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Abstract

We develop a framework to identify dynamic treatment effects in a panel setting
with endogenous treatment timing and repeated binary instrumental variable (IV)
shocks. Agents respond dynamically to the instrument when selecting timing of
treatment, generating multiple latent complier and non-complier types. Using the
sequential IV shocks, we nonparametrically identify the distribution of types and
dynamic treatment effects. Heterogeneous effects can be separately identified across
complier types and treatment cohorts. Neither conventional monotonicity nor par-
allel trend assumptions are required. We propose nonparametric estimators for the
distribution of latent types and treatment effects and derive their asymptotic prop-
erties. We additionally propose a model misspecification test to aid researchers in
modeling selection into treatment. Simulations indicate good finite-sample perfor-
mance, even in the presence of many latent types.
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1 Introduction

Instrumental variables (IVs) are often used to identify dynamic effects for an endogenous
treatment. This empirical strategy has been applied to evaluate job training programs
(Schochet et al., 2008; Alzta et al., 2016; Hirshleifer et al., 2016; Das, 2021), study the
effects of fertility on labor market outcomes for women (Bronars and Grogger, 1994;
Silles, 2016; Lundborg et al., 2017; Bensnes et al., 2023; Angrist et al., 2024; Gallen
et al., 2025; Ilciukas, 2025), and examine the impact of law enforcement on deforestation
(Assuncao et al., 2023; Picchetti, 2024). Recently, an econometric framework for the case
of dynamic selection into treatment under time-invariant IVs has emerged (Angrist et al.,
2024; Ferman and Tecchio, 2025; Gallen et al., 2025). However, despite the use of time-
varying IVs in observational settings (Miguel et al., 2004; Autor et al., 2013; Acemoglu
et al., 2013, 2016; Assuncao et al., 2023), as well as the use of repeated randomization
and nudges in experimental settings (Fehr and Goette, 2007; Thaler and Sunstein, 2009;
Klasnja et al., 2015; Karlan et al., 2016; Antinyan et al., 2021; Milkman et al., 2025),
no formal framework exists for the case of time-varying [Vs. In this paper, we propose
a methodology to identify and estimate dynamic effects under dynamic selection into

treatment when a time-varying instrument is available.

We consider a setting where an absorbing treatment is available over multiple periods
and agents endogenously select when to enroll in treatment. Each period, each agent
experiences a binary IV shock affecting their enrollment decision. Agents respond dy-
namically to these shocks, with their responses depending on the history of past shocks.
This generates many latent agent types defined by their choice of treatment timing under
each potential sequence of shocks. We allow untreated outcomes and treatment effects
to arbitrarily depend on latent types. This complicates the identification of treatment
effects as the composition of treated agents changes non-randomly over time, increasing
the potential for selection bias. Additionally, a parallel trend assumption allowing us to
infer counterfactual outcomes of one group of agents from the outcomes of another loses
its credibility. We propose a general framework that uses sequential IV shocks to identify
the distribution of latent types and dynamic treatment effects. Moreover, we show that
treatment effects can be separately identified across different complier types (Imbens and
Angrist, 1994) whose timing of treatment is impacted by the IV, as well as across differ-
ent treatment cohorts. We show that the latent type distribution and dynamic treatment
effects can be nonparametrically estimated using a straightforward GMM-style estimator.
Our framework also permits a simple model misspecification test to assist researchers in

modeling selection into treatment.

Our paper relates to several branches of the econometrics and applied econometrics litera-

ture. We relate most closely to the recent literature on dynamic non-compliance (Angrist



et al., 2024; Ferman and Tecchio, 2025; Gallen et al., 2025; Ilciukas, 2025). These papers
consider panels where agents are randomized into treatment in an initial period (i.e.,
a time-invariant IV shock), but potentially deviate from their initial assignment over
time. Selection into treatment and non-compliance are dynamic in the sense that agents’
responses to the initial assignment vary across time. This also creates a multitude of
latent agent types with potentially heterogeneous treatment effects. These papers invoke
two key assumptions. The first is the monotonicity assumption of Imbens and Angrist
(1994), which restricts the IV to weakly induce all agents to enroll in treatment at an
earlier period. The second is the wave ignorability assumption of Angrist et al. (2024),
which states that treatment effects depend on time since treatment rather than the tim-
ing of take-up.! Under these assumptions, the papers above identify a weighted average
of the dynamic treatment effects across complier groups. We contribute to this strand
of literature in four ways: (i) we extend the selection model to allow agents to respond
dynamically to repeated shocks; (ii) we relax the monotonicity assumption so that the
IV can induce some agents to enroll in treatment later and others to enroll earlier; (iii)
when treatment effects are heterogeneous across agent types, we separately identify the
dynamic effects for different complier types; (iv) we consider an alternative framework for
treatment effect heterogeneity where effects vary across cohorts rather than latent types,

and we separately identify the effects for different cohorts.

Closely related is the literature combining IV methods and difference-in-differences (DID)
to recover the dynamic treatment effect for compliers/switchers when treatment is en-
dogenous, but the response to the IV—which may be time-invariant or time-varying—is
static (De Chaisemartin and d’Haultfoeuille, 2018; Ye et al., 2023; Bensnes et al., 2023;
Picchetti, 2024; Miyaji, 2024). These papers employ a combination of parallel trends,
monotonicity, and a static selection model to obtain identification. Under our setting of
sequential IV shocks, we show that dynamic treatment effects can be separately identi-
fied for complier types with neither parallel trends nor monotonicity under a dynamic

selection model.

Finally, we relate to the conventional event studies literature (Callaway and Sant’Anna,
2021; Sun and Abraham, 2021; Borusyak et al., 2024) and its extensions that question or
relax the parallel trends assumption (Abadie, 2005; Callaway and Tsyawo, 2023; Ram-
bachan and Roth, 2023; Ye et al., 2024; Ghanem et al., 2025). Intuitively, our identifi-
cation strategy can be thought of as applying an event study design to one agent type
at a time, despite agent type being latent. Different treatment cohorts within agent
types are generated by the IV. Treatment effects are thus recovered via within-agent type

comparisons, which enables us to relax the parallel trends assumption and allow for un-

!The wave ignorability assumption is implicit in event study settings where dynamic treatment effects
are indexed by time since treatment rather than calendar time or period of enrollment.



restricted heterogeneity in untreated outcomes across agent types. Whereas some earlier
papers relaxing parallel trends have used a partial identification approach (Rambachan
and Roth, 2023; Ye et al., 2024) or imposed a factor model (Callaway and Tsyawo, 2023),
our sequential IV shocks permit us to nonparametrically point identify treatment effect

trajectories for multiple agent types.

The remainder of the paper is organized as follows. Section 2 presents the dynamic
selection model. Section 3 establishes general identification results for the latent type
distribution, as well as for dynamic treatment effects under two frameworks for treat-
ment effect heterogeneity. We additionally provide examples of selection models and the
parameters identified under each model. Section 4 proposes estimators for the latent type
distribution and dynamic treatment effects, and derives the asymptotic distributions of
the estimators. Section 5 presents simulations showing the finite-sample properties of the

proposed estimators. Section 6 concludes.

2 Selection model

We first propose a simple, flexible model for when and whether agents select into treat-
ment. Once treated, agents remain treated. We then provide examples of restrictions
generating certain selection patterns. In Section 3.2.2, we discuss whether these selection

patterns generate testable implications for model misspecification.

2.1 Model

Let ¢ € Z index economic agents and t € T = {1,2,...,t} index time period. Each
period, untreated agents decide whether to enroll in an absorbing treatment. Affecting
this decision is the instrumental variable Z;; € {0,1}, which represents a binary shock
realized each period. Let Z; = (Z;1,..., Z;3) € Z denote the vector of IV shocks across
all time periods for agent i. In each period ¢, agents select into treatment according to

the decision rule
Dy =max{D;;1, 1[0 < he(Zi1,....Zis; Ai)]}, (1)

where D;; =0 for t < 1, A; € R for dy € N, and h; : R"T% — R. The max operator
accounts for the absorbing nature of treatment, ensuring the agent stays treated once
taking up treatment. The function h;(-) generates a latent index based on the IV shocks
up to period t and a vector of unobserved agent characteristics A;. We allow A; to

arbitrarily depend on the full trajectory of outcomes and treatment effects.?

2The selection model is similar to a Roy model with a non-separable index. See Roy (1951); Heckman
(1979); Heckman and Vytlacil (2005).



Define E;(z) € € ={1,...,t,00} to be the first period agent 7 takes up treatment when
Z; is fixed to be 2.3 We use the convention that E;(z) = oo if the agent does not take
up treatment before ¢. Each value of A; implies a specific F;(z) for each z € Z, and
different combinations of A; can generate the same combination of potential treatment
take-up periods, {E;(z)}. Agents can thus be typified by their combination {E;(z)}. We
show below how average outcomes and average treatment effects specific to types can be
identified. However, this becomes difficult when the number of types is large. This can
be addressed by imposing restrictions on A; to exclude certain combinations of {F;(z)}
and reduce the number of types.? Alternatively, we can implicitly restrict A; by instead
restricting {F;(z)} directly, i.e., explicitly state the combinations of {F;(z)} that are

permissible.

Remark 2.1. The model can be generalized so that treatment is not available in every
period prior to ¢. IV shocks also do not need to be as varied as described above. For
instance, not all 2¢ sequences of IV shocks must be realized. Similarly, there does not

need to be a new shock every period. m

2.2 An interpretable model

The generality of hy(-) in (1) permits a wide variety of selection patterns but limits
the interpretability of the model. However, for cases where interpretability is desired,
we propose the following parameterization of h(-) that models selection into treatment
along two dimensions: sensitivity to time and sensitivity to the IV. Sensitivity to time
pertains to an agent’s desire to take up treatment by a certain period. Sensitivity to the
IV pertains to how an agent adjusts their timing of treatment in response to each IV
shock.

Let

t t
hi(Ziq, ... Zig; Ai) = — Ay + Z Agis + Z Asi 9 Z; o
s=1 =1

} : (2)

3More explicitly, define D; ;(z) to be the potential treatment decision in period ¢ fixing Z; = 2. Then
E;(z) =min{t : D, (z) = 1}.

4Since Z;; is binary and there are f periods, there are up to 2! possible values of Z;. For each Z;,
there are ¢ + 1 possible periods the agent takes up treatment, with E;(Z;) € {1,...,f,00}. Absent any

so that

Di,t = Inax {Di,t—la 1

¢ ¢
A < Z Agis + Z Asi o Zi g
s=1 s'=1

restrictions on A;, there can be up to (¢ + 1)27f distinct types.



Ay; plays the role of a threshold and can be thought of as the agent’s cost of taking
treatment. The sum 22:1 Agis + Zif:1 As; Z; ¢ 1s a latent index and can be thought of
as the agent’s benefit of taking up treatment in period ¢. Ay, ; is the agent’s sensitivity
to time, with Ay;; > 0 indicating greater benefit of taking up treatment after period ¢
and Ay;; < 0 indicating lesser benefit. As;; is the agent’s sensitivity to the IV, with
As;; > 0 indicating greater benefit of taking up treatment after an IV shock in period ¢
and As;; < 0 indicating lesser benefit. Selection into treatment is thus characterized by
A; = (A, {A2it}, {Asit}). The summations of Ag; ¢ and As; ¢ across ¢ allow for dynamic
responses to time and the IV, whereby an agent’s treatment decision depends on the time

periods elapsed and their history of IV shocks.

Equation (2) permits a rich set of models for when and whether agents select into treat-

ment, some of which we demonstrate below.

Remark 2.2. The monotonicity assumption of Imbens and Angrist (1994) restricts As; ; to
have the same sign for all 7. Such an assumption can aid identification of the distribution
of agent types and treatment effects by reducing the number of agent types. We show
below that the monotonicity assumption is not required in our setting. Moreover, we show
that we can identify the distribution of agent types and treatment effects even when As; ,
varies in sign across ¢t within 7. That is, our framework allows IV shocks from one period
to encourage a subset of agents to take up treatment earlier, and shocks from another
period to encourage the same subset of agents to take up treatment later. We provide an

example of this in Section 3.3.3. ®

2.2.1 Threshold model

The first set of restrictions generates a threshold model whereby agents either take up

treatment immediately or never take up treatment after experiencing a sufficient number

of shocks.

Suppose agent 7 intends to enroll in treatment in period EF € £ absent any IV shocks.
This event is realized when Z; = (0,...,0) and implies F;(0,...,0) = E’. Suppose
agent ¢ is willing to deviate from E? and take up treatment immediately if they have
experienced K; € N shocks. Agents with small K; are sensitive to the IV and agents with
large K; are insensitive to the IV. We adopt the convention that K; = oo for agents who

are unresponsive to the IV. For agents with Ef < ¢, the behavior described above can be



characterized by®

AM’ > 0,
Agi,t =0 for t < E:,
Agi,t > Ali for t > EZ*,

Ay
As; = — for all ¢.
3i,t Kz
For agents with Ef = oo, we update the restrictions above to have As;; = 0 for all ¢.
We refer to agents who are induced into treatment by the IV as in-compliers, and agents

who are unresponsive to the IV as non-compliers.

The effect of the IV on treatment timing can also go in the opposite direction, where
agents deviate from E? by never taking up treatment once experiencing K; shocks. For

agents with E¥ < oo, we update Ay;; and Ajs;; so that®

Ay <A2i,t < 2Ay; fort= EZ*,
Agir =0 fOI"t>E:

)

Ay
Asiy = _K} for all ¢.

7

For agents with Ef = oo, we further update Ay;; so that Ay, = 0 for all ¢. We refer to

agents who are induced out of treatment by the IV as out-compliers.

Table 1 presents the complete set of agent types under this threshold model when ¢ = 2. In
the top panel, each row corresponds to a sequence of IV shocks, each column corresponds
to an agent type, and each entry of the table corresponds to the period of treatment
take-up. The bottom panel shows the number of shocks required to induce each agent

type into or out of treatment.

