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Violation of the assumptions underlying classical (Gaussian) limit theory often yields

unreliable statistical inference. This paper shows that the bootstrap can detect such viola-

tions by delivering simple and powerful diagnostic tests that (a) induce no pre-testing bias,

(b) use the same critical values across applications, and (c) are consistent against deviations

from asymptotic normality. The tests compare the conditional distribution of a bootstrap

statistic with the Gaussian limit implied by valid speci�cation and assess whether the re-

sulting discrepancy is large enough to indicate failure of the asymptotic Gaussian approxi-

mation. The method is computationally straightforward and only requires a sample of i.i.d.

draws of the bootstrap statistic. We derive su¢ cient conditions for the randomness in the

data to mix with the randomness in the bootstrap repetitions in a way such that (a), (b) and

(c) above hold. We demonstrate the practical relevance and broad applicability of bootstrap

diagnostics by considering several scenarios where the asymptotic Gaussian approximation

may fail, including weak instruments, non-stationarity, parameters on the boundary of the

parameter space, in�nite variance data and singular Jacobian in applications of the delta

method. An illustration drawn from the empirical macroeconomic literature concludes.
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1 introduction

Consider a standardized estimator Tn := n1=2(�̂n��0)=�̂n based on a data sampleDn,
where �̂2n is an estimator of the asymptotic variance. Classical asymptotic theory is usually

based on a set of assumptions guaranteeing that, in large samples, the distribution of Tn
is well-approximated, to the �rst order, by some standard distribution, usually the normal

one. That is, Tn
d! Z, Z � N (0; 1), with �d!�denoting convergence in distribution. When

�̂n is an extremum estimator, provided the objective function can be expanded around a

(pseudo- ) true value �0, such assumptions are usually related to (i) existence of moments,

(ii) stationarity and ergodicity, (iii) non-singularity of the Hessian (or, for transformations

of the original estimator, full rank of the implied Jacobian), (iv) (pseudo-) true parameter in

the interior of the parameter space; see, e.g., Newey and McFadden (1994). For extremum

estimators based on instrumental variables [IV], (v) assumptions on the strength of the

instruments are usually required. Examples of estimators requiring assumptions such as

(i)�(v) to hold are, inter alia, (quasi) ML estimators, GMM estimators, nonlinear least

squares estimators and minimum distance estimators. With �valid speci�cation�we mean

that such assumptions are met.

The detection of invalid speci�cations is crucial in applications. A key challenge to

proper statistical tests of valid speci�cation is that they typically induce a �pre-testing�

bias in subsequent inferences. While in some cases the pre-testing bias may be associ-

ated with conservative inference under the null hypothesis (see, e.g., de Chaisemartin and

D�Haultfoeuille, 2024), tests conditional on the non-rejection of correct speci�cation may

be severely oversized, even asymptotically.

In this paper, we show the novel result that the bootstrap delivers, as a by-product,

consistent (diagnostic) tests of invalid speci�cation which do not induce any pre-testing bias

into subsequent inference procedures when the null of valid speci�cation is not rejected.

That is, post-test (conditional) inference is asymptotically exact when conditioning is upon

the bootstrap tests not rejecting the null hypothesis of valid speci�cation.

Our approach starts from the observation that �usually under mild additional require-

ments �a bootstrap analog of Tn, say T �n := n1=2(�̂�n � �̂n)=�̂n or T �n := n1=2(�̂�n � �̂n)=�̂
�
n,

will also be asymptotically normal under valid speci�cation; i.e., T �n
d�!p Z, with �

d�!p�de-

noting convergence in distribution conditionally on Dn; see Appendix A for a formal def-

inition. In contrast, under invalid speci�cation, T �n may no longer be asymptotically nor-

mal; rather, it usually has a non-Gaussian, random limiting distribution; see Cavaliere and

Georgiev (2020) and the references therein. For instance, randomness of the limiting boot-

strap measure may arise when (i) the score contributions have in�nite variance (Athreya,

1987; Knight, 1989; Cavaliere, Georgiev and Taylor, 2016), (ii) when the data are non-

stationary (Basawa, Mallik, McCormick and Taylor, 1991; Cavaliere, Nielsen and Rah-

bek, 2015), (iii) when the Hessian or the Jacobian are (near-) rank de�cient (Datta, 1995;

Angelini, Cavaliere and Fanelli, 2022; see also Han and McCloskey, 2019), (iv) when the

(pseudo-) true value lies near or on the boundary of the parameter space (Andrews, 2000);

(v) for IV estimators, when the instruments are weak or irrelevant (see Section 2).

