging due to an additional layer of dependence inherent in functional data.
For high-dimensional (or multivariate) functional time series, the covariance operator encodes
both cross-sectional dependence across coordinates and dependence along the functional domain.
Disentangling these two sources of dependence requires additional technical work in order to
derive results that admit a clear interpretation; see Theorem 2 and Corollary 1.

Furthermore, the existing theoretical framework does not accommodate models with a �xed
number of strong factors. In contrast, this restriction is relaxed in our setting due to the intrinsic
high dimensionality of functional data. Speci�cally, Theorem 2 establishes that even models driven
by only a small number of strong non-stationary factors may converge to the spurious limits
characterized in Theorem 1. This constitutes a substantial departure from the settings considered
in Onatski & Wang (2021) and He & Zhang (2024), where a �nite number of strong factors
are treated as genuine and thus do not converge to spurious limits. Our �ndings indicate that,
in the functional framework, the presence of an apparently well-de�ned factor structure does
not safeguard against spurious eigenstructure in practice. Consequently, particular caution is
warranted when applying covariance-based methods to non-stationary functional time series, even
in the presence of strong factors.

The remainder of the paper is organized as follows. Section 2.1 introduces the model under
consideration, and Section 2.2 presents several illustrative examples together with their connections
to the existing literature. Section 2.3 de�nes the principal mathematical objects of interest, namely
a class of sample covariance operators, and introduces the notation and preliminary results
required for the development of our theory. Section 3.1 states and discusses the main assumptions
underlying our theoretical analysis, while the primary results are presented in Section 3. Further
discussion of the key su�cient condition, Assumption 2, is provided in Section 3.3, where we also
establish additional theoretical results that clarify the circumstances under which spurious limits
arise. Section 4 reports simulation results and examines their implications in light of the theory.
In Section 5, we apply our methodology to empirical datasets. Finally, Section 6 summarizes the
main �ndings and proposes a conjecture motivated by several notable simulation patterns for
future investigation.

Finally, we will introduce some notations for the rest of the paper. Throughout the paper, for a
separable Hilbert spaceH, we write h�; �iH and k�kH for its inner product and the associated norm.
We will routinely drop the subscript H and simply write h�; �i and k�k when the context is clear.
For elementsf; g on H, we write f 
 g for the bounded linear operator h 7! fhh; gi . For a vector
x = ( x1; : : : ; xn ) 2 Rn , we write kxk0 = jfi � n; x i 6= 0gj for the number of non-zero coordinates
of x and kxkp = (

P
i�n xp

i )1=p for the usual `p norm of x. For p 2 N, we write H p = � p
k=1 H for

the external direct sum of p copies ofH endowed with the usual inner product. Elements ofH p

will be denoted asf = ( f 1; : : : ; f p) where f i 2 H for 1 � i � p . For a bounded linear operatorA
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on H, we write kAk and A � for the operator norm and the adjoint of A respectively. The rank,
the trace, the nuclear norm and the Hilbert-Schmidt norm of A will be denoted askAk0, hAi,
kAk1 and kAk2 respectively, whenever they are �nite. For Hilbert-Schmidt operators A; B on H,
we write hA; Bi = hA� Bi for the natural inner product in the Hilbert space of Hilbert-Schmidt
operators on H. For sequences (an )n2N and (bn )n2N , we write an . b n if an � cb n for all n for
some positive constantc independent ofn. We write an � b n if an . b n and bn . a n . We write
an � b n or an = o(bn ) if an =bn ! 0 asn ! 1 and an � b n if bn � a n . Finally, we use Op and
op to denote the usual notions of stochastic compactness and convergence in probability.

2. Setup: Model and Assumptions

2.1. A General Functional Factor Model

Let H = L 2(I ) be the Hilbert space of square integrable functions on some compact interval
I and H p = � p

k=1 H be the external direct sum ofp copies ofH endowed with the usual inner
product. We consider an integratedp-dimensional functional time seriesX = ( X 1; : : : ; X T ) of
length T taking values on Hp. We assume X follows the functional factor model below

X t (u) = (	F t )(u) + � t (u); u 2 I; (1)

where (Ft )t is an integrated functional time series onH K for someK < p , the function 	 is a
bounded linear operator from H K to H p, and (� t )t is a stationary functional time series onH p

with mean zero and covariance operatorC� . It is natural to view (1) as a functional factor model
with non-stationary factors ( Ft )t and factor loading operator 	. This functional factor model takes
a general form in the sense of both factors and loadings being functions, which covers common
factor styles in relevant literature Hallin et al. (2023); Guo et al. (2024) and Leng et al. (2024).