When the number of types is large, it may be impossible to identify average treatment ef-
fects for any type of agent. A natural solution is to further restrict the number of types by
imposing assumptions such as monotonicity. For instance, if the IV is assumed to weakly

induce all agents into treatment, then agent types are restricted to non-compliers and in-

°The restrictions Ay; > 0 and Ag;; = 0 for t < E} ensure agents do not take up treatment prior to
E? absent any IV shocks. The restriction Ag;; > Ay; for ¢ > EY ensures the agent takes up treatment
no later than EY, even in the absence of IV shocks. The restriction As;; = ’?(11 ensures agents must
experience K; shocks by period ¢ < E} if they are to take up treatment prior to £.

6The restriction Ay; < Ag;, for t = Ef ensures agents take up treatment by period E} absent any
IV shocks. The restrictions Ag; s < 24, for t = Ef and Az, = —’%’i for all ¢ ensure that the agent does
not take treatment in period E} if she has received K; shocks by period E}. The restriction Ag;+ = 0 for
t > E7 ensures the agent remains untreated in periods ¢ > E7 if she has received K; shocks by period




Table 1: Example of agent types under a threshold model

Type

Non-compliers In-compliers Out-compliers

A 1 2 3 4 5 6 7 8 9
(0,0) 1 2 oo 2 o o0 1 2 2
0,1) 1 2 00 2 2 00 1 00 2
(1,0) 1 2 1 1 00 00 X 2
(1,1) 1 2 1 1 2 oo oo
K; 00 00 00 1 1 2 1 1 2

Notes: Each row corresponds to a sequence of IV shocks. Each col-
umn corresponds to a type of agents. Each entry in the table indi-
cates the period a type of agent takes up treatment fixing their se-
quence of IV shocks.

compliers. If instead the IV is assumed to weakly induce all agents out of treatment, then
agent types are restricted to non-compliers and out-compliers. However, monotonicity is
not a necessary condition for identification. In Section 3.3.3, we provide examples where
identification is obtained even when the IV induces some agents into treatment and other

agents out of treatment.

2.2.2 Incremental model

An alternative response to the IV is an incremental deviation from EY, whereby K;
shocks are required to shift the timing of treatment one period earlier or later. Unlike the
threshold model where K; € N, the incremental model permits K; € Ry, with K; € [0,1)
implying that each IV shock shifts the timing of treatment | K; | > 1 periods earlier or
later. For agents for whom the IV shifts the timing of treatment earlier and Ef < ¢, this

behavior can be characterized by’

Ali > O,
Ay
Agiy = E—l for all ¢,
Ay
Asiy = ;{"t for all ¢.

7

If instead the IV shifts the timing of the treatment later, then we simply update the
restrictions above so that Ag;; = —Ag;; for all . For agents with Ef = oo, we update
the restrictions above so that Ay, = Ay, /(t+ 1).

"The restriction Ag;; = ‘?Elﬁ implies the agents require E} periods to pass absent any IV shocks in

order to take up treatment. The restriction As; ; = Af(—l* implies that K; shocks has the same effect as
one period passing.




Table 2: Example of agent types under an incremental model

Type

Non-compliers In-compliers Out-compliers

A 1 2 3 4 5 6 7 8 9
(0,0) 1 2 oo 2 o o0 1 2 2
0,1) 1 2 00 2 2 00 1 00 2
(1,o) 1 2 1 2 00 2 00 2
(1,1) 1 2 1 2 2 oo oo
K; 00 00 00 1 1 2 1 1 2

Notes: Each row corresponds to a sequence of IV shocks. Each col-
umn corresponds to a type of agents. Each entry in the table indi-
cates the period a type of agent takes up treatment fixing their se-
quence of IV shocks.

Table 2 presents the set of agent types under the incremental model when ¢t = 2, K; €
{1,2,00}. Note that other than types 5 and 7, all other agent types are also found in
Table 1. This is because there are only two periods of treatment available, which restricts
how agents can respond to the IV. For larger values of ¢, differences between the threshold
and incremental models become more evident. This is demonstrated in the examples in
Section 3.3.3.

2.2.3 More general models

An alternative approach to modeling selection is to directly construct {E;(z)} for each
type of agent, similar to the principal stratification framework of Angrist et al. (1996). So
rather than derive the agent types from (2) and restrictions on A;, we instead construct
a table of agent types similar to Tables 1-2 and check whether the agent types can be
generated under (2). Since (2) is linear in A;, checking whether the agent types can be
generated by (2) entails checking the feasibility of a set of linear constraints, which is easily
done using modern solvers.® If the linear constraints are feasible, then the construction

of {F;(z)} is consistent with (2). If the linear constraints are not feasible, then selection

8Under (2), if there exists an agent i taking up treatment in period e € £, then there must exist A;
satisfying

¢ ¢
A > ZAm,s + Z Az s Z; s for t <e,

s=1 s'=1

e e
A < ZAzi,s + Z Asi s Zis.

s=1 s'=1

Checking the feasibility of such linear constraints is easily done by solvers such as Gurobi, Mosek, and
CPLEX.



into treatment should instead be interpreted using a more general model.

3 Identification

We begin by stating the econometric assumptions imposed throughout the paper. As
part of this, we propose two frameworks for treatment effect heterogeneity. Let treatment
cohort refer to the set of agents taking up treatment in a particular period e € £. The
first framework is akin to the local average treatment effect (LATE) framework of Imbens
and Angrist (1994), but we extend the framework to accommodate multiple complier and
non-complier types, and we allow average treatment effects to vary by agent type but not
by treatment cohort. The second framework is akin to the event study framework, and

instead allows average treatment effects to vary by treatment cohort but not by agent

type.?

Our first identification result shows that the distribution of agent types can be identified
under either framework. We also discuss testable implications of the selection model from
Section 2. Our second identification result pertains to the treatment effects. We show
that, under the first framework, dynamic treatment effects specific to certain complier
types can be identified. Similarly, under the second framework, dynamic treatment effects

specific to certain cohorts can be identified.

3.1 Notation and assumptions

Let G; € G = {1,2,...,G} denote the agent type based on {E;(z)}. The total number
of types 7 is equal to the number of unique combinations of {F;(z)}, which is either
indirectly determined by the restrictions imposed on A; or directly determined by the set
of values of {F;(2)} permitted. Since {E;(2)} is unobserved in the data, agent type G;

is also unobserved.
Assumption 1. P[G; =g¢g] >0 forallg € G.

Assumption 1 states that there must be a strictly positive share of each agent type. This
is a mild assumption as we focus our analysis on types that exist in the population and

do not seek to extrapolate to types outside of the population.

Let Y; ;(00) denote the potential untreated outcome of agent i in period ¢. We impose no
restrictions on the evolution of Y;;(co) over time nor across agent types. This contrasts
with the DID framework, where average untreated outcomes are assumed to evolve in

parallel across treated and untreated groups. This parallel trends assumption allows

9 Allowing for treatment effect heterogeneity across both agent type and treatment cohort is ongoing
work.



researchers to infer the untreated counterfactual for the treated group from the untreated
units. However, because treatment is endogenous in our setting, agents who opt into
treatment in one period can differ from agents who opt into treatment in another period
or do not opt into treatment at all. For this reason, we neither invoke the parallel trend

assumption nor impose any restrictions on the untreated trends across agent types.

Let A;(e, s) denote the treatment effect for the agent s periods after taking up treatment

in period e. A;(e,0) corresponds to the treatment effect at the period of take-up.
Assumption 2. A;(e,s) =0 for s <0.

Assumption 2 imposes that the treatment effects are 0 prior to treatment take-up. This
differs from the no-anticipation assumption standard in the DID framework, which re-
stricts the average untreated potential outcomes to be invariant across timing of treat-
ment. The no-anticipation assumption supports the parallel trends assumption and allows
researchers to infer the untreated counterfactual for the treated units from the observed
untreated outcomes of the not-yet-treated units. We do not impose the no-anticipation
assumption since treatment is endogenous in our setting, suggesting agents likely an-
ticipate treatment and potentially adjust their behavior shortly before treatment. The
treatment effects we identify are thus relative to the untreated outcomes containing any
anticipatory effects of treatment.!® This does not invalidate our method as we do not
rely on parallel trends for identification, but only requires that we interpret the treatment

effects as previously described.

The observed outcome in the data is

vez 1[Z; = 2] E;(2) denote the observed period agent i takes up treatment.

Treatment effect, if treated
7\

Untreated outcome

The first framework we propose allows the average treatment effects to vary across types

G; but not cohort E;. This requires us to restrict A;(e, s) to depend only on s.'!

Assumption 3. A;(e,s) = A,(s).

10 Anticipation effects can be incorporated into the model as additional parameters, but treatment
effects may only be partially identified in such cases.

1 Assumption 3 is similar to the wave ignorability assumption of Angrist et al. (2024) and Ferman
and Tecchio (2025).



The parameter of interest in this setting is
Al(g,s) = E[Ai(s) | Gi = g]

for g € G and s € {0,...,t —1}. Al(g,s) is the type-specific average treatment effect
s periods after treatment and is analogous to the LATE. Identification of {Al(g,s)} is

obtained by invoking the following assumption on Z;.
Assumption 4a.
(i) (Exogeneity/exclusion) Z; 1L (G;,{Y;(00)}, {Ai(s)}).
(ii) (Relevance) Z; L E;.

Assumption 4a(i) states that the instrument Z; is independent of agent types, untreated
potential outcomes, and treatment effects. Assumption 4a(ii) states that the instrument

can induce variation in the timing of treatment take-up.

The second framework we propose allows the average treatment effects to vary across
cohort E; but not types GG;. By restricting the average effects to be homogeneous across

agent types, we do not require Assumption 3. The parameter of interest is
A2(€7 S) = E[Az(ea 8)]

for e € T and s € {0,...,t — 1}. AZ?(e,s) is the cohort-specific treatment effect s
periods after treatment. Identification of {A?(g, s)} is obtained by invoking the following

assumption on Z;.
Assumption 4b.
(i) (Exogeneity/exclusion 1) Z; 1L (G;,{Y;+(o0)}).
(i) (Exogeneity/exclusion 2) (Z;, G;) L {A;(e, s)}.
(iii) (Relevance) Z; L E;.

Assumption 4b(i) states that the instrument is independent of agent types and untreated
potential outcomes. Assumption 4b(ii) states that both the instrument and agent types
are independent of treatment effects. Assumption 4b(iii) states that the instrument can

induce variation in the timing of treatment take-up.

10



3.2 First stage: Identifying distribution of types
3.2.1 Identification of types

The distribution of agent types is identified by exogenously varying FE; via Z;. The
response of E; to changes in Z; reveals information on the distribution of G; since the
response depends on type G;. For example, if the distribution of E; changes greatly with
Z;, that not only suggests the instrument is relevant, but also that there may be a large

share of agent types who are highly responsive to the IV.

To formalize this argument, define é(z, g) = {E;(z) | G; = g} to be the (deterministic)
function returning the enrollment period for agents of type g when fixing the IV to be
z. Assumptions 4a(i) and 4b(i) imply Z; L G;, which in turn implies P|G; = g | Z;] =
P[G; = g] for all g € G. This allows us to express the share of agents taking up treatment

in a specific period conditional on Z; as the total mass of some combination of agent

types,

PlE;=e| Zi=2]=) 1e(z,9) =] P[Gi=g| Zi=7]

9€G As. 4a, 4b; Z; L Gy
=Y 1[e(.9) = €] PIG: = 9] ©
geg

Moreover, the combination of agent types is known since selection into treatment is
modeled in Section 2. Differences in the observed probabilities P[E; = e | Z; = z] across
e € £ and z € Z can therefore be mapped to differences in the combinations of agents.
The share of a particular agent type is identified when differences in P[E; = e | Z; = 2|
can be mapped to a single agent type.

To state our identification result on the distribution of types, define the matrix M¢ €
{0,1}21X9 to be a matrix of indicators for whether each type of agent takes up treatment
in period e under each value of the IV. Specifically, define the entry in the ;' row and

k™ column of M€ to be
o = 1[e(z), 95) = €,
where z; € Z and g, € G. Define
Ml

Al

MOO

11



to be the binary matrix stacking M€ for all e € £. By construction, each row of A lists
the combination of agent types selected when conditioning on F; and Z;. If a particular
type can be isolated using elementary row operations on A', then the mass of that type

is identified. This leads to our first identification result.

Proposition 1. Suppose Assumptions 1, and either Ja or 4b, hold. If Al is full rank,
then the distribution of G; s identified.

All proofs can be found in Appendix A.

To provide an example of the identification argument, consider the case where ¢t = 2 and
selection is modeled using the threshold model from Section 2.2.1. Further impose the
monotonicity restriction that the IV weakly induces agents into treatment earlier so that
only the non-compliers and in-compliers of Table 1 exist. The implied forms of M*, M2,
M, and (3) are shown in Figure 1. The order of the columns in Figure 1 have been
adjusted and differ from that of Table 1, revealing triangular systems in M!, M?, and
M (see the boxed entries). These triangular systems make it straightforward to solve

for the distribution of agent types.

3.2.2 Testable implications of model misspecfication

The identification argument in Proposition 1 involves solving a linear system of |Z] x |&|
equations and § unknowns. If the selection model results in g < |Z]| x |€], then the

overidentifying restrictions may be used to test for model misspecification.

A simple example of an overidentifying restriction is the set of rows in M¢ for e € £ that
are identical to each other. For example, in Figure 1, the rows corresponding to z; and
2y in M! are identical, which implies P[E; = 1 | Z; = 21| = P[E; = 1 | Z; = z,]. Similarly,
the rows corresponding to zo and z3 in M are identical, which implies P[F; = 00 | Z; =
29] = P[E; = 00 | Z; = z3). If these equalities do not hold in the population, that implies

the selection model is misspecified.