This di¤erent asymptotic behavior of the bootstrap distribution of T �n can be exploited
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to detect invalid speci�cation. To see why, consider the discrepancy between the cumulative

distribution function [cdf] of T �n conditional on Dn, say Ĝn, and the limiting standard

Gaussian cdf �, measured as d̂n :=k Ĝn � � k, where k � k is a user-chosen norm or

seminorm on the space of distribution functions. The distance d̂n is expected to shrink

to zero at a speci�c rate when asymptotic normality holds, while converging to a random

limit when the assumptions fail to hold. Hence, a simple test of valid speci�cation could

assess whether the realized discrepancy d̂n is large enough to reject the null.

As is standard in the bootstrap literature, d̂n can be treated as a known function of

the data Dn, since Ĝn can be approximated with any desired precision via the empirical

distribution function [edf] Ĝ�n;m of m simulated realizations of T �n , with m arbitrarily large;

that is, for any �xed n, as m!1, with probability one, Ĝ�n;m ! Ĝn uniformly, and hence

d̂�n;m := kĜ�n;m � �k ! d̂n a.s. if k � k is continuous with respect to uniform convergence.

While it could be tempting to construct diagnostic tests based on d̂n (or a properly

normalized version, such as
p
nd̂n), such tests would su¤er from at least two important

drawbacks. First, their large-n asymptotic properties would depend on the particular

bootstrap application of interest, and would often be very di¢ cult to derive, as they require

studying higher-order asymptotic expansions of Ĝn. Second, since d̂n is a function of the

data, these tests might give rise to a pre-testing bias.

We show that these drawbacks disappear if inference, rather than being based on d̂n, is

based on its approximation d̂�n;m, wherem and n diverge jointly under the requirement that

m cannot be too large when n is �nite. This asymptotic regime di¤ers from the standard

sequential bootstrap asymptotics, where m!1 �rst (such that Ĝ�n;m � Ĝn � 0) followed
by n!1 (such that Ĝn � � � 0); see Andrews and Buchinsky (2000). In particular, we
show that when m and n diverge jointly, with m diverging at a proper rate relative to n,

a test with a known asymptotic distribution and based on the bootstrap statistic d̂�n;m can

be designed to assess speci�cation invalidity. Moreover, this approach is computationally

straightforward, as it just requires to use the set of m bootstrap repetitions to compute

d̂�n;m. Put di¤erently, it is equivalent to the application of distance-based normality tests to

the set of m bootstrap repetitions, with di¤erent normality tests corresponding to di¤erent

choices of the employed (semi)norm k � k. Finally, it can be performed using the same
critical values in a broad range of applications, and consistently detects deviations from

asymptotic Gaussianity.

The role of the rate condition on m relative to n is to ensure that, under the null

hypothesis of valid speci�cation, the test decision becomes, in the limit, stochastically

independent of the original data. This fact guarantees that a bootstrap test based on

d̂�n;m does not induce pre-testing bias in large samples, in contrast to standard pre-tests for

speci�cation (in)validity (e.g., tests of �nite variance, stationarity tests, pre-tests on the

instrument strengths, and so forth). Instead, under a set of relevant alternatives the test

is consistent as it exploits, in the limit, the information in the data alone. In summary,

according to the validity of either the null or an alternative, the data choose asymptotically

between acceptance based on an independent random device or rejection with probability

approaching one. Interestingly, in a recent paper, de Chaisemartin and D�Haultf�uille
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(2024) show that certain speci�cation tests1, when used as pre-tests, lead to conservative

post-test inference under the null of valid speci�cation. We complement their result by

showing that the bootstrap delivers tests of speci�cation validity leading to exact post-test

inference as the sample size diverges.