Analogous to Onatski & Wang (2021), the functional factor (Ft )t is assumed to be a random
walk on H K of the form Ft =

P t
s=1 � s where � t = ( � 1t ; : : : ; � Kt )> and (� kt )kt is a collection of

independent random functions inH with mean zero and covariance operatorC� . The linear operator
	 is assumed to be a matrix of integral operators, i.e., there exists a collection (	 ik ) i�p;k�K of
integral operators such that

(	� t )(u) i =
KX

k=1

Z

I
	 ik (u; v)� kt (v)dv; u 2 I;

where 	 ik (�; �) denotes the integral kernel of the integral operator 	 ik . This structure is also
adopted by Leng et al. (2024). We will write 	( �; �) as the matrix of kernel functions (	 ik (�; �)) ik

and write the above equation in the matrix form

(	�)(u) =
Z

I
	(u; v)�(v)dv; u 2 I:

Additional technical assumptions on the model are discussed in Section 3.

2.2. Model Generality

Our framework is built upon a highly general functional factor structure in which both the factors
F and the factor loadings 	 are functional objects. This formulation is conceptually related to the
dual functional factor model proposed by Leng et al. (2024); however, their analysis is restricted
to stationary time series. The fully functional factor structure speci�ed in (1) encompasses a
broad class of existing models as special cases. We now illustrate this generality by presenting
several concrete examples and discussing their connections to the literature.

Example 1. (Functional Loadings).
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Suppose the factors Fkt takes the form of

Fkt (�) = ~Fkt g(�)

for some deterministic function g 2 H and real random variables (~Fkt )kt . Set

~	(�) =
Z

	(�; v)g(v)dv;

then our factor structure in (1) reduces to the functional factor model of Hallin et al. (2023) and
Tavakoli et al. (2023) with factors ( ~Fkt )kt and factor loading operator ~	 . In this case the factor
loading is a functional object while the factors is given by a multivariate time series on RK .

Example 2. (Functional Factors).
Suppose the factor loadings are given by

	 ik (u; v) = �(u � v) ~	 ik

where ~	 = ( ~	 ik ) ik is a p � K real matrix and � is the Dirac � function at zero. Then we have

(	F t )(u) =
Z

I
�(u � v) ~	F t (v)dv = ~	F t (u)

and our factor structure in (1) reduces to the functional factor model recently proposed by Guo
et al. (2024). In this case the factors are functional objects while the factor loadings are given by
a p � K real matrix.

We note that, under the factor structure in Example 1, both the cross-sectional dependence
and the dependence along the functional domain are entirely induced by the factor loadings. In
contrast, under the structure in Example 2, the cross-sectional dependence is determined by the
factor loading matrix, whereas the dependence along the functional domain is jointly driven by
the latent factors and the loading matrix. In our general framework, both types of dependence
emerge from the interaction between the factors and the factor loadings, as will become evident
from the main theoretical results.

The fully functional factor structure is also closely related to the study of non-stationarity and
cointegration in functional time series, topics that have attracted increasing attention in the recent
literature (see, e.g., Beare et al., 2017; Chang et al., 2016, and references therein). We present a
simpli�ed example below to illustrate these connections.

Example 3. (Cointegrated Functional Time Series).
Suppose p = K = 1 and 	 is a bounded linear operator on H of �nite rank. Writing

�X t = 	� t + �� t ;

our model in (1) becomes the the Beveridge-Nelson decomposition of the cointegrated functional
time series studied in Beare et al. (2017); Chang et al. (2016). The rank of 	 here represents the
dimension of the attractor space, i.e. the vectorsh in the kernel of 	 are the directions such that
the projection hh; Xt i is of I (0). Our model can be extended to be compatible with recent results
that study integrated time series of order I (d) where d can be fractional (see Li et al., 2023; Beare
& Seo, 2020). We do not pursue such extensions in our current work.

Finally, although our model is formulated with the factors F evolving as a random walk on
H, the framework in fact accommodates a broad class of temporal dependence structures, in the
spirit of Onatski & Wang (2021). In particular, the speci�cation in (1) can be interpreted as the
Beveridge{Nelson decomposition ofI (1) linear process onH exhibiting more general short-run
dynamics.

As demonstrated by our main results, the random-walk component of the factors asymptotically
dominates the behavior of the sample covariance operator, while mild deviations from pure
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random-walk dynamics have asymptotically negligible e�ects. We conclude this section with an
additional example illustrating the range of temporal dependence structures encompassed by our
framework.