More generally, any linearly dependent combination of rows from M¢ implying
P[Ez:€|Zz=Z]=]P’[Ez:€/|Zz:z’] (4)

for e, € £ and z, 2’ € Z may be used to test for model misspecification. If the equalities
do not hold in the population, that implies the selection model is misspecified. We propose

a statistical test for model misspecification in Section 4.4.
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Figure 1: Example of M!, M?, M

(a) Equation (3) under M*

g1 92 93 9a 95 e
2 00 0 0 07 [PG=aq PE, = 1| Z = 2]
z|l1 0 0 0 0 0 : _ :
zz 1 1 0 1 0 0 - o
aLl1 1 0 1 0 o) LPG =g PIE; = 1| Z; = 2]
ltdrl v
(b) Equation (3) under M?
g1 92 93 94 G5 e
21 TO 0 0 0 P[Gl = 91] P[Ei =2 | 7, = Zl}
(0 1 1 1 0 0 : _ |
z [0 0 0 0 0 c IR
4 Lo 0 1 0 1 0 P[Gi = g PIE, =2 | Z; = 2]
M?
(c) Equation (3) under M
g1 92 g3
2710 0 0 PE; = 0o | Z; = 2]
z2 [0 0 O _ |
2z 10 0 O o
za |0 0 0 P[EZ =0 | Zi = Z4]
Mo g

Note: The rows of each matrix correspond to different values of the instrument, with z; = (0, 0),
zo = (0,1), z3 = (1,0), 24 = (1,1). The columns of each matrix correspond to a different type
of agent. The boxed numbers reveal triangular systems in M!, M?, M that can be solved to
recover the share of each type of agent.
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3.2.3 Testable implications of IV relevance

The relevance condition requires the IV affect the timing of treatment for some share of

agents. This implies there must exist some ¢ € £ and z, 2’ € Z such that

{9€G:¢e(z,g)=e} #{gc G:é(,g) = e} (5)

If (5) does not hold, then the composition of agents taking up treatment each period is
the same across all values of the IV, indicating the IV does not induce any agent types
to change their treatment timing. To test whether (5) is satisfied, suppose the selection

model is correctly specified. If there exist e € £ and z, 2’ € Z such that

then it must be the case that the composition of agents taking up treatment in period e
has changed across the IV values and (5) is satisfied.!?> Following this logic, we propose

a statistical test for instrumental relevance in Section 4.4.

3.3 Second stage: Identifying average treatment effects

In this section we discuss identification of dynamic treatment effects under both frame-
works for treatment effect heterogeneity. Depending on the selection model, we are able
to point identify either the full trajectory of treatment effects for certain agent types and

cohorts, or a subset of treatment effects.'?

3.3.1 Heterogeneous treatment effects across agent types

We first consider the case where the effects depend on agent type but not timing of

treatment. Throughout, we assume that Assumptions 1-3 and 4a hold.

From the data, we observe

E[Y;: | Ei, Zi] = E[Yi:(00) | Ei, Zi) + E[Ai(t — E;) | Ei, Zi]

~
As. 3 applies

12Note that if there does not exist e € £ and z,2’ € Z satisfying (6), that need not imply (5) is
not satisfied. If (5) holds, (6) can still fail to be satisfied if the mass of agents switching out of taking
treatment in one period is replaced by an equal mass of agents switching into taking treatment that
period when changing values of the IV.

13Since identification is obtained by solving a linear system, it is straightforward to obtain bounds on
treatment effects that are not point identified.
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We can write

E[Yii(o0) | Ei = e, Z; = 2]
=) Eu(oo) | Ei=¢,Zi=2Gi =g PlG,=g | Ei=e, 7 =7

g€eg

TV Vv
E; is determined given Z;, G; 0 for g s.t. é(z,9) # e

_ N T 1[e(z, 9) = e] P[Gi = g]
=2 Eluloo) [ Zi= 2 Gi= 9] s~ 300 BG4

99 As. da = Yig(oo) L Zi | Gy

S B0 |G = o o M0 = FIG =
- QGZQED/Zt( ) ’Gl g] Zgleg]l[ (Z g) _ : (7)

The first equality follows by the law of iterated expectations (LIE). The second equality
follows from E; being fully determined by Z; and G;, and rewriting P|G; = g | E; =€, Z; =
z]. The final equality follows from Assumption 4a(i), which implies Yj;(o0) L Z; | G;.

By the same logic, we can write

:ZE[Ai(t—e)\Ei:e,Zi:z,Gi:g] PG, =g | Ei=e7Z; = z|

geg

vV TV
FE; is determined given Z;, G; 0 for g s.t. é(z,9) £ e

= gZE;EE[Az(t ) ‘ Zz ,Gz gl Zg’Eg ]l[é(z,g’) — 6] P[Gi _ g,]

As. da = Aj(t—e) L Z; | G;

=Y B | G = g) a2 = FC 2

e e 1) = PG =g
_ Vgt 1[é(z, 9) = €] P[G; = g]
— gzé; A'(g,t—e) S 1) = G = g (8)

Identification of treatment effects is established by expressing E[Y;; | E;, Z;] as a linear
combination of {E[Y;;(c0) | G; = g]} and {A!(g, s)}, with the weight for each agent type

1[&(z,9)=¢] P[G;=g]
belng Zg’eg 1[e(z,9')=¢] P[Gi=¢]" Define

E[Y;,l ’ E;=1,7; = 21]
b2 .

Il
—~

Ne)
~—

E[Yi,z | E; = 1_5, Z; = Z|Z|]
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to be the vector of moments {E[Y;; | E; = e, Z; = z]} observed in the data.'* Define

E[Yii(o0) | G = g1 Al(gy,s)

E[Yis(oo) | G =7] Al(g, s)

to be the model parameters averaged over in (7)—(8), and define

XY(OO) XAl
Y (00) ' Al " AllL1 x ()
00) — . — . 1 —
X = : , xX° = , X =1
Y 1
x () x4

to be the vectors stacking the model parameters across all time periods.

Proposition 2. Suppose Assumptions 1-3 and 4a hold, and A is full rank. There exists

a known matriz AMYY that is a function of x' such that

AAILLLAILL _ 2 (10)

All1

In general, AAM! is not full rank, implying not all entries of x are point identified.

All1

This is expected as x potentially includes treatment effects for agent types that are

never treated. Since (14) is a linear system of equations, it is straightforward to determine

All1

which entries of x are uniquely determined from the system and solve for them.

Remark 3.1. Intuitively, our identification strategy can be thought of as a within-agent
type DID. Conditional on Z; and E;, we observe a weighted average of time series across
agent types. Since the weights are identified from the first stage, we are able to disaggre-
gate the average time series and recover the time series specific to certain agent types. By
varying Z;, we can potentially recover time series for complier types over multiple treat-
ment take-up periods. We can then compare the time series with later take-up against

the time series with earlier take-up to recover type-specific treatment effects. m

Remark 3.2. For clarity, we present our results in the setting where agents are eligible
for treatment in all periods. Our results generalize to settings where treatment eligibility
is limited to a window of time. Consider a panel where all agents are initially ineligible
for treatment for some periods (pre-treatment periods), then become eligible to enroll
in treatment (treatment/post-treatment periods), before becoming ineligible again to
enroll (post-eligibility period). Agents who enroll in treatment during the treatment

periods remain treated in the post-eligibility periods. Agents who do not enroll during

14The vector b? stacks E[Y;; | E; = e, Z; = 2] across all time periods, e € £, and z € Z.
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the treatment periods remain untreated during the post-eligibility periods. Our method
can be applied to panels containing the treatment periods, and any combination of pre-
treatment and post-eligibility periods. All proofs are written in this generalized context.

Remark 3.3. For entries in x*!! that are not uniquely determined, we can obtain bounds

on those entries by solving the optimization problem

: AlL1
min/max  X;
XAILL
st AAILLLAILL _ 12 (11)

CAILILAILL < JAILL

AlLL.

AlLL . . . . .
where x: is the j™ entry of xA!; and CAM! is a known matrix and d*"! is a known

J
vector characterizing additional restrictions on the model. The additional restrictions are

necessary in order for the bounds to be nontrivial. m

3.3.2 Heterogeneous treatment effects across cohorts

In the framework where effects are heterogeneous across cohorts, the identification ar-

gument is the same as above. Throughout, we assume that Assumptions 1-3 and 4b

hold.

From the data, we observe
E[Yi: | B, Zi] = E[Yii(00) | By, Zi] + E[Ai(Ei t — Ey) | B, Zi].

The term E[Y; ;(c0) | E;, Z;] can be written as in (7). The term E[A;(E;, t — E;) | E;, Z;]

can be written as

:ZE[Ai(e,t—e) |Ei=e,Z;=2,G,=g|PlGi=9g | E;=e,7Z; = 2]

geg

~
E; is determined given Z;, G;

:ZE[Ai(e,t—e) | Zi=2,Gi=g| PlGi =g | Ei=e,Z; = 2]

geg

As. 4b = Ai(e,t — e) A1 (Zzsz)

A2(e,t — e), does not depend on g

=Y "E[Ai(e.t—e)] PlGi=g|Ei=e Z ="

geg

= A%(e,t —e). (12)
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Define

to be the vector of treatment effect parameters for all cohorts, and

Y (00)
Ane | X (
X = Az
X

to be the vector stacking all the model parameters across all time periods.

Proposition 3. Suppose Assumptions 1-3 and 4b hold, and A" is full rank. There exists

a known matriz AM2 that is a function of x' such that

AAL2 AL _ 2 (13)

AllL2

As before, AA? is not full rank in general, so not all entries of x are point identified.

Entries of x*»? that are uniquely determined can be solved for.

3.3.3 Examples of selection models and identified parameters

We now present four examples of selection models and their identified treatment effects.
As part of these examples, we show that longer treatment effect trajectories can be
identified if the panel extends beyond the ¢ periods when enrolling into treatment is
possible. Let t¥<t*nd denote the number of periods beyond ¢ that the panel extends to.
For example, if treatment is available in the first £ = 2 periods and the panel extends
to period 5, then t#**"d = 3 In the examples below, we also show that not all possible

sequences of Z; are required to define the selection model and identify treatment effects.

Example 3.1. Suppose t = 2 (i.e., treatment is available in periods 1 and 2). Consider
a threshold selection model (Section 2.2.1) where agents intend to take up treatment at
a given period absent IV shocks, but may immediately switch into treatment once ex-
periencing a sufficient number of shocks. Different agent types have different intended
take-up periods and require different numbers of shocks before deviating from their in-
tended take-up period, but the IV satistifies monotonicity so that all agents are weakly

induced to take up treatment earlier.

Table 3 shows all possible agent types under the model described.'® When treatment

15Table 3 shows all combinations of {E;(z)} under the threshold model when = 2 and IV incentivizes
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Table 3: Example of a threshold selection model

Agent type, G;

IV shocks, Z; 1 2 3 4 5 6
(0,0) I 2 2 oo oo oo
(0,1) 1 2 2 2 oo o
(1,0) 1 1 2 1 oo oo
(1,1) 11 2 1 2 o

Intended 1 2 2 o0 oo o0
Threshold oo 1 oo 1 2 o0

Notes: Each column corresponds to an agent
type. Each row corresponds to a sequence of
IV shocks. Each entry in the table shows the
period an agent type would take up treatment
given a sequence of IV shocks. Black columns
indicate compliers, gray columns indicate non-
compliers. The row labeled “Intended” shows
the period an agent type would take treat-
ment subject to no IV shocks. The row labeled
“Threshold” shows the number of IV shocks
the agent must receive prior to the intended
take-up period in order to immediately take
up treatment.

effects are heterogeneous across types, then Al(g, s) is identified for s € {0, ..., ¢Extend}

for all complier types g € {2,4,5}. When treatment effects are heterogeneous across
cohorts, then A?(e, s) is identified for s € {0, ..., +tExtnd _¢e} for all e € £. Treatment

effects are thus identified over the longest possible horizon for all cohorts.' m

Ezample 3.2. Suppose t = 3. Consider an incremental selection model (Section 2.2.2)
where agents intend to take up treatment at a given period absent IV shocks, but may
delay treatment with each shock. Different agent types have different intended periods of
take-up and require different numbers of shocks before delaying treatment by one period,
but the IV is monotonic in that all agents are weakly induced to take up treatment later.
We restrict our model to agents who require one, two, or infinite (i.e., non-compliers)

shocks before delaying treatment.

Table 4 shows the agent types under the model described. When treatment effects are
heterogeneous across types, then Al(g, s) is identified for s € {0, ..., t-+tEtend} for g = 1;
s€{0,...,t+tBxtend 11 for g € {3,4}; and s € {0,...,f + tBxtnd _ 21 for g € {6,7}.

Treatment effects are thus identified for all complier types but for different horizons.

all agents to take up treatment earlier.
16 A longer horizon is not possible since A;(e, s) for s > T + tFxtend _ ¢ is never realized in the panel
for any e € €.

19



Table 4: Example of an incremental selection model

Agent type, G;

IV shocks, Z; 1 2 3 4 5 6 7 8 9
(0,0,0) 1 1 2 2 2 3 3 3 ~
(0,0,1) 1 1 2 2 2 oo 3 3
(0,1,0) 1 1 3 2 2 oo 3 3
(0,1,1) I 1 oo 2 2 o0 o0 3 o
(1,0,0) 2 1 3 2 2 o0 3 3
(1,0,1) 2 1 oo 2 2 o0 oo 3
(1,1,0) 3 1 oo 3 2 oo 00 3
(1,1,1) oo I oo 3 2 o0 o0 3

Intended 11 2 2 2 3 3 3
Increment 10 1 05 0 1 05 0 0

Notes: Each column corresponds to an agent type. Each row
corresponds to a sequence of IV shocks. Each entry in the
table shows the period an agent type would take up treat-
ment given a sequence of IV shocks. Black columns indicate
compliers, gray columns indicate non-compliers. The row la-
beled “Intended” shows the period an agent type would take
treatment subject to no IV shocks. The row labeled “Incre-
ment” shows the number of periods each IV shock delays
treatment by. Types with an increment of 0.5 must experi-
ence two shocks before delaying treatment by one period.

When treatment effects are heterogeneous across cohorts, then A?(e, s) is identified over

the longest possible horizon for all cohorts. m

Ezample 3.3. Suppose t = 3. Consider an incremental model where some agents are non-
responsive to the shock, some delay treatment by one period after one shock, and some

advance treatment by one period after one shock. The IV thus violates monotonicity.

Table 5 shows the agent types under the model described. When treatment effects are
heterogeneous across types, then Al(g, s) is identified for s € {0, ..., + t¥tnd — 3} for
g € {2,3,5,6,8,9}. Treatment effects are thus identified for all complier types. When
treatment effects are heterogeneous across cohorts, then A%(e,s) is identified over the

longest possible horizon for all cohorts. m

Ezample 3.4. Suppose t = 2. Table 6 is an example of a selection model where we design
each agent type (Section 2.2.3). Unlike the previous examples, agents do not abide to the
same threshold or incremental response rule. Type 1 agents respond to the first shock
by delaying treatment by one period, but do not respond to the second shock, which

can be viewed as both a threshold response and incremental response.!” Type 3 agents

17 Agents may be permanently switching to enrolling in period 2 once experiencing a single shock
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Table 5: Example of a non-monotonic incremental selection model

Agent type, G;

IVshocks, Z; 1 2 3 4 5 6 7 8 9 10
(0,0,0) 1T 2 2 2 3 3 3 o
(0,0,1) 11 2 2 2 3 3 oo 3 x
(0,1,0) 11 2 2 3 2 3 o 3
(0,1,1) I 1 2 2 o0 2 3 o0 3
(1,0,0) 12 1 2 3 2 3 oo 3
(1,0,1) 12 1 2 o 2 3 o 3 x
(1,1,0) I3 1 2 oo 2 3 oo 2
(1,1,1) I co 1 2 o0 2 3 o0 2

Intended r1r 2 2 2 3 3 3 o0
Increment o 1 -1 0 1 -1 0 1 =1 0

Notes: Each column corresponds to an agent type. Each row cor-
responds to a sequence of IV shocks. Each entry in the table shows
the period an agent type would take up treatment given a sequence
of IV shocks. Black columns indicate compliers, gray columns in-
dicate non-compliers. The row labeled “Intended” shows the pe-
riod an agent type would take treatment subject to no IV shocks.
The row labeled “Increment” shows the number of periods each IV
shock delays treatment by. Types with an increment of 0.5 must
experience two shocks before delaying treatment by one period.

respond to shocks according to a threshold rule, switching into treatment immediately
after experiencing one shock. Type 4 agents respond to the first shock by advancing
treatment by one period, but respond to the second shock by delaying treatment by
one period, which follows neither the threshold nor incremental rule. Types 2 and 5
are non-compliers. Among these five agent types, multiple response rules are present,
monotonicity across agents is violated (types 1 and 3), and monotonicity within types is

violated (type 4).

Furthermore, Table 6 does not include all four possible sequences of Z;. This is to
demonstrate that our proposed method is compatible with selection models defined using
a subset of the 2! possible sequences of Z;. Such selection models maybe by design, such
as when the shocks received in one period may depend on the history of shocks.'® Such
selection models may also be required due to insufficient variation of Z; in the population,
such as when t is large so not all sequences of Z; are realized. A natural consequence of
restricting the support of Z; is that fewer agent types can be defined, which limits the

extent to which we can model and study treatment effect heterogeneity.”

(threshold), or are only willing to delay treatment for one period (incremental).
18This is similar to the two-stage designs of Karlan and Zinman (2009), Ashraf et al. (2010), Cohen
and Dupas (2010).

19Let ZFull denote the set of all 2¢ possible sequences of Z;, and Z denote the set of sequences realized
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Table 6: Example of a mixed selection model with restricted support for Z;

Agent type, G;

IV shocks, Z; 1 2 3 4 5
(0,0) 1 2 oo o0 o
(1,0) 2 2 1 2 o
(1,1) 2 2 1 oo

Notes: Each column corresponds to an
agent type. Each row corresponds to
a sequence of IV shocks. FEach entry
in the table shows the period an agent
type would take up treatment given a
sequence of IV shocks. Black columns
indicate compliers, gray columns indi-
cate non-compliers.

Under the selection model of Table 6, when treatment effects are heterogeneous across
types, then Al(g,s) is identified for s € {0,...,7 + t¥*d — 1} for ¢ € {1,3}; and
s €{0,...,t+t"tnd 9} for g = 4. Treatment effects are thus identified for all complier
types but for different horizons. When treatment effects are heterogeneous across cohorts,

then A?(e, s) is identified over the longest possible horizon for all cohorts. m

3.4 Incorporating covariates

Let W;, € W denote a vector of potentially time-varying covariates. We propose two

approaches to incorporating covariates in the analysis, although this is ongoing work.

The first approach is to be fully nonparametric and condition the previous results on
Wi+ This requires the covariates to be time-invariant, i.e., W;, = W;, but allows G,
Yii(oo), and A; to depend on W;. The identification arguments above can then be
applied conditional on W;. If covariates were instead time-varying, then the identification
arguments above cannot be applied since they do not account for the dependence between

the treatment effects and covariates.

The second approach to incorporating covariates is to model Y;;(oc0) and limit the de-

pendence between W, A;, and G;. We impose the following assumptions.

Assumption 5. é(z,g) does not depend on W ;.

in the data. If Z c ZF! then certain agent types defined under Z will be an aggregation of types
defined under ZF!!. The type-specific treatment effects recovered under Z thus become a weighted
average of the type-specific treatment effects defined under ZF!,
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Assumption 6.

(i) Yii(00) = h(Wis)+ag, i+ Uiy, where h : W — R, {ag} are constants, and U;; € R.

(ii) E[Uit | Zi, Gi, Wiy = 0.

Assumption 5 states that the timing of treatment FE; is only determined by the agent’s
type G; and the instrument Z;. It follows that P[E; | Z;,, G;,W,,] = PE; | Z;,G|]
and that the first stage identification argument outlined above can be applied without
covariates. Assumption 6 places structure on Y;;(co). In particular, the unobserved
sources of variation, o, and U;,, are additively separable from the covariates. The error

term U;; is also assumed to be mean zero conditional on Z;, G;, and W; ;.

When treatment effects vary across agent types, we additionally impose the following

assumption.
Assumption T7a.
(i) Wi L G,.
(il) (Win, Zi) L {Ai(s)} | Gi.

Assumption 7a(i) states that W;, is independent of agent types. Assumption 7a(ii) states

that treatment effect dynamics are determined by agent type and not covariates.

Proposition 4. Under Assumptions 1-3, 4a, 5-6, and 7a, there exists a known vector
bV such that

AAH,lXAH,l — bCov,l' (14)

When treatment effects vary across treatment cohorts, we instead impose the following

assumption.
Assumption 7b. (Z;,G;,W;;) L {A;(e,s)}.

Assumption 7b strengthens Assumption 4b(ii) so that treatment effects are independent

of W;;. However, unlike Assumption 7a, covariates are allowed to be correlated across

types.

Proposition 5. Under Assumptions 1-3, /b, 5-6, and 7b, there exists a known vector
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bCv:2 such that

AAH,ZXAH,2 — bCov,Z' (15)

bCov

In the proofs of Propositions 4-5, we show that J for j = 1,2 is equal to the vector

of conditional means of Y;; after projecting oftf W;;, where the conditioning is on F; and
Z;.

Remark 3.4. Assumptions 5 and 7a rule out any relationship between the covariates and
agent types and do not allow covariates to affect selection into treatment. Relaxing these

assumptions is ongoing work. m

4 Estimation and inference

In this section, we propose estimators for the distribution of agent types and the treatment
effects, and derive their asymptotic properties. Throughout, we impose the following

assumptions.
Assumption 8. ({Y;:(c0)}, {Ai(e,s)}, Ai, Zi, B, G;) are i.4.d. across i.
Assumption 9. ({Y;.}, Ei, Z;) are observed fori=1,...,n andt=1,...,¢.

Assumptions 8-9 simply state that we have a panel of n i.i.d. agents over ¢ periods and

we observe the variables Y, ;, F;, and Z;.

4.1 First stage

Define

]P)[EZ =€ ’ Zl = Zl]
bl¢ = :
]P)[EZ =€ ’ Zz = Z|Z|]

to be the probability that agents take up treatment in period e conditional on Z;, and

bl,l
b! =
bl,f

Let bl denote the sample analog of b'.
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Proposition 6. Suppose Assumptions 1 and 8-9 hold, either Assumption 4a or 4b holds,
and A is full rank. Then the estimator x. = (AT AY)~1AlTb! satisfies

Vi (x) —x') =5 N(0, 0

as n — oo, where W' can be consistently estimated.

4.2 Second stage

Recall that for j = 1,2, A is a function of x!. Define A2 to be the analog of
AAL wwhen constructed using x. in place of x!, and b2 to be the sample analog of b2.
We cannot immediately use the sample analogs of (14) and (15) for estimation, since
AALT s not full rank. So we propose an estimator that normalizes certain unidentified

AlLi to 0. Appendix A.3 outlines the normalization. Let x5"®7 denote the

All

parameters in x

All

subvector of x*! containing all the identified entries in x*/, as well as the unidentified

parameters not normalized to 0. Let AS'™J denote the columns in A2 corresponding

to x5ubsJ

Proposition 7. Let j = 1,2. Suppose Assumptions 1-3, 89 hold. Suppose Assump-
tion 4a holds if 7 = 1, and suppose Assumption 4b holds if j = 2. Suppose Al is full

rank. Then the estimator x>WJ = (ASuPIT ASubI) =L ASubITH2 gqtisfies
. . d .
\/ﬁ (Xiub’] o XSub,]) < ]\](07 \IJSub,])

as n — 0o, where W™ can be consistently estimated.

All

Remark 4.1. If only bounds on x* for j = 1,2 may be obtained, then the estima-

tion procedure involves solving a linear programming problem, similar to Mogstad et al.

(2018). In such cases, Fang and Santos (2019) and Cho and Russell (2024) may be used

for statistical inference. m

4.3 Incorporating covariates

To accommodate covariates, we extend Assumptions 8-9 to include {W;,}.
Assumption 10. ({Y;.(c0)}, {Ai(e,s)},{Wi+}, Ai, Zi, E;, G;) are i.i.d. across i.
Assumption 11. ({Y;;},{W..}, Ei, Z:) are observed fori=1,...,nandt=1,...,t.

The estimators in Proposition 7 may be applied after projecting off W;; from Y;;. That
is, regress Y;, on E;, Z;, and W;,, and subtract from Y;, the fitted values corresponding

to W;;. Then construct b? from the residualized Y;;. The matrices A5 for j = 1,2
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can be constructed as in Proposition 7.

4.4 Testing for instrumental relevance and model misspecifica-
tion

In Section 3.2.2, we show that the selection model may imply P[E; = e | Z; = z] is the
same across multiple values of z € Z for some e € £. In Section 3.2.3, we show that
instrumental relevance implies P[E; = e | Z; = z| differs across values of z € Z for some
e € £. Both sets of implications can be characterized by linear restrictions on b', which

we estimate with b}. Since
v (b! —b') -4 N(0, 1)

as n — 0o, where ¥ is a consistently estimable matrix, both sets of implications can be
tested using a Wald test.?°

5 Simulations

In this section we present simulation results for four data generating processes (DGP) to
demonstrate the statistical properties of our estimators. For each DGP, we draw 1000

samples of sizes n = 1000, 3000, 5000 and estimate the parameters that are identified.

5.1 Data generating processes

We obtain our four DGPs by varying the level of treatment effect heterogeneity across
two selection models. DGPs 1 and 2 impose the threshold selection model from Exam-
ple 3.1, where agents intend to take up treatment at a given period absent IV shocks,
but may immediately take up treatment once experiencing a sufficient number of shocks.
Treatment is available in periods 1 and 2 (¢ = 2), but we extend the panel to include

tixtend — 3) 50 we can estimate longer treatment effect trajecto-

three additional periods (
ries. The effects are heterogeneous across agent types in DGP 1 and heterogeneous across
cohorts in DGP 2. Table 3 shows the agent types in these simulations, and Example 3.1

discusses the treatment effect parameters identified.

20To test for model misspecification, define Q to be such that each row of Qb' corresponds to a
restriction as in (4). To test for IV relevance, instead define Q to be such that each row of Qb!
corresponds to a restriction as in (6). For both cases, test the hypotheses

Hy : Qb! =0,
H, : Qb #0.

The model is misspecified if Hy is rejected. The instrument is irrelevant if Hy fails to be rejected.
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DGPs 3 and 4 impose the incremental selection model of Example 3.2, where agents
intend to take up treatment at a given period absent IV shocks, but may delay treatment
with each shock. Treatment is available in periods 1, 2, and 3 (¢ = 3), but we again extend

tixtend — 3y The effects are heterogeneous

the panel to include three additional periods (
across agent types in DGP 3 and heterogeneous across cohorts in DGP 4. Table 4 shows
the agent types in these simulations, and Example 3.2 discusses the treatment effect

parameters identified.

In DGPs 1 and 3, outcomes are generated as

Y = E[Yii(00) | Gi] + 1]t > &(Z;, Gi)] ANGy,t — &(Zi, Gi)) + Uiy,

Vv TV
Untreated trend Treatment effect, if treated Idiosyncratic shock

where E[Y;;(00) | G; = g] is randomly drawn from a N(1,1) distribution for all g € G;
Al(g, s) is randomly drawn from a A(0, 1) distribution for all g € G and s > 0; and U, ,
follows the MA(1) process

Uit =¢€ip +0.2e41,

where g;; ~ N(0,0.2). The draws of {E[Y;,(c0) | G; = ¢]}, {A(g, s)} are fixed across all
1000 simulations. To verify size control, we fix Al(g,0) = 0 for all g € G so that there is

no treatment effect in the period of take-up.