Example 4. (Multivariate Functional Time Series).
Suppose the factors (F1; : : : ; FT ) � H K follow the model

Ft (u) =
NX

n=1

Y n
t � n (u);

where (� n ) is a complete orthonormal set of functions onH and for eachn, the vector-valued
coe�cients (Y n

t ; t = 1; : : : ; T ) follow a K-dimensional vector ARIMA model of the form

� n (L)(1 � L)(Y n
t � Y n

0 ) = � n (L)� n
t

where � n and � n are the matrix valued autoregressive and moving average polynomials. Assum-
ing causality of the ARIMA processes and writing 	 n (L ) := � n (L ) �1 � n (L ), the multivariate
Beveridge-Nelson decomposition of Ynt is given by

Y n
t = 	 n (1)

X

s�t

� n
s + � n

t ;

where (� n
t )t is a stationary process given by� n

t = �
P 1

k=0

P 1
i=k+1 	 i � n

t . Now, let 	 : H K ! H K

be a linear operator given by 	( a� n ) := 	 n (1)a� n where a is an arbitrary vector in RK . The
factor process can then be written as

Ft (u) = 	
X

s�t

NX

n=1

� n
s � n (u) +

NX

n=1

� n
t � n (u):

This representation shows that, the multivariate functional time series Ft (u) is also a special case
of the functional factor model in (1).

In light of Examples 1{4, the proposed functional factor model accommodates a rich variety of
cross-sectional and temporal dependence structures.

2.3. The Sample Covariance Operator Matrix

The analysis of the model(1) and the estimation of factors and factor loadings typically rely
on the eigen-analysis of the sample covariance operator1T

P T
t=1 [X t 
 X t ] on H p. In Euclidean

space, it is common practice to leverage on the duality between the column space and the row
space of a matrix and consider theT � T Gram matrix instead. In the context of functional data,
this estimation approach has also been taken in existing work (Benko et al., 2009; Leng et al.,
2024; Tavakoli et al., 2023) when estimating factors and factor loadings. We provide a formal
justi�cation of this duality in Lemma A5 in Appendix.

Let X (u) := 1
T

P T
t=1 X t (u) be the sample mean. By LemmaA5, the sample covariance operator

of X has the same non-zero spectrum as the Gram matrixbS = ( bSst ) given by

bSst : =
1
p

pX

i=1

hXis � X i ; X it � X i i (2)

Let M denote the orthogonal projection onto the orthogonal complement of theT-dimensional
vector of ones, i.e. M := IT � T �1 1T 10

T . Then we may write

bS =
1
p

Z

U
(X(u) � X(u)) 0(X(u) � X(u))du =

1
p

Z

U
MX(u) 0X(u)Mdu
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As will be shown, in cases where spurious behaviors arise, this Gram matrix is dominated by the
Gram matrix of the non-stationary part of the original data, which we will denote as

~S : =
1
p

Z

U
M(	F )(u) 0(	F )(u)Mdu: (3)

Write � for the T � T upper triangular matrix with entries equal to 1 so that, based on the
random walk structure on F (u),

(	F )(u) = (	�)(u)� =
Z

I
	(u; v)�(v)�dv:

By Fubini's theorem, the Gram matrix ~S can be written as

~S =
1
p

M� 0
Z

I

� Z

I
�(v) 0	(u; v) 0dv

Z

I
	(u; w)�(w)dw

�
du�M

=
1
p

M� 0
ZZ

I 2
�(v) 0

� Z

I
	(u; v) 0	(u; w)du

�
�(w)dvdw�M =:

1
p

M� 0W�M;

where W denotes the T � T random matrix given by

W :=
ZZ

I 2
�(v) 0
(v; w)�(w)dvdw; (4)

and 
(v; w) is the K � K matrix given by


(v; w) :=
Z

I
	(u; v) 0	(u; w)du; v; w 2 I: (5)

Note that the transpose of 
 is given by 
( v; w)0 =
R

I 	( u; w)0	( u; v)du = 
( w; v), i.e. for any
i; j we have 
 ji = 
 �

ij . Proposition 1 below shows that 
 is a self-adjoint operator on H K .
In the analysis of the Gram operator ~S, we will often encounter certain compositions between

matrices of operators. For convenience, we provide a new de�nition on the operator product and
explore its basic properties.

Definition 1. (A New Operator-Matrices Product)
Let C1 and C2 be bounded linear operators onH and 
 = (
 ij ) be a K � K matrix of bounded

linear operators on H for some �xed K. We de�ne

C1
C 2 := (C 1
 ij C2) ij

to be theK � K matrix of operators whereC1
 ij C2 is the common composition between operators.
The operator C1
C 2 acts on HK by

(C1
C 2f ) i :=
KX

j=1

C1
 ij C2f j ; (f j )K
j=1 2 H K :

We develop some basic properties for such matrices of operators. The proofs can be found in
Section A.

Proposition 1. Let C 1 and C2 be given as in De�nition 1, and 
 is de�ned in (5). Then

1. The adjoint of 
 is given by (
 � ) ij = 
 �
ji , hence 
 is self-adjoint if and only if 
 �

ij = 
 ji .
Furthermore, the adjoint of C1
C 2 is given by

(C1
C 2) � = C �
2 
 � C �

1 :
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2. SupposeC1
 ii C2 is a trace-class operator onH for all i = 1 ; : : : ; K . Then C1
 C2 is a trace
class operator on HK and its trace, denoted as hC1
C 2i, is given by

hC1
C 2i =
KX

i=1

hC1
 ii C2i:

3. Suppose the operatorC1
 ij C2 is Hilbert-Schmidt on H for all i; j = 1 ; : : : ; K . Then the
operator C1
C 2 is Hilbert-Schmidt on HK and

kC1
C 2k2
2 := hC1
C 2C �

2 
 � C �
1 i =

X

ij

kC1
 ij C2k2
2:

3. Asymptotic Theory for Spurious Phenomenon

3.1. Assumptions

The following set of assumptions are made throughout the paper.

Assumption 1 (Moments Condition). Assume p ! 1 as T ! 1. Furthermore, suppose that

1. � := ( � it ) it is a K � T matrix of independent random elements onH with E[� it ] = 0 and
covariance operator C� := E[� it 
 � it ] for all i; t.

2. The fourth moment of � it is uniformly bounded in the sense that

� �
4 := sup

i;t
sup

u;v;�;�

E[� it (u)� it (v)� it (�)� it (�)]
C� (u; v)C � (�; �)

< 1:

Remark 1. The condition p ! 1 places the analysis in a high-dimensional regime, while no
restriction is imposed on the relative growth rates of p and T .

Assumption 1.1 ensures that the latent factors� follow a covariance stationary process with
K independent components. The requirement that the elements of� be independent acrosst =
1; 2; : : : ; T may appear restrictive. However, this assumption can be readily relaxed to accommodate
common time-series structures such as ARMA models; see Example 4 in Section 2.2. The present
formulation of the factor structure is adopted for convenience, as it clearly distinguishes theI (1)
and I(0) components of the model, which is the main focus of this article.

Assumption 1.2 simply ensures that the latent factors have uniformly bounded 4-th moment.
The appearance of the covariance functionC� in the denominator takes into account the fact that
� it is an element of a Hilbert space and has a nontrivial covariance structure.

The following assumption on the covariance operatorsC� and 
 outlines the key condition for
the emergence of spurious behaviours in sample covariance-based eigen-analysis.

Assumption 2 (E�ective Rank). As p; T ! 1 , the e�ective rank, based on the operatorsC�

and 
, satis�es

R := hC 1=2
� 
C 1=2

� i=kC 1=2
� 
C 1=2

� k ! 1: (6)

Remark 2. The ratio R is the e�ective rank of the operator C1=2
� 
 C1=2

� , a quantity widely
used in the high dimensional probability literature (Koltchinskii & Lounici, 2016; Rudelson &
Vershynin, 2010; Wainwright, 2019). A large e�ective rank indicates that the operator cannot be
well approximated by low-rank operators in the operator norm.

It is straightforward to see that the operator C := C1=2
� 
 C1=2

� , as de�ned in De�nition 1, is
a self-adjoint, non-negative de�nite operator on H K . This implies kCk2 � kCk 2

2 � hCikCk , from
which we obtain the estimateshCi=kCk2 � hCi 2=kCk22 � hCi 2=kCk2. Therefore, Assumption 2 is
equivalent to the condition

kC1=2
� 
C 1=2

� k2 � hC 1=2
� 
C 1=2

� i:
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We now o�er several remarks on the interpretation of Assumption 2 and its relation to the
existing literature.

Remark 3. In the non-functional settings considered by Onatski & Wang (2021) and He &
Zhang (2023), the e�ective rank R is bounded below by the number of non-stationary factors
K . Consequently, condition (6) is ensured under the stronger but interpretable assumption that
K ! 1 . This is also the framework within which Onatski & Wang (2021) and He & Zhang (2024)
develop the asymptotic theory for spurious phenomena.

We work directly under the intrinsic condition (6) in the functional setting. One reason is that
the lower bound R & K no longer holds due to the presence of the operatorC� . In fact, condition
(6) re
ects both the cross-sectional and the functional dependence structures in the data; see
Section 3.3 for further discussion. This represents a key distinction between the present paper and
the existing literature. We show that models with K � p factors may exhibit no spurious behaviour,
while models with only a few factors may display pronounced spurious e�ects. Consequently,
even models with a small number of genuine non-stationary factors, eigen-analysis based on the
sample covariance can produce spurious results in the functional setting. Extra caution is therefore
required when applying eigen-analysis to potentially non-stationary functional time series.