Similarly, in DGPs 2 and 4, outcomes are generated as

TV Vv
Untreated trend Treatment effect, if treated Idiosyncratic shock

where E[Y; ;(c0) | G; = g] and U;; are generated as above, and A?(e, s) are drawn from a
N(0,1) distribution for all e € £ and s > 0. Again, the draws of {E[Y;(c0) | Gi = g},
{AZ?(e, s)} are fixed across all 1000 simulations, and we fix A?(e,0) = 0 for all e € £ to

verify size control.

For each DGP, we randomly generate the population distribution of agent types subject to
Assumption 1, and fix the distribution across all 1000 simulations. Similarly, we randomly
generate the distribution of IV shocks such that all possible sequences of shocks over the
t periods that treatment is available have non-zero probability, and fix the distribution

across all 1000 simulations.
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5.2 Results

Table 7 shows the performance of the first stage estimator under DGPs 1 and 2 (threshold
model), and Table 8 shows the performance under DGPs 3 and 4 (incremental model).?!
Column (1) indexes the agent types; column (2) presents the true distribution of agent
types; column (3) presents the relative bias, which is equal to the bias as a fraction of
the true parameter value;?? column (4) presents the average length of the 95% confidence
intervals relative to the true parameter value;*® and column (5) presents the coverage
probabilities of the 95% confidence intervals. A good estimator exhibits small relative
biases and coverage probabilities of 95%. For all four DGPs and sample sizes, we find
the relative bias to be approximately 1% or less, suggesting our first stage estimator is
unbiased. We also find the coverage probabilities of the 95% confidence intervals match

their nominal size, even when the number of agent types is large.

Tables 9-12 show the performance of the second stage estimator across the four DGPs.
In each table, column (1) indexes the treatment effect parameter; column (2) presents the
true effect; column (3) presents the relative bias; column (4) presents the relative length
of the 95% confidence intervals; column (5) presents the coverage probabilities of the
95% confidence intervals; and column (6) presents the rejection probability when testing
the null hypothesis of no effect at the 5% significance level. In addition to small relative
biases and correct coverage probabilities, a good estimator exhibits rejection probabilties
of 0.05 for A'(g,0) and A?(e,0), which indicate correct size control, and large rejection
probabilities for all other treatment effect parameters, which indicate high power. In
Tables 11-12, where there are many treatment effects to estimate, we focus on samples
of size n = 3000, 5000 for brevity.

In DGPs 1 and 3 (Tables 9 and 11), where effects vary across agent types, the estimator
performs well. For many parameters, when n > 3000, the estimator exhibits relative
biases of approximately 10% or less, and the confidence intervals have the correct coverage
probability. The rejection rates for A'(g,0) and A%(e,0) are also consistent with the
nominal size of 5%. We find the estimator struggles to accurately estimate effects at the
tail of the treatment effect trajectory. For instance, in DGP 1 (Table 9), the estimator
performs well for Al(4,s) for s = 0,1,2, but exhibits large bias when s = 3. Similarly,
in DPG 3, the estimator performs well for A'(4,s) for s = 0, 1,2 but exhibits large bias

when s = 3.

21The distribution of agent types is the same across simulations 1 and 2. Likewise, the distributions
are the same across simulations 3 and 4. The first stage estimates do not depend on whether treatment
effects are heterogeneous across agent types or cohorts.

22For example, a relative bias of —0.01 means the estimator underestimates the parameter by 1% on
average.

23For example, a relative length of 1 means the average difference between the lower and upper bound
of the confidence interval is equal to the true parameter value.
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Table 7: Simulation results for DGPs 1 and 2, first stage

95% confidence interval

Type P[G; =g] Relative bias Relative length Coverage

(1) (2) (3) (4) ()
n = 1000
1 0.173 —0.001 0.366 0.957
2 0.129 —0.002 1.253 0.956
3 0.17 —0.008 0.572 0.939
4 0.213 0.002 0.69 0.958
5 0.159 0.013 0.778 0.942
6 0.156 —0.005 0.695 0.949
n = 3000
1 0.173 0 0.212 0.951
2 0.129 0.005 0.725 0.966
3 0.17 —0.003 0.332 0.948
4 0.213 —0.001 0.399 0.96
5 0.159 0.002 0.449 0.956
6 0.156 —0.002 0.402 0.938
n = 5000
1 0.173 —0.001 0.164 0.942
2 0.129 0.001 0.561 0.952
3 0.17 0.001 0.257 0.954
4 0.213 —0.001 0.309 0.943
5 0.159 —0.001 0.348 0.957
6 0.156 0.001 0.312 0.955

Notes: Column (1) indexes the agent types. Column (2) presents
the true distribution of agent types. Column (3) presents the
bias as a proportion of column (2). Column (4) presents the av-
erage length of the 95% confidence intervals relative to column
(2). Column (5) presents the coverage probabilities of the 95%
confidence intervals. All simulations consist of 1000 iterations of
the same first stage data generating process.
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Table 8: Simulation results for DGPs 3 and 4, first stage

95% confidence interval

Type P[G; =g] Relative bias Relative length Coverage

(1) (2) (3) (4) (5)
n = 1000
1 0.052 —0.016 1.747 0.947
2 0.078 0.004 0.794 0.952
3 0.123 0.001 1.093 0.949
4 0.077 0.008 1.428 0.939
5 0.059 0 1.309 0.942
6 0.32 —0.003 0.396 0.951
7 0.1 —0.01 1.77 0.948
8 0.125 0.012 0.721 0.956
9 0.066 0.005 1.195 0.939
n = 3000
1 0.052 0.008 1.008 0.943
2 0.078 —0.003 0.458 0.939
3 0.123 0.001 0.63 0.95
4 0.077 —0.001 0.822 0.953
) 0.059 0.001 0.756 0.953
6 0.32 0.003 0.228 0.947
7 0.1 —0.007 1.02 0.948
8 0.125 —0.003 0.414 0.955
9 0.066 —0.005 0.69 0.939
n = 5000
1 0.052 0.003 0.781 0.955
2 0.078 0 0.356 0.953
3 0.123 0.005 0.488 0.948
4 0.077 —0.002 0.637 0.949
) 0.059 —0.001 0.586 0.94
6 0.32 0 0.177 0.948
7 0.1 —0.01 0.79 0.936
8 0.125 0.002 0.322 0.956
9 0.066 0 0.535 0.948

Notes: Column (1) indexes the agent types. Column (2) presents the
true distribution of agent types. Column (3) presents the bias as a
proportion of column (2). Column (4) presents the average length
of the 95% confidence intervals relative to column (2). Column (5)
presents the coverage probabilities of the 95% confidence intervals.
All simulations consist of 1000 iterations of the same first stage data
generating process.
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Table 9: Simulation results for DGP 1, second stage

95% confidence interval

Parameter True effect Relative bias Relative length Coverage Rejection rate

(1) (2) (3) (4) (5) (6)
n = 1000
AY(2,0) 0 0.983 0.017
Al(2,1) 0.487 0.009 5.639 0.989 0.103
AY(2,2)  —0.189 —1.563 27.314 0.918 0.111
Al(4,0) 0 0.969 0.031
A'(4,1)  —0.098 0.498 13.301 0.948 0.02
Al(4,2)  —0.543 —0.106 2.769 0.954 0.38
Al(4,3) 0.635 —0.68 1.241 0.396 0.182
AL(5,0) 0 0.936 0.064
Al(5,1) 0.37 —0.088 3.479 0.938 0.337
Al(5,2) ~0.19 —0.333 13.08 0.945 0.097
n = 3000
Al(2,0) 0 0.962 0.038
Al(2,1) 0.487 ~0.012 2.676 0.967 0.34
AY(2,2)  —0.189 —0.324 11.135 0.944 0.119
Al(4,0) 0 0.958 0.042
Al(4,1)  —0.098 0.184 7.234 0.948 0.042
A'(4,2)  —0.543 —0.041 1.509 0.946 0.684
Al(4,3) 0.635 ~0.681 0.698 0.033 0.459
Al(5,0) 0 0.953 0.047
Al(5,1) 0.37 ~0.032 1.891 0.95 0.562
Al(5,2) ~0.19 —0.117 7.169 0.951 0.116
n = 5000
Al(2,0) 0 0.965 0.035
Al(2,1) 0.487 0.009 2.04 0.953 0.513
A'(2,2)  —0.189 —0.211 8.365 0.94 0.129
Al(4,0) 0 0.956 0.044
Al(4,1)  —0.098 0.112 5.542 0.957 0.064
Al(4,2)  —0.543 ~0.03 1.158 0.954 0.851
Al(4,3) 0.635 —0.677 0.538 0.002 0.665
Al(5,0) 0 0.945 0.055
Al(5,1) 0.37 —0.025 1.453 0.953 0.718
Al(5,2) ~0.19 —0.101 5.518 0.962 0.134

Notes: Column (1) presents the treatment effect parameter. Column (2) presents the true
effect. Column (3) presents the bias as a proportion of column (2). Column (4) presents the
average length of the 95% confidence intervals relative to column (2). Column (5) presents
the coverage probabilities of the 95% confidence intervals. Column (6) presents the rejection
rate when testing the null hypothesis of no effect at the 5% significance level. All simulations
consist of 1000 iterations of the same data generating process.
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Table 10: Simulation results for DGP 2, second stage

95% confidence interval

Parameter True effect Relative bias Relative length Coverage Rejection rate

(1) (2) (3) (4) () (6)
n = 1000
A2(1,0) 0 0.96 0.04
A2(1,1) 0.64 —0.007 1.098 0.961 0.918
A2(1,2) 1.327 —0.001 0.477 0.969 0.999
A%(1,3) 0.152 0.055 7.776 0.958 0.042
A2(2,0) 0 0.956 0.044
A2(2,1) 0.487 —-0.016 1.382 0.947 0.778
A2(2,2) —0.189 —0.089 7.546 0.96 0.108
n = 3000
A2(1,0) 0 0.945 0.055
A2(1,1) 0.64 0.01 0.622 0.945 0.999
A2(1,2) 1.327 0 0.271 0.938 1
A2(1,3) 0.152 —0.039 4.41 0.956 0.113
A2(2,0) 0 0.946 0.054
A2(2,1) 0.487 —0.004 0.795 0.934 0.99
A2(2,2) —0.189 0.013 4.335 0.94 0.177
n = 5000
A%(1,0) 0 0.953 0.047
A2(1,1) 0.64 0.001 0.479 0.95 1
A2(1,2) 1.327 0.001 0.209 0.935 1
A2(1,3) 0.152 —0.008 3.409 0.954 0.185
A2(2,0) 0 0.949 0.051
A2(2,1) 0.487 —0.003 0.615 0.933 0.999
A2(2,2) —0.189 —0.01 3.359 0.936 0.243

Notes: Column (1) presents the treatment effect parameter. Column (2) presents the
true effect. Column (3) presents the bias as a proportion of column (2). Column (4)
presents the average length of the 95% confidence intervals relative to column (2). Col-
umn (5) presents the coverage probabilities of the 95% confidence intervals. Column (6)
presents the rejection rate when testing the null hypothesis of no effect at the 5% signifi-
cance level. All simulations consist of 1000 iterations of the same data generating process.
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Table 11: Simulation results for DGP 3, second stage

95% confidence interval

Parameter True effect Relative bias Relative length =~ Coverage

Rejection rate

(1) (2) (3) (4) (5) (6)
n = 3000
Al(1,0) 0 0.966 0.034
AL(1,1) 0.546 ~0.005 2.681 0.975 0.368
AL(1,2) 1178 ~0.073 3.044 0.957 0.383
Al(1,3) —0.743 0.138 5.912 0.951 0.03
AL(1,4) ~1.76 0.19 4102 0.941 0.014
AL(3,0) 0 0.961 0.039
AL(3,1) —1.446 —0.048 1.668 0.951 0.636
A1(3,2) ~1.381 —0.062 2.446 0.946 0.434
A1(3,3) 2.002 0.107 2.843 0.947 0.171
Al(4,0) 0 0.972 0.028
Al(4,1) —2.485 0.021 1.309 0.949 0.839
A1(4,2) ~1.512 0.034 3.484 0.949 0.277
Al(4,3) ~0.202 0.043 30.278 0.946 0.066
AL(6,0) 0 0.947 0.053
AL(6,1) 0.253 0.011 1.066 0.934 0.974
AL(6,2) 0.443 —0.03 1.993 0.95 0.491
AY(7,0) 0 0.955 0.045
AN(7,1) —0.881 —0.119 4.557 0.974 0.215
AYN(7,2) 0.393 0.746 17.019 0.957 0.02
n = 5000
AL(1,0) 0 0.966 0.034
AL(1,1) 0.546 0.001 1.968 0.969 0.551
AY(1,2) 1178 —0.007 2.184 0.973 0.515
AL(1,3) —0.743 0.016 4.242 0.973 0.065
Al(1,4) ~1.76 0.083 2.862 0.948 0.121
A1(3,0) 0 0.946 0.054
AL(3,1) —1.446 ~0.032 1.258 0.956 0.792
A1(3,2) ~1.381 —0.042 1.845 0.952 0.572
AL(3,3) 2.002 0.048 2.118 0.94 0.471
Al(4,0) 0 0.949 0.051
Al(4,1) —2.485 —0.004 0.993 0.959 0.952
A1(4,2) ~1.512 ~0.011 2.646 0.951 0.358
Al(4,3) ~0.202 —0.275 23.005 0.947 0.061
AL(6,0) 0 0.951 0.049
AL(6,1) 0.253 —0.008 0.823 0.953 0.998
A1(6,2) 0.443 0.017 1.539 0.951 0.728
AY(7,0) 0 0.958 0.042
AN(7,1) —0.881 ~0.064 3.295 0.959 0.326
AYN(7,2) 0.393 0.508 11.76 0.945 0.025

Notes: Column (1) presents the treatment effect parameter. Column (2) presents
the true effect. Column (3) presents the bias as a proportion of column (2). Col-
umn (4) presents the average length of the 95% confidence intervals relative to
column (2). Column (5) presents the coverage probabilities of the 95% confidence
intervals. Column (6) presents the rejection rate when testing the null hypothesis
of no effect at the 5% significance level. All simulations consist of 1000 iterations

of the same data generating process.
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Table 12: Simulation results for DGP 4, second stage

95% confidence interval

Parameter True effect Relative bias Relative length  Coverage

Rejection rate

(1) (2) 3) (4) () (6)
n = 3000
A?(1,0) 0 0.973 0.027
A?(1,1) 0.546 0.072 1.517 0.973 0.893
A%(1,2) 1.178 —0.116 2.372 0.952 0.52
A?%(1,3) —0.743 —0.159 3.127 0.933 0.429
A?%(1,4) —1.76 0.082 1.434 0.96 0.95
A?%(2,0) 0 0.954 0.046
A%(2,1) 1.846 —0.007 0.729 0.948 1
A?(2,2) 0.456 —0.022 1.152 0.938 0.96
A?(2,3) —0.144 0.036 6.87 0.938 0.07
A%(3,0) 0 0.946 0.054
A2%(3,1) —1.446 —0.003 0.128 0.95 1
A2%(3,2) —1.381 —0.005 0.419 0.945 1
n = 3000

A?%(1,0) 0 0.965 0.035
A?(1,1) 0.546 0.018 1.043 0.957 0.993
A%(1,2) 1.178 —0.051 1.585 0.96 0.687
A2%(1,3) —0.743 —0.076 2.071 0.928 0.544
A%(1,4) —1.76 0.028 0.969 0.946 1
A?%(2,0) 0 0.948 0.052
A%(2,1) 1.846 —0.009 0.566 0.937 1
A?(2,2) 0.456 —0.005 0.899 0.945 1
A?(2,3) —0.144 —0.022 5.329 0.952 0.08
A2(3,0) 0 0.953 0.047
A2%(3,1) —1.446 —0.002 0.099 0.959 1
A2%(3,2) —1.381 —0.001 0.324 0.955 1

Notes: Column (1) presents the treatment effect parameter. Column (2) presents
the true effect. Column (3) presents the bias as a proportion of column (2). Col-
umn (4) presents the average length of the 95% confidence intervals relative to
column (2). Column (5) presents the coverage probabilities of the 95% confidence
intervals. Column (6) presents the rejection rate when testing the null hypothesis
of no effect at the 5% significance level. All simulations consist of 1000 iterations

of the same data generating process.
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In the case of DGPs 2 and 4 (Tables 10 and 12), where effects vary across treatment
cohorts, the estimator also performs well. For almost all parameters, regardless of sam-
ple size, the relative bias is approximately 10% or less, the confidence intervals have the
correct coverage probability, and the test exhibits either high power or correct size. Sim-
ilar to DGPs 1 and 3, the estimator struggles to precisely estimate some effects at the
tail of the treatment effect trajectory. For instance, in DGP 2 when n > 3000, A?%(2,2)
is estimated with approximately 1% bias, but the power is less than 25%. Similarly, in
DGP 4 when n > 3000, A%(2, 3) is estimated with less than 4% bias but the power is less
than 10%.

Our simulations suggest the estimator performs better when effects are heterogeneous
across cohorts rather than agent types. In the former case, we find smaller relative bi-
ases, shorter relative lengths of the confidence intervals, and higher power compared to
the latter case. The coverage probabilities and size of the tests are comparable and equal
to their nominal levels. This result is not surprising as each treatment effect parameter
is effectively estimated using a larger subset of the data when effects are heterogeneous
across cohorts rather than types. This suggests that the performance of the estimator

depends less on the selection model and more on the level of treatment effect heterogene-

ity.

Overall, the estimator performs well across all four DGPs. For many treatment effect
parameters, the estimator exhibits small bias, the confidence intervals have the correct

coverage probability, and hypothesis tests show high power and correct size.

6 Conclusion

We consider a setting where treatment is available in multiple periods and agents select
when to enroll in treatment, if at all. Each period, agents experience an IV shock affecting
their enrollment decision and respond dynamically to these shocks. Heterogeneity in
their responses to the shocks induces multiple latent agent types. We propose a general
framework to identify and estimate dynamic treatment effects, and our framework is

compatible with a broad range of selection models that researchers can easily specify.

Our method is compatible with two frameworks for treatment effect heterogeneity. In the
first framework, treatment effects are heterogeneous across agent types. In the second
framework, treatment effects are heterogeneous across treatment cohorts. In both cases,
we show that the distribution of agent types can be identified, and the dynamic treatment

effects can be separately identified across either agent types or cohorts.

We propose a misspecification test to aid researchers in choosing a selection model. We
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also propose nonparametric estimators for all identified parameters of the model and
derive their asymptotic properties. Simulation results suggest the estimators perform
well under both frameworks for treatment effect heterogeneity, even when there are many

latent types and many distinct treatment effect trajectories to estimate.

We hope our methodology will prove helpful in panel settings where timing of treatment is
endogenous—thereby ruling out the common trend assumption standard in the difference-
in-differences literature—and agents respond dynamically to repeated IV shocks affecting

their treatment decisions.
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A  Proofs

A.1 Proofs of identification

Proof of Proposition 1. Define

]P[EZ =€ ’ Z,L = Zl]
b€ = :
]P)[EZ =€ ’ Zl = Z|Z|]

to be the observed vector of probabilities that agents take up treatment in period e

conditional on Z;, and

bl,l
b' = :
bl,oo
Define
x' = : (A'l)
PlG; =1

to be the distribution of G;. Under either Assumptions 4a or 4b, Z; I G; and (3) holds
for all e € £ and z € Z. We can jointly express (3) for all e € £ and z € Z as

Al x' =b'.

Since A! is known and b! is observed from the data, we can can uniquely solve for x! if

Al is full rank. m

We provide a more general proofs of Propositions 2 and 3 for the setting where treat-
ment is only available during a window of time. Agents are observed during the periods
when treatment is available, and may also be observed before and/or after treatment is

available.?*

Let T ={t,t+1,...,0,...,t — 1,t} be the set of all time indices, with t < 1 < . Let
E={1,...,e—1,¢ 00} be the set of all time periods agents can enroll into an absorbing
treatment, where € < t. We refer to periods t < 0 as pre-treatment periods, periods t € £

as post-treatment periods, and periods ¢ > € as post-eligibility periods.

24For example, consider a panel following agents from 20212026 where agents can enroll in an ab-
sorbing treatment between 2023-2024.
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Proof of Proposition 2. From the data, we observe E[Y;; | E; = e,Z; = z] for t € T,
ee€ &, and z € Z. We can write E[Y;; | E; = e, Z; = 2] as

E[Y;: | Ei, Zi] = E[Y;(00) | Ei, Zi] + E[Ai(t — E;) | By, Zy). (A.2)
In equations (7)—(8) of the main paper, we show that

E[Y;(o0) | E; =€, Z; = 2]

= ZE[Yz’,t(OO) | Gi = g]

geg

and
_ 1 ]1[é<2,g)
- ZA (gat - 6) 1[e

= | PGi = g] (A4)
2 > g e 9) =

e] P[G; = ¢']

It follows that we can express the observed moments E[Y;, | E; = e, Z; = 2] as weighted
averages of {E[Y;;(o0) | G; = g]} and {A'(g,t — e)}. We show how this expression can

be jointly written for all £, e, and z as AALIxXALL = b2,

In (9) of the main paper, we define b? to be the vector stacking all observed moments

{E[Y;; | E; = e, Z; = z]}.% In the remainder of this proof, we construct AA and x4t

Notice that the weights for {E[Y;;(c0) | G; = g]} and Al(g,t —e) in (A.3)-(A.4) are the

same and equal to

[Z ]l[é(z,g) = 6]] ]l[é(zag) = 6] P[Gz = g]' (A5)

geg

The term 1[é(z,g) = e] in the weights ensures that non-zero weights are only assigned
to types with é(z, g) = e for some z and e. This information is contained in M€, which
indicates which agent types take up treatment in e for each z. The term P[G; = ¢] in
the weights is the distribution of types and is identified in Proposition 1. The vector x!,
defined in (A.1), denotes the distribution of types. The weights (A.5) for a given e € £

and all z € Z can then be jointly expressed as

1[é(z,9) = €] P[G; =g]forall z€ Zforallge G, z€ G

W¢ = diag (M° Xl)f1 M diag (x'),

-

[deg 1[e(z,9') = €] P[G; = g]] - forall z € Z

25The vector b? is ordered by (e, t, 2).
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where each column of W€ corresponds to an agent type, each row corresponds to a

particular value of Z;, and each entry is the weight assigned to an agent type.

Let S = {0,...,t—1} contain all indexes for time relative to treatment take up.?® Define
E[Yii(o0) | G =1]
XY(oo) — .
t — . )
| ElYiu(o0) |G =7]
[ Al(L,s)
stl = :
Al(g, s)

to be the parameters that (7)-(8) are averaging over, where s € S. Then for a given

t €T and e € £, we can jointly express (7) across all z as

E[Y(o0) | E; = e, Z; = 2]

: = Wexz/(oo).
E[Yii(o0) | Ei = e, Z; = 22|
Likewise, we can jointly express (8) across all z as
: = Wexfje.

Combining the previous two expressions, we can write (A.2) as

ElY:| B =e Z; = 2]
= Wexf(oo) + WexA
= Wik ™ 4 x,)
~—
As.2:>xtA_le;éOonlyift—eZO

=W (x; ™ 1]t —e > 0] x2)),

where the final equality follows from Assumption 2, which assumes A!(g,s) = 0 for s < 0

and implies x2', = 0 for t — e < 0.

26For example, s = 0 indexes the period where agent takes up treatment, s = 1 indexes one period
after the agent takes up treatment.
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We now stack the previous system of equations to get a single system. Define

xALL = | % , (A7)

Y (00) A" contains the treatment effect

27

contains the average untreated outcomes, x
All1

where x

dynamics, and x is the full vector of unknown parameters.

We stack M€ to select the parameters in x* (*). Define

RY™) =17 @ M°,

Ri/(oo)
RY(®) = : : (A.8)
RY(OO)

e

where I,,, is an m X m identity matrix and ® is the Kronecker product. Each diagonal

entry in Iy corresponds to a single time period. It follows that

> geg Lé(z1, g) = e] E[Yi(c0) | Gi = g]
RY ()Y () _ ~

> geq Le(zg), 9) = €] E[Y;5(c0) | G = g]
RY (®)xY () gimply stacks the expression above across all e € &.

Similarly, we stack M€ to select the parameters in x2'. Define

O(—t+1)x5|
RY = 0 M°
e =1 _____¢ (e—1)xisl ® M,
L Isi—et1) O(s—et1)x(e—1)
R
R,AlE :
R2!

27st1 for s < 0 are omitted since they are assumed to be 0 under Assumption 2.
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where 0(_¢y1)x|s) is a (=t + 1) x |S| matrix of Os that accounts for how there are no
treatment effects in the pre-treatment periods; 0(._1)x|s| accounts for the periods when
treatment was available but the types had yet to take up treatment; I|s_.1; selects the
treatment effects Al(g,s) for s = 0,...,f — e; and O(s—et1)x(e—1) accounts for how the
final e — 1 treatment effects in the sequence of treatment effect dynamics are not realized
before t. It follows that

O(—§+e)><1
deg ]l[é(zla g) = 6] Al(ga O)

deg ]l[é(z|z‘,g) = 6] Al(g,z - 6)

1 1
ReA XA =

RA'xA! simply stacks the expression above across all e.

Combining the results above, the matrix
RM = RY () RAI

selects the parameters in x¥ ) and x2" out of x*'. That is, each entry of RMxAI! is

equal to

> 1e(z,9) = €] (ElYu(oo) | G = g+ 1]t — e > 0] Al(g,t —¢)) (A.9)

geg

for some e, z, and t.

We now incorporate the weights (A.5) into (A.9). We first construct the denominator
of the weights. Note that RY(*) selects the relevant agent types for all e, z, and ¢.2® It
follows that

>geg Lé(z1, 9) = 1] P[G; = g
R (1 @x') = : )

> ge 1é(z1z, 9) = €] P[G; = g]

where 17 is an |T| x 1 vector of 1s. The expression above thus contains the values in

the denominator of the weights in (A.5). For convenience, define

RL’Arg = RY(OO)(]_U-‘ X I|g|) (AlO)

28In contrast, RA" does not select the relevant types for each e and z across all periods. This is
because R® only selects types in the periods where treatment effects are realized.

45



so that
RLAtE 41— RY (o) (17 ®x")
contains the denominators of all the weights.
To incorporate the numerator of the weights, define
RYME =175 @ Tg,

where each entry in 1745 corresponds to xf(oo) for a particular t € T or stl for a

particular s € S. Each row of R®4"8 thus corresponds to a particular parameter in x*!b!.

It follows that

P[Gi = 91]

PlGi = gg/]
RR,Arg Xl — :

P[Gi = 91]

PlGi = g,g] |

and

dlag (RR,Arg Xl) XAll,l

Parameters for t =t

Parameters for t = ¢

7\

Parameters for s =0

Parameters for s =t — 1




Finally, define

R = diag (R x!) 7 (A.11)
R" = diag (R™"® x) (A.12)
AA = RY RM R, (A.13)

where RM generates the weightless expression in (A.9), and RY and R® incorporate the

weights back in. The full system of equations for (A.2) may then be written as

Performs 3 1[é(z,9) = €] P[G; = g]

geg

All,1 All1 L M All,1 2
AALL xALL — R RM RR AL — |2,

-1
Contains [deg 1[é(z,9) = €] P[G; = g}]

Proof of Proposition 3. The proof is similar to that of Proposition 2 and reuses some of

its derivations. In the main paper, we show that we can write E[Y;, | E;, Z;] as
E[Yi: | Ei, Zi] = E[Y;(00) | Ej, Zi] + E[A(Ei, t — E;) | B, Z3).