It is worth noting that, in Section 3.3, we derive more interpretable results by establishing
upper and lower bounds forR under common time series models. These results provide clearer
insight into when spurious behaviour arises and how it relates to K.

Finally, the following assumption gives a lenient bound on the size of the error time series �.

Assumption 3 (Error Components). Assume that the error term (� t ; t = 1 ; : : : ; T) is a weakly
stationary time series on H p with mean zero and covariance operatorC� = E[� t 
 � t ] 2 H p

satisfying

hC� i � ThC � 
i; T ! 1: (7)

Condition (3) ensures� is negligible asymptotically compared to the non-stationary component
of the model. To illustrate the scope of this condition, suppose the components� 1t ; : : : ; � pt of
� t have uniformly bounded covariance operators, in which case condition(7) is equivalent to
hC� 
 i � pT �1 . Drawing a parallel with the high dimensional factor modelling literature, it is
natural to assume that the strength of the factors increases withp, i.e. k
 k � p 1�� for some
� 2 [0; 1] (see Lam & Yao, 2012; Fan et al., 2021). SinceC� is a trace class operator, condition
(7) reduces top� T �1 = o(1), which clearly holds for a wide range of high dimensional models. In
particular, condition (7) is trivially satis�ed when the factors are \strong", i.e. when � = 0.

3.2. Main result

We are now ready to state the main result of our work.

Theorem 1. Let (b� t )T
t=1 be the eigenvalues of the sample covariance matrixbS arranged in

non-ascending order and (bun ) be the corresponding eigenvectors. Suppose Assumptions 1-3 hold,
then for any �xed natural number k, as T ! 1, we have

(i) the sample eigenvector buk satis�es

jhbuk ; dk ij = 1 + o p(1)

where dk 2 RT with the t-th coordinate equal to dkt =
p

2=T cos(�kt=T ),
(ii) the sample eigenvalueb� k satis�es

b� k =
T2

k2� 2p
hC� 
i(1 + o p(1));
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(iii) the percentage of variance explained byb� k satis�es

b� k
P

j
b� j

=
6

(k�) 2 + o p(1):

Theorem 1 gives the asymptotic limits of sample eigenvalues and eigenvectors asT tends to in�nity.
Part (ii) states that the sample eigenvaluesb� k tends to deterministic limits. There are several
observations to be made. First, the true covariance structure of the model, captured byC� and 
,
appears in the limit of the eigenvalueb� k only in the form of a tracial quantity. In particular, the
limit of b� k depends on the indexk only through a factor of k�2 and is not related to the k-th
eigenvalue ofC� and 
. Thus, the sample eigenvaluesb� k do not capture any useful information
about the cross-sectional dependence structure of the model.

Furthermore, the limit of b� k is of order T2p�1 hC� 
 i for any �xed k, regardless of how many
factors are actually present in the model. In particular, even though the sample eigenvalues appear
to be decaying rapidly at the speed ofk�2 , any inference on the number of factors based on
sample eigenvalues is guaranteed to be misguided.

Lastly, we recall that in the factor modelling literature, the term `strong factors' is typically
used to refer to factor loadings with kC� 
 k � p . However, we see that even under the assumption
of strong factors, the leading sample eigenvaluesb� k are still of order T2, which is much larger
than the strength of factors. This suggects that the non-stationarity in the model dominates the
covariance structure even in the presence of strong factors.

Part (i) of the theorem states that the estimated eigenvectorsbuk , which are used as estimates for
`factors' in certain models (see Tavakoli et al., 2023; Leng et al., 2024) converge in probability to a
deterministic trigonometric function dk . It is important to note that this limit only depends on
the index k and is independent of the actual covariance structure of the model. Factors estimated
this way are hence labeled as spurious in nature since they do not relate to the true factors� and
the factor loadings 	 in any way at all.

The appearance of trigonometric functions in the limit is not surprising in this context. These
functions are precisely the eigenfunctions appearing in the Karhunen-Lo�eve expansion of a
demeaned standard Wiener process, which arises as the limit of a scaled random walk. As
explained above, the covariance structure in the spurious case is dominated by the non-stationarity
in the model instead of the cross-sectional dependence, and the factor estimates are essentially
estimating the eigenfunctions of the Wiener process.

Lastly, part (iii) of the theorem gives limits of the proportion of variance explained by each
sample eigenvalue. It can be seen that the limit is deterministic and does not contain any
information about the true factor structure C� and 
. As a consequence, any inference about the
factor strength based on the scree plot would be inaccurate.