We also show that term E[Y; ;(c0) | E;, Z;] can be written as in (A.3), and E[A;(E;, t—E;) |
Ei7 Zz] = A2(€,t - 6).

We reuse the derivations from the proof of Proposition 2 to express {E[Y;:(c0) | E;, Z;]}
as a linear system of equations. Define x¥(*) asin (A.6), RY(*) asin (A.8), R*"™ as in
(A.10), and

RO = 174 © Ig),
RM = RY (™), (A.14)
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Then by defining R¥ and R® as in (A.11)—(A.12),%

R" RM R" x¥(>)
[ E[Yi (o) |Ei=1,Zi=2z] | )

: Moments for t =t¢, F; =1
E[Yii(o0) | B =1,Z; = 2z|] )

Moments for t =t, F; =€

J

To select the appropriate treatment effects, define

A2 _
M= (e,t) = | Ozjx—e) Lizix1 Ojzx(iS|—(t—e+1)) | >

1le =1 M2*(1,1) ... 1[e=¢] M%’(g,1)
RAQ — . . .
1[e =1] M2*(1,7) ... 1[e =¢] M%*(&,1)
R&’
RY = :
R2’

where each column of M2’ corresponds to A2(e, s) for a particular s; and each block ReA2
selects A?(e,t —e) foran e € € and t € {1,...,t}. Also define

A?(e,0)
X2 = z ,
| A%(e,[S[ - 1)
e
XA2 = :
x2?

to be the vector of treatment effect parameters when treatment effects are heterogeneous

across cohorts. Then RA* x2 selects the appropriate treatment effects conditional on

29The vector R* RM R xY () is sorted by (e,t,2), as in b? in (9).
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E; and Z;. To see this, note that

Ile = 1] M?*(1,1) x&° ... 1[e=¢ M*"(e,1) x2

. C : . :
R: x7 = : . : ’

Tle=1] M2 (1,7) x&° ... 1[e=7¢ M*'(g,1) x&°

where the only non-zero column in the block matrix above corresponds to the period of
take up e. Moreover, by construction of M2 (e, t), the product M2” (e, t) x2” only selects
the (£ — €)™ entry in x2°, which is A2(e,t — €).

Then if we define b? as in (9), and

we have

AALZ LAL2 _ QL RM RR yY(o0) 4 RA? yA?
= b2

Proof of Proposition 4. When there are covariates W;;, the terms in (A.5) potentially
depend on W;;, implying the weights for the agent types potentially depend on W; ;. Let

w(e, z,9,w) = 1le(z,9,w) = ] P[Gi = g | Wi, = w]
%1 Y, Zg,eg]l[é(zjg’7w):@] P[Glzg,|m,t:UJ]

denote the weights when there are covariates. Under Assumption 5, é(z, g, w) = é(z, g).
Under Assumption 7a(i), P[G; = g | Wi = w] = P|G; = g|. It follows that

w(e, z,g,w) = =w(e, z,9).

Then under Assumptions 1-3, 4a, 5-7a, we can decompose E[Y;; | E; =e,Z; = 2, W, =
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w] as

ElYi: | Ei=e Z; =z, W; s = w]
—E[ t(oc0) | Bi=e,Zi, Wiy =w|+E[Ai(t —e) | E;=e,Z; = 2,W;; = w]

, Ta = w(e, z,9) Apply As. 6

,_/% —
= E w(e, z,g,w) E[Y; (00) | Bs=¢,Z; = 2,G; = g, Wy = w|
——
9€9 E; is determined conditional on Z;, G;

As. 5, Ta = w(e, z,9)
—_——~
+ Zw(e,z,g,w) EA(t—e) | Ei=e,Z;=2,G; =g, Wit = w]

9€9 E; is determined conditional on Z;, G;

N

-—
As. Ta = Aj(t—e) L (Zi,Wi,t) | Gi

= Zw(eu z,9) BElh(Wis) + agi + Uir | Zi = 2,Gi = g, Wiy = w)

geg

+ Zw(e,z,g) E[Ai(t —e) | Gi = g]

9€9 Al(gt—e)
= Zw(ea Zag) (h(U)) + Agt =+ ]E[Ui,t | Zi = Z, G’L =9, VVi,t = wl)
9€9 0 by As. 6
+) wle z,g) Alg.t—e)
geg
w)+ > wle,z,9) ag+ Y wle z,9) Alg,t—e),
9€g 9€g

Depends on E;, Z;, but not W; ¢

where the first equality follows by definition of Y;,; the second equality follows by LIE;
the third equality follows from applying Assumptions 5 and 7a(i) to w(e, z, g, w), replac-
ing Y; ;(oc0) with the model specified in Assumption 6(i), and applying Assumption 7a(ii)
to the expectation containing A;(t — e); the fourth equality follows from expanding the
conditional expectation in the first sum; and the final equality follows by applying As-

sumption 6(ii).
It follows that
ElYiy = h(Wiy) | B = e, Z; = 2, Wi
=E[Yi: —h(Wiy) | Ei =e, Z; = 2]
—Z w(e, z,g) agt—l—z wle, z,g) Al(g,t —e). (A.15)

9€g g€g
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We can then apply Proposition 2 to (A.15) to recover the treatment effects. So define

E[Y;1 —h(Wiy) | Ei =1,Z; = 2]
bCov,l — :

Y

E[Y;; = h(Wiy) | Bi =1, Z; = 2 z|]

where h(-) is identified by nonparametrically regressing Y;; on W, controlling for E; and
Z:. Then AALIxAILL — pCovil g

Proof of Proposition 5. The proof is similar to that of Proposition 4. Under Assump-
tions 1-3, 4b, 5-6, and 7b, agents are weighted by w(e, z, g) (see proof of Proposition 4),

and we can decompose E[Y;; | E; = e, Z; = 2z, W;; = w] as

E[Yi,t | EZ = 67Zi =z, M/i,t - w]
=E[Yi(c0) | Ei=¢,Z; =2, Wiy =w|+E[Ai(t —e) | EBi=e,Z; = 2, W; s = w]

J/

Vv
Decompose as in (A.15)

= h(w) + Zw(e, Z,g)0gt

geg
"‘ZW(G,Z,Q) ]E[Al<t_e) |Ei:6,Zi:Z,Gi:g,VVi7t:w]
g€y W

As. Tb = Ai(t —e) L (Z;,Gi,W;+) | E;
= h(w) + Y wle,z.g)ag + Y wle,z,9) EIA(t—e) | B =]

9€9 9€9 A?(e,t —e), doe;rnot depend on g
Sums to p(@ t—e)
— 2
= h(w) + Zw(e, z,9)ag + A%(e, t —e), (A.16)
geg

Depends on E;, Z;, but not W ;
where the first equality follows from the definition of Y; ;; the second equality follows from
the decomposition of E[Y;(o0) | E; = e,Z; = z,W;; = w] from (A.15), and LIE; the
third equality follows from Assumption 7b; and the final equality follows from collecting
terms. As in Proposition 4, equation (A.16) suggests that we can identify the treatment
effects by first residualizing Y;, with respect to W;, before applying the identification

strategy described above. m

A.2 Proofs for estimation and inference

Let E,, P,, and V,, denote the sample analogs to E, P, and V for a sample of size n. Let

Sub

subj for 7 = 1,2 denote the first and second stage estimates. Their asymptotic

x! and x
distributions may be derived using the delta method. The following conventions and

derivations will be useful.
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Let v € R?, b(v) € R, and A(v) € R™*™. Then

Let D € R™*™ P bhe an array, Al € R?”*™ and A? € R"*" be matrices. Then

and is a ¢ X r X p matrix. We use the notation D¢

array in the order (dy,ds, ds). For example, D!

0
. mxp
8vb(v) € R™P

0
(‘3_VA

(V) € RmMXnxp.

[A'D A%., = A' D.,A?

is a m X n X p matrix.

Finally, let A(v) = diag (Rv) for

Then

dv
d

AW) = —Av) {

dl»

dv

da,d3)

[dA(V)] _ R, ifi=y,

ije 0 otherwise,

d

A A,

to rearrange the dimensions of the

) is a p X n X m matrix. [D(1,3,2)] (1,3,2)

some arbitrary matrix R € R"™*? and vector v € RP.

(A.17)

(A.18)

where the second line follows rules on differentiating inverses of matrices. Note that %A

is an m X m X p array.

Proof of Proposition 6. We estimate x! using the sample analog of the identification re-

sult. Define3?

! ]l[EZ‘ZB,ZZ‘:Z],

1,6,2

1
Ui71,21

U’L’,l,Z‘zl
vi=|
/U},E,Zl
: v
1
i7€72|2\ ]
7711 = En[vzl]a
st = Vvl
E’}z = n[vil]7

30The vectors v} and ¥, are ordered by (e, z).
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1,6,2

1

1,€,2

fore=1,z¢€ Z,

fore=¢€, z € Z,



where each entry of V! is equal to P,[E; = e, Z; = 2] for some e € £, z € Z. Define

Then

R! V! =

R' = 1jeuie © 1 2.

P.lZ; = 2]
P.[Z; : 2z]]
]P’n[Zi:— 2]
P.[Z; _ 2z]] |

Then b' may be estimated by

bl = diag (RlV}LY1 v}

Define the estimator A : RIm(V) s RY a5

P [E;=1,Z;=2)z|]

n

Pn[Ei=1,Z;=21] ]
Pn|Zi=21]

]Pn[ZiZZ|Z‘]

P, [E;=¢,Z;=21]
Pn|Zi=21]

PnE;=€,Z;=z|z||
Pn[Zi=Z|Z‘]

Repeated |£]| times

Repeated |£]| times.

P E,=1|2Z; =z forz e Z,

P.E;=¢| Z; =z for z € Z.

h'(v) = (ATTA) A Tdiag (R'v) 7 v. (A.19)
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Then

which we estimate using
x; = h'(V}). (A.20)

If A!is full rank and P[Z; = z| > 0 for all z € Z, then h'(-) is continuous. Then by the
weak law of large numbers and the continuous mapping theorem, we have ¥! - E[v}]
1

p
and x} — x! as n — .

To conduct inference, we use the delta method. The matrices A' and R' in (A.19) are

nonrandom, so x} is a function of v, for which
V¥, —Elv]) = N(0, ).

Taking the derivative of (A.19) with respect to v, we have

d d _ : -1
%hl(v) = (A'TAY) 1AlTIdlag (R'v) v

-~
Nonrandom

= (A'TTAHTIALT d [diag (Rlv)_1 V} .

dv
The derivative of diag (R'v) ™" v is

idiag (Rlv) v

dv
= idiag (Rlv)_1 v +diag (Rlv)_1 iv
dv dv
N ~ V2 \\f—/
Apply (A.18) Lgz)

= —diag (R™'v) {%diag (Rlv)} diag (R™'v) + diag (Rlv)_1 ,

. 4
~~

Apply (A.17)

where the first equality is by the product rule; the second equality follows from (A.18).
Putting everything together, define the derivative of (A.19) as

D!(v) = divhl(v)

= (A'TTAHTIALT {—diag (R_lv) [divdiag (Rlv)} diag (R_lv)

+ diag (Rlv) 71}
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and
U = DY(EV]]) = DYE[V]]) .
Then

Vaxh —x') -4 N(0, T).

Since v, == E[v}], D!(-) is continuous, and ¥} -2+ X!, we can consistently estimate ¥'

by

vl =DY(¥)) 2! DYFL)T.

Sub

Proof of Proposition 7. We estimate x°'?J for j = 1,2 using the sample analog of the

identification results. We begin by showing how to estimate b?. Define®!

Uzz,t,e,z =Yy 1E =e,7Z; = 2],
Vit
Vi, fort=te=1z2¢€2Z2,
Uzz,z,l,zm )
vZ=
sz,é,n )
: >vi2,t,e,z fort=t,e=c¢e,z¢c Z,
UZE,E,Z‘Z‘ Y,

2= V(v v,

K3 7

Y2 = Vn[(vﬂ, V?T)T].

Also define

R =g @ Lirpa @ Lz,

2

31The vector v? is ordered by (e, t, 2).
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Then??

P.E;i=eZ;=z]fore=1,2z€ Z t=t,

P,|E;i=e,Z;=z|fore=¢ 2 € Z, t =1,

and b? may be estimated by

b? = diag (RQV;)_1 v
B En [}/Z’7£1[Ei:1,ZiZZ1]] .

PnE;=1,Z;=2]

: E,Yi: | Ei=eZ;=z]fore=12€ Z, t=t,
E’"[Yié 1[E1:17Z2:Z\Z|”
Pr[Ei=1,Zi=2z|]

En[Y; 7 1[E;=¢,Z;=21]]
P, [E;=€,Z;=21]

: E.[Y;;| EBi=e Ziy=z]fore=¢ 2z€ 2, t=t.
En[Yii]l[Ei:E,Zi:zm]]
Pp[Ei=€,Zi=2z|]

The matrix AS"™ is a “normalized” version of A*" . The normalization simply drops
certain rows from AA | which is equivalent to dropping certain rows and columns in the
matrices used to construct A*M . We leave the full discussion of the normalization to

Sub

Appendix A.3, but show how to construct A/ with the normalization.

In the proof to Propositions 2 and 3, we show that A*" for j = 1,2 consists of the
matrices RY, RM, RR, and R2’. The matrices RM, R2” are deterministic and can be
constructed as originally defined. The matrices RY, RF involve x!, which we estimate
using x!. The normalization entails dropping a set of columns from RM, a set of rows from
R®A1 (equivalent to dropping a set of columns from RE), and a set of columns from
R2’. Let RMNom RRAgNom o RA*Nom {epgte the corresponding “normalized”
33

matrices.