3.3. Discussion on Assumption 2

Assumption 2 gives a su�cient condition for the emergence of the spurious limit similar to the
preceding works Onatski & Wang (2021) and He & Zhang (2024). The key quantityhCi=kCk2, the
ratio between the trace and the Hilbert-Schmidt norm of the operator C = C1=2

� 
 C1=2
� , depends

on both the cross-sectional structure and the functional structure of the model. In certain special
cases, we can separate the two e�ects and give concrete bounds on this ratio, which allows us to
formulate su�cient conditions for Theorem 1 in terms of more basic model parameters.

By Mercer's theorem, the operator C� has a spectral decomposition given by

C� =
1X

n=1

cn � n 
 � n (8)
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where (� k )k is a complete orthonormal basis forH and (cn )n is a non-negative sequence iǹ1.
Suppose that the factor loading operators (	 ik ) are given by

	 ik =
qX

n=1

anik � n 
 � n (9)

for some collection of real numbers (anik )nik satisfying supn
P

i;k a2
nik < 1 . For n 2 N , de�ne the

matrices An = ( anik ) ik and Bn = An A0
n . Essentially, cn Bn is the covariance matrix of the factor

part of the model 	 � t projected component-wise to the one dimensional closed linear subspace of
H spanned by the function � n .

Under this speci�c structure for the factor loadings, we can formulate the following two-sided
estimates on the ratio hCi=kCk2.

Theorem 2. Let C� and 	 be given as in (8) and (9). Suppose that the matrices (Bn ; n 2 N )
satisfy kBn k2 . kB m k2 uniformly in n; m 2 N. Then we have the upper bound

hCi
kCk2

.
1

kC� k2
sup
n2N

hBn i
kBn k2

�
1

kC� k2
sup
n2N

kBn k1=2
0 ; (10)

and the lower bound

hCi
kCk2

&
1

kC� k2

�
1 + sup

n
cn

hBn i
kBn k2

�
&

1
kC� k2

�
1 + sup

n
cn �(B n )1=2kBn k1=2

0

�
; (11)

where � (Bn ) denotes the ratio between the least non-zero eigenvalues and the largest eigenvalue of
Bn . The omitted constants in the above estimates are all uniform in T .

Theorem 2 allows us to separate condition(6) into a cross-sectional component captured by
the matrices (Bn ; n 2 N ) and a functional component captured by the operator C� . The term
hBn i 2=kBn k2

2 is analogous to the ratio in Assumption A3 of Onatski & Wang (2021). It is bounded
from the above by the rank ofBn and from the below by the rank of Bn scaled by� (Bn ) appearing
in the Theorem. Intuitively, this term measures the e�ective rank of the model projected in the
direction of � n . The term kC� k�1

2 serves as an e�ective rank ofC� which measures the decay of
the eigenvaluescn . When the decay is fast, the ratio is close to 1 and when the decay is slow, the
ratio is close to the actual rank of C� , which can be in�nite. For instance, if cn = q�1 1n�q for
some �xed q > 0, then kC� k�1

2 =
p

q which is equal to the square root of the rank ofC� . On the
other hand, supposecn = 2 �n for all n, then kC� k�1

2 =
p

3 even though the rank of C� is in�nite.
To facilitate the discussion, it is helpful to de�ne the following two di�erent regimes for C � :

Definition 2. The operator C� is said to be \localized" if kC� k2 is uniformly bounded away
from zero as T ! 1, and \delocalized" if kC � k2 ! 0 as T ! 1.

The delocalized regime is when the factors are generated by an increasing number of basis functions
with comparable weights asT ! 1 . A simple yet very general example of this can be seen by
setting cn := ( aT) �� 1n�(aT ) � for some �xed a > 0 and � 2 (0; 1] in the spectral decomposition
of C� . The localized regime refers to when the factors are generated by an arbitrary number of
basis functions, but the weights (cn ) rapidly decay to zero. In this setting kC� k�1

2 is bounded even
though the rank of C� can be in�nite.

As previously discussed in Section 3.1, the su�cient condition for the main theorem of Onatski
& Wang (2021) implies that the number of stochastic trends K in the data must diverge as
T ! 1 . As a consequence, their main theorem necessarily exclude models with a �nite number of
strong non-stationary factors. This observation is analogous to the upper bounds in(10) in our
case. In particular, under the localized regime de�ned above, condition(6) still implies K ! 1 .
However, this is no longer the case under the delocalized regime. Condition(6) can in fact be
satis�ed by models with a �nite number of strong factors, as long as those factors are generated by
an increasing number of basis functions with comparable weights asT ! 1 . This is an important
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distinction since it implies that functional time series with few strong non-stationary factors can
exhibit spurious behaviour as well. We will illustrate this through simulations in Section 4.

In addition to this, the lower bounds in Theorem 2 allows us to formulate su�cient conditions to
Theorem 1 in terms of basic model parameters. In fact, from(11) we can conclude that condition
(6) holds in the delocalized regime when all theBn 's are comparable ink�k2, regardless of their
actual rank. This is a signi�cant departure from the conclusions in Onatski & Wang (2021) for
the non-functional case, since it shows concretely that a model with single (K = 1) integrated
functional factor can indeed tend to the spurious limit.

Finally, in the localized regime, a su�cient condition for (6) is the divergence of the quantity
cn hBn i=kB n k for somen. By the second lower bound in(11), this is satis�ed whenever the rank
of Bn diverges asT ! 1 , and the quantities cn and � (Bn ) do not decay too fast. This concretely
shows that a model with large e�ective rank in some direction � n with non-diminishing weights
has to tend to the spurious limit, which is in line with the �ndings of Onatski & Wang (2021).

For ease of referencing we summarize the above discussion into the following corollary.

Corollary 1. Suppose that the conditions of Theorem 2 are satis�ed. Then condition 6 is
satis�ed when C� is delocalized, or when cn hBn i=kB n k2 diverges for some n.

4. Simulation Study

4.1. Setup

We start with a description of the data generating process. Recall from (1) the model

X it (u) =
tX

s=1

KX

k=1

(	 ik � ks )(u) + � it (u); (i = 1; : : : ; p; t = 1; : : : ; T );

where (� kt )kt are independent random functions onH with mean zero and covariance operatorC�

and (� it ) it is a weakly stationary functional times series onH p with zero mean and covarianceC� .
For simplicity, we focus on the settings discussed in Section 3.3 and Theorem 2.

Fix q > 0 and let (� n )q
n=1 be a set of Fourier basis functions on H. We set

C� =
1X

n=1

cn � n 
 � n ; (12)

wherecn is a sequence of non-negative real numbers summing to one, to be speci�ed below. Similar
to Leng et al. (2024) and Guo et al. (2024), we generate the factor process � by setting

� kt (u) :=
qX

n=1

Z n
kt � n (u);

where (Z n
kt ) is a collection of i.i.d. Gaussian variables with mean zero and variance equan to

var(Z n
kt ) = c n for all k; t. For the noise time series �, we simply set

� it (u) :=
qX

n=1

W n
it � n (u);

where (W n
it ) is a collection of i.i.d. Gaussian variables with mean zero and variance equal to

var(W n
it ) = 2 �n for all i; t. Following (9), we generate the factor loadings f	 ik g by setting

	 ik (u; v) =
qX

n=1

an
ik � n (u)� n (v); (13)

where for each n = 1; : : : ; q, the p � K matrix A n := fa n
ik gi;k is to be speci�ed below.
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For the model parameters, we setT = 200, p = 100 and q = 20. Recall from Assumption 2 and
Theorem 1 that the sample covariance structure tends to a spurious limit whenever the ratio

R =
hC1=2

� 
C 1=2
� i 2

kC1=2
� 
C 1=2

� k2
2

:

diverges asT ! 1 . From Theorem 2, it is clear that whether R diverges is determined by the
parameters K , the eigenvalues (cn )n in (12) and the matrices (An )n in (13). We will perform
simulations with various choices of these parameters described below.

For the number of factors we setK 2 f 50; 10; 2g. In He & Zhang (2023) and Onatski & Wang
(2021), the K = 2 setting represents as a model with genuine factors and is shown to be far from
the spurious limit, while the K = 50 setting represents a model with no genuine factors for which
spurious behaviours occur. We will see that this is not necessarily the case with functional data.

For the loading matrices (An ; n 2 N), we will consider the high rank setting where

An � G p;K (�)

independently for all n 2 N , where Gp;K denote ap � K matrix with i.i.d. standard Gaussian
random variables, and the low e�ective rank setting where

An � p 1=2Updiag(f2 �n=2 gK
n=1 ; 0; : : : ; 0)U0

K (��)

independently for all n 2 N , where UN denotes anN � N random orthogonal matrix uniformly
sampled from SN�1 for N 2 fp; Kg . In setting ( � ), each An has full column rank with high
probability, while in setting (��), each A n has low e�ective rank with

hAn A0
n i 2

kAn A0
n k2

2
= 3

(1 � 2 �K )2

1 � 4 �K � K:

For the covariance operator C� , we consider the following three scenarios by setting

cn = q �1 1n�q ; (A)

cn = 2 �n 1n�q ; (B)

cn = 2 �1 1n�2 : (C)

In Setting (A), each basis function � n has equal weight and we havekC� k2
2 = q�1 = 0 :02 which is

very close to zero. This represent the scenario where the operator C� is delocalized as de�ned in
De�nition 2. In Setting (B), the eigenvalues rapidly decay to zero and we havekC� k2

2 = 1=3. This
represents the situation whereC� is localized. Finally, a more extreme version of this is found in
Setting (C), where C� is completely localized on two basis functionsand we havekC� k2

2 = 0 :68.
We summarize the di�erent combination of choices for An and C� in Table 1.