32The vector R?¥' is sorted by (e, t, 2).

33Note that RM is constructed differently depending on whether treatment effects are heterogeneous
across agent types or cohorts. The normalized matrices RM-No™ will also differ across the two frame-
works.
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Define g~ : Rdm(vY) _y RAmBY) 510 gt Rdim(v!) _y RdimRY) 5q

ag (RVV2 h'(v))
ag (RR,Arg,Norm hl (V)) ’

g"(v)
g%(

di
di

v)

where h!(-) is defined in (A.19). Then we can estimate R and the normalized version of

R} as

Define g5t ; RAm(v)) _y RAm(AZ) 4
gSub,l(V) = gL(V) RM-Norm gR(V), (A.21)

where RMNorm jg the normalized counterpart to RM defined in (??). Then we can estimate

ASub,l by
AN = g (). (A.22)
Similarly, define ¢St>:2 ; RAm(v!) _y Rdim(A%2) o

P20 = [ g () RN () RN | (A.23)

where RMNo™ s the normalized counterpart to RM defined in (A.14). Then we can

estimate AS"P2 by

ATSZub,Q = g2 (vl). (A.24)

n

Finally, for j = 1,2, define /5" : Rdm(vi) x Rdim(v}) RAME) ag

hSub,j(Vl7 V2) = [gSub,j(Vl)TgSub,j (VI)} -1 gSub,j(Vl)T dlag (R2V1)_1 V2, (A25)
Estimat\o,r for b?

By construction of A5 (.), it follows that

hSub,j(E[Vl]’ E[VQ]) — (ASub,jTASub,j)flASub,ij2

(3 K3

— XSub,j )
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So we estimate x5"PJ with

x5ubd — pSub (gl 52y, (A.26)

n’

If AS"PJ is full rank, then by weak law of large numbers and continuous mapping theorem,

1T VQT)T

n n

2 (BT, E[VIT)T and x50 2y xSubid a5 n — oo,

we have (V ; :

To conduct inference, we use the delta method to obtain the distribution of the estimator.

The estimator (A.26) is a function of (VvL",¥27) " for which

Vo HVn
Vo
vl |
Vv

n

—E

D 45 N(0,2).

<
S0 S

A%

Define D"/ to be the derivative of h5""J(v!, v?) with respect to (v1T,v2T)T,

d

dvl

d

hSub,](V V2> =3
\'%

DSub,j<V1,V2) = [ hsubﬂj(v v2) . (A.27)

We show below how to derive D®"J(v1 v2), which is continuous in its arguments. Define

WS = DS (B!, B[vE]) 52 DS (B[], EVE) T,

(2 (2

which can be consistently estimated by
\IJSUb»J — DSub,]( ) 22 DSub,] (V v )T
Then
V(xS — xSubay Ly N (0, wSub), (A.28)
We now derive the D% (v v2) for j = 1,2. We first consider the case of j = 1. The

case of j = 2 is almost identical and we consider it at the end of the proof. For brevity,
define

gInv,j(Vl) = [gsub,j (V1>TgSub,j(V1)}_1

o8



for j = 1,2. Differentiating (A.25) with respect to v! when j = 1, we have

d
dv1 hSUb’l(Vl, V2)
d u u -1 u . —1
— o lgs b,l(vl)‘l'gs b,1 (VI)} ng b’l(Vl)leag (R2V1) V2 (A.29)

gInv,l (vl)

_ {%glnv,l(vl)] [gSub,l(Vl)Tdiag (Rgvl)ﬂ V2:|

[

-~

A)
nv d u : -1
+ gI ,1(V1) [Wgs b’l(Vl)leag (R2V1) V2:|,

N J/
-

(B)

(A.30)

where the second equality follows from the product rule. Next, we expand the terms (A)
and (B).
Beginning with (A), the derivative of g"™!(v?!) is

d
avt?
d

— _gInv,l(vl) {WgSub,l(vl)TgSub,l(vl)} gInV71(V1)

Inv,l(vl)

~
Apply product rule

— _gInv,l (Vl)

d d
X (FgSub,l(vl)T) gSub,l(Vl) —l—gS“b’l(vl)T (_gSub,l(Vl)) (A31)

dvl

x gInv,l (Vl),

where the first line follows from the rules on differentiating inverted matrices; the second

line follows from the chain rule. The derivative of g5*™!(v!) is

avt?
d orm
_ W [gL(Vl)RM’N R(Vl)}
d orm orm d
— [FQL(VI)} RM’N gR(VI) —i—gL(VI)RM’N [WQR(VI)} 7

where RM:Norm ig the normalized counterpart to RM defined in (??). The expressions for
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-4 gL (v') and S ¢f(v') are straightforward to derive using (A.17)—(A.18). Define

d
DM = —ogh(v)

= idiaug (RL’Arg h'(vh))

1

dv?
_ HLdiag (RIS hl(vl))fl (1,3,2) ihl(vl) (1,3,2)
dh'(v!) ) dv! ’
Obtaine(;gy (A.18) D' (v

where the final line follows from the chain rule. The transposes in the inner bracket align
the dimensions corresponding to h'(v!), and the outer bracket reverts the dimensions of

the array so the derivatives make up the depth of the array. Similarly, define

d
DR(VI) = WQR( 1)
— %dlag (RR,Arg,Norm hl (Vl))
A%
d (1,3,2) d (1,3,2)
: R,Arg,Norm 71/ .1 1/..1
= Hdhl—(vl)dlag (R ® hi(v )) Wh (v') )
Obtained by (A.17) D'(v!)

Then the derivative of g5 (v!) with respect to v! when j =1 is

DA’l(Vl) = DL(Vl)RM’Norng(Vl) + gL(Vl)RM7NormDR(V1). (A32)

Now we turn to (B). Define

d .. -1
DB = Wdlag (szl) ,

which can be obtained from (A.18). Then (B) is equal to

d _
FgSubJ(Vl)Tdiag (R2V1) 1 V2
v
[ d Sub T . —1 Sub d . -1
— _ {Wg (v ]dlag (R2V1) + g™ (v Wdlag (R2V1) v?
DA,:(ngS) Bg
_ DA’1(2’1’3)diag (RQVI)_l +gsub,1(v1)DB] V2
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Combining everything, we have

d
= hSub I(V V2)
— _glnv,l(v ) (DA,I(VI)(2,1,3)gSub,j(V1) + gsub’j(vl)TDA’l(vl))
nv, u . —1
% gI 1( )gS b’l(vl)leag (R2V1) V2
hSub,;(:,l}vl)
Inv,l/. 1 A,1(2,1,3) 5. 2.1\—1 Sub,1/. 1\yB| «,2
+ g™ (v') D diag (R*v') " + g™ (v )DP| v
— gInv,l(Vl) . (DA,l(V1>(2,1,3)g8ub,j(vl> + gSub,j(Vl)TDA,l(Vl)) hSUb’l(Vl,V2)

(A.33)
4 <DA’1(2’1’3)diag (szl)—l 1 gSub,1<V1)DB> V2] '

The derivative of K57 (v v2) with respect to v? is much simpler, has the same expression

for j = 1,2, and is equal to

d )
WhSub,] (Vl, V2)

d nv,j ub,j : -1
— ng ,j(vl)gs b,j(vl)leag (RZVI) V2

v~
2

Does not depend on v

A A 1 d
:glnv,](Vl)gSub,](vl)Tdiag (R2V1) 1 FVQ
A

Lejryz

_ gInv,j (Vl)gSub,j (Vl)Tdiag (R2V1) -1

The expressions derived above for -&h%"1 (v, v?), -4 pSP1 (vl v?) may then be used
to construct D5UP1 (vl v?).
To construct DS"™?(v!, v?), we are only missing -2 h5"™?(v!, v?). Much of the derivation

can be reused to derive -4h5"2(v!, v2). The only dlfference between hS"PJ (vl v?) for
j = 1,2 can be seen in (A.21) and (A.23), which shows ¢g5®1(v!, v?) comprises only the
left block of ¢5®2(v!,v?). The right block of ¢5*»?(v!, v?) is a nonrandom matrix and
does not depend on v!, v2. Thus, to construct D5"»2(v! v?), we simply need to expand

D4 (v, v?) in (A.32). Define

DA2(V V) DL( I)RM,Norng(Vl)+gL(V1)RM,N0rmDR(V1) 0(|Z||€|Z)><(\S|E)><§:|

Sub,2( RM Norm

to be the derivative of g vl v?) with respect to v!, where is the normalized

counterpart to RM defined in (A.14), and 0zt x (|s[e) < reflects that R2” does not
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depend on v!, v2. The derivative %hsnb’Q(vl,VQ) can then be obtained by replacing

DAY(vE v?) in (A.33) with DA2(vl v?). m

A.3 Constructing an invertible system for estimation

In this section, we discuss how to construct an invertible system of equations,

ABuPIxSubd — K2 for j=1,2, (A.34)

Sub

Allj
n n N

where A5 is full column rank and x5 contains all the identified parameters in x

It follows that x5/ can be solved as

x5ub — (ASubIT A Sub.g)—1 ASub T2, (A.35)

Let XMP be the set of parameters in x*!/ for j = 1,2 that are unidentified. For brevity,

XNID contains the set of unidentified parameters for either framework for treatment effect

XNID

heterogeneity. can be divided into four categories,

ANID — pNID,1 | | pNID2 | pNID3 | pNID4

We now define each category.

XNIDL arises when treatment effects are heterogeneous across agent

The first category
types and there exists g € G such that é(g,z) = oo for all z € Z. These agent types
never takes up treatment, meaning A'(g, s) for s € S are never realized in the panel and

thus unidentified.

ANID:2 s treatment effects sufficiently long after taking up treatment.

The second category
These parameters arises under either framework for heterogeneity. When treatment ef-
fects are heterogeneous across agent types, the number of these types of parameters varies
across agent types. For instance, suppose agent type g; takes up treatment in period 1
(the first period treatment is available) for some value of z. Then, conditional on that
value of z, the panel will contain information Al(gy,s) for s € S. In contrast, suppose
the earliest period type go takes up treatment is the final period treatment is available,
€. Then the panel contains information on A!(gy,0), but contains no information on
A'(g, s) for s > 0 since the panel does not extend beyond the first period g, takes up
treatment. More generally, when treatment effects are heterogeneous across types, for
any g € G,

Al(g,s) for s >t — mig é(z,9)
4SS

62



are not realized in the panel and thus unidentified. Similarly, when treatment effects are

heterogeneous across cohorts,
A*(e,s) fors >t —e

are unidentified.

ANID3 g treatment effects for noncompliers and only arises when

The third category
treatment effects are heterogeneous across agent types. Under this setting, identification
of treatment effects requires separating Al(g,s) from E[Y;..s | G; = g] for g € G.
However, this is not possible for noncompliers since, for any period in the panel, there
are no two values of the instrument such that the agent type is treated under one value of
the instrument and untreated under the other.3* Thus, A(g, s) for s > 0 is unidentified

for any noncomplier type g € G. Let XNP3 denote these parameters.?

The final category XN+ is simply the remaining unidentified parameters in x*"7 that

are not in AND-1 pNID:2 - pNID.3,
The invertible system in (A.34) is constructed simply by removing a subset of parameters
from XNP from the systems in Propositions 2 and 3. We now discuss which parameters

to remove.

The parameters in XN'P-1 and XNP2 are never realized in the panel, so their correspond-
ing columns in A2 are vectors of 0s. We thus remove their columns from A*% and

their entries from x*bJ

The parameters in XNMP3 may also be removed from the system as they cannot be
separately identified from the concomitant untreated outcomes. However, the remaining
entries in xA!
now equal to E[Y; .. | G; = g]. That is, E[Y; .4s(c0) | G; = g] and A'(g, s) are jointly

identified at best.

J that previously corresponded to the concomitant untreated outcomes are

ANID4 should be removed from the system. We determine

NIDA ig

Only a subset of parameters in
which parameters to remove by sequentially checking whether each parameter in
uniquely determined by the system. In practice, we do this using the reduced row echelon

form (RREF) of AS®™J). If the parameter is uniquely determined, then the parameter

34For any noncomplier type g, é(z,g) = e for all z € Z and e € £. Thus, for s > 0, any row in (binary
matrix) RM containing an entry for Al(g, s) also contains an entry for E[Y; .1s(00) | G; = g]. Likewise,
any row in RM containing an entry for E[Y; .4s(c0) | G; = g] also contains an entry for Al(g,s). It is
thus impossible to separate the treatment effect A(g, s) from its unique concomitant untreated outcome
E[Yjets(00) | Gi = g].

35While it is not possible to recover the treatment effects for noncomplier types, it may be possible
to recover E[Y;; | G; = g] for the noncomplier types in the periods before they take up treatment.
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stays in the system. Otherwise, it is dropped. The order in which the parameters are
checked is not important.®® It follows that all remaining parameters in the system are

uniquely determined and the system is invertible.

Algorithm 1 summarizes how to construct AS"™™7 and x5 for j =1, 2.

Algorithm 1 Constructing AS™J x5 in (A.34) for j = 1,2
1. ASwbJ o AALI without columns corresponding to ANP-1 y A NIP:2 ([ yNID.3
2: x5uPJ ¢ xALJ without entries corresponding to XNP:1 y A NID:2 y yNID3
3: for z € ANP4 do
4 Check if x is uniquely determined using RREF of ASub:
5 if x is not identified then
6: ASubI  ASUbJ after removing column corresponding to x
7
8
9:

x5ubJ < xSubiJ after removing entries corresponding to x
end if
end for

Remark A.1. The procedure in Algorithm 1 does not allow us to identify more parameters.
It simply allows us to construct the invertible system (A.34) and obtain a closed form

solution for the identified parameters. =

36The parameters in X'™° are uniquely determined regardless of the order this final step is performed.
However, which parameters in XNP-3 and XNP+4 that remain in the system—and thus the values of x
for parameters XNP3 and XNP4 —may change with the order in which this final step is performed.
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