Setting I Setting II Setting III Setting IV Setting V Setting VI

C� (A) (B) (C) (A) (B) (C)
An (�) (��) (�) (��) (�) (��)

Table 1: Summary of the settings considered

For each setting in Table 1, we simulateX from the above data generating process with
K 2 f 50; 10; 2g and compute the leading eigenvalues and eigenvectors of the sample Gram matrix
de�ned in (2). We plot the top �ve sample eigenvectors for K 2 f 50; 10; 2g (red, green and blue
lines respectively) against the spurious limit (black line) as shown in Theorem 1. We also plot the
proportion of variance explained by each eigenvalue with the same color coding.
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4.2. Results

We start with settings that shows obvious spurious behaviour. Figure 1 plots the sample
eigenvectors of Setting I whereC� is in the delocalized regime andAn is of high rank. It can be
seen that all sample eigenvectors as well as the sample eigenvalues closely resemble the spurious
limits.

Fig. 1: Setting I - C � delocalized, loading matrices are of full column rank

This behaviour is in agreement with our theoretical results, since Corollary 1 states that spurious
limits must appear whenever C� is delocalized. The results of Setting II (C� delocalized with
An having low e�ective rank) are visually very similar to Figure 1 and are hence omitted. Most
importantly, these limits arise even in the case with only K = 2 factors, and in the case whereAn

has low e�ective rank, which marks a clear departure from previous results in He & Zhang (2024)
and Onatski & Wang (2021). This illustrates a crucial di�erences between functional data and
high dimensional data, where a large number of basis functions generating the data can act as an
additional source of dimensionality.

Figure 2 plots the results for Setting III where the eigenvalues ofC� is fast decaying and the
rank of eachAn is equal to K . As can be seen from Figure 2, the sample eigenstructure in Setting
III closely resembles the spurious limit forK = 50, however, asK decreases, visible deviations
from the limit can be observed. This is to be expected, since for Setting III, the �rst upper bound
in (10) is bounded from above by a multiple ofK . By Theorem 2 this implies that condition (6)
is not satis�ed when K is �nite. The results for this setting is in line with the �ndings of Onatski
& Wang (2021) and He & Zhang (2024), where a small value ofK represents the presence of
genuine factors.

Figure 3 plots the results for Setting IV where C� has decaying eigenvalues andAn has low
e�ective rank. It can be seen that the sample eigenstructure begins to visibly deviate from the
limit, regardless of the value ofK . Similar to Setting III, this can be explained by the upper
bounds in (10) and Theorem 2. Note that in particular, having K diverge do not seem to guarantee
the presence of the spurious limit.

Figures 4 and 5 show the results for Settings V and VI, whereC� is completely localized on
two basis functions, and An has full rank and low e�ective rank respectively.

In Figures 4, the caseK = 2 signi�cantly deviates from the spurious limit. This e�ect is similar
to Setting III but is visibly more pronounced, since the e�ective rank of C� , which is an important
quantity due to Theorem 2, is even smaller in Setting V. In Setting VI, the sample eigenstructures
all deviates from the spurious limit regardless of the valueK , similar to Setting IV. The deviations
are more visibly pronounced compared to Setting IV due to the decrease in the rank of An .
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Fig. 2: Setting III - C � localized, loading matrices are of full column rank

Fig. 3: Setting IV - C � localized, loading matrices are of low e�ective rank

5. Empirical applications

We consider two age-speci�c mortality rate datasets as an empirical illustration of our results.
Our �rst data set contains age-speci�c and gender-speci�c mortality rates obtained from the
Human Mortality Database. The dataset consists of mortality rates for p = 32 countries observed
from 1960 to 2013 (n = 54). Since exposures and death counts are sparse at high ages, we aggregate
data with age over 100 into a single observation. The raw data is transformed into functional data
via smoothed using thedemographypackage inR and the logarithm of the mortality rates are
computed. This dataset was considered in Tang et al. (2022) where a novel clustering algorithm is
proposed based on functional principal component analysis.

From the smoothed log mortality rates, we computed the covariance matrix as de�ned in(2) and
computed its eigenvalues and eigenvectors. Figure 6 plots the �rst four eigenvectors against the
spurious limits as found in Theorem 1. As can be seen, the sample eigenvectors closely resemble
the trigonometric curves in the spurious limit. This suggest that the mortality rates is likely
non-stationary and the number of non-stationary components in the data, as measured by the
e�ective rank of the model, may be large. In this case, as seen from Theorem 1, the covariance
structure is largey driven by the non-stationarity of the data and not the crossectional dependence
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