This diagnostic potential of the bootstrap has not been developed in the extant liter-

ature. Beran (1997) was the �rst to suggest examining the bootstrap distribution to di-

agnose bootstrap failure. Davidson (2017) proposes simulation-based diagnostics in order

to determine when a given bootstrap procedure works well or not in �nite samples. Bård-

sen and Fanelli (2015) provide prima facie evidence that non-Gaussian bootstrap distri-

butions may be linked to weak identi�cation in DSGE models; see also Angelini, Cava-

liere and Fanelli (2022, 2024), and Zhan (2018). Within the problem of statistical report-

ing in a Bayesian communication framework, Andrews and Shapiro (2025) show that the

(Bayesian) bootstrap distribution can serve as a surrogate posterior, and propose compar-

ing it with the Gaussian approximation, using distance measures such as the signed Kol-

mogorov metric, to assess whether the conventional report adequately conveys uncertainty.

A related approach is found in Wang (2025), who proposes detecting violations of asymp-

totic normality for GMM and extremum estimators by comparing quasi-Bayesian posterior

distributions with the Gaussian benchmark. Our contribution extends this literature by

demonstrating how distances between bootstrap and Gaussian distributions can be used

to construct formal speci�cation tests that avoid pre-testing bias. In terms of econometric

theory, a further novelty lies in the asymptotic regime we adopt, where both the sample

size n and the number of bootstrap repetitions m pass to in�nity simultaneously. This set-

ting is rarely considered in the literature; a notable exception is Andrews and Buchinsky

(2000), who exploit this joint asymptotic regime to guide the choice of m in applied work.

To demonstrate the practical relevance and broad applicability of the bootstrap in the

detection of speci�cation invalidity, we discuss its use in the �ve scenarios (i)�(v) mentioned

above. As regards case (i) of possible weak instruments, we also present an empirical

illustration where we revisit, through the lens of bootstrap diagnostics, Känzig�s (2021)

empirical strategy for identifying the macroeconomic e¤ects of a structural oil supply news

shock.

structure of the paper. The paper is organized as follows. In Section 2 we introduce a

running example based on instrumental variable estimation. Section 3 contains our general

results. Section 4 establishes the key result that the bootstrap procedure induces no pre-

test bias in large samples. Additional results and extensions are reported in Section 5,

while Section 6 illustrates four further applications. An empirical example is presented in

Section 7, and Section 8 concludes. Notation and de�nitions used throughout the paper

can be found in Appendix A. Proofs are collected in Appendices B and C.

1De Chaisemartin and D�Haultf�uille de�ne �valid speci�cation�as the scenario in which the probability
distribution generating Dn is such that a target estimator is consistent and asymptotically normal. They
consider pre-tests that can detect when such an estimator becomes inconsistent. This de�nition di¤ers
from the one employed here, where �valid speci�cation�means that the underlying conditions ensuring the
applicability of standard asymptotic inference are satis�ed in the estimated model.
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2 an example based on instrumental variables

Consider the following linear IV regression with one endogenous regressor:

yi = �xi + ui, xi = �0zi + vi

where the k � 1 vector of instruments zi is non-stochastic and the errors (ui; vi)0 are i.i.d.
with mean zero and variance-covariance matrix �; to simplify, the diagonal elements of

� are set to �2u = �2v = 1 and the o¤-diagonal elements to �uv 2 (0; 1). Without loss of
generality, we also set Szz = Ik, using the generic notation Sab := n�1

Pn
i=1 aib

0
i. Given a

sample of n observations, the 2SLS estimator of � is �̂n := S�1xx:zSxy:z = (SxzSzy)=(SxzSzx).

Consider further a (Gaussian) parametric bootstrap where the instruments are �xed in

the bootstrap world. The bootstrap data are generated as

y�i = �̂nx
�
i + u

�
i , x

�
i = �̂0nzi + v

�
i

where �̂n := Szx is the OLS estimator from the (�rst-stage) regression of xi on zi. For

simplicity, assume that � is known, such that (u�i ; v
�
i )
0 can be taken as i.i.d. N (0;�)

conditionally on the data.

Let �rst � 6= 0 be �xed (i.e., the instruments be �strong�), a case that we label a �valid
speci�cation�. Then, under standard assumptions for the central limit theorem (CLT),

Tn :=
p
n
�̂n � �
!

=

p
n�0Szu
(�0�)1=2

+ op(1)
d! N (0; 1)

where !2 := (�0�)�1. Moreover, as �̂0n�̂n !p �
0� 6= 0, conditionally on the data,

T �n :=
p
n
�̂�n � �̂n
!̂n

=

p
n�̂0nSzu�

(�̂0n�̂n)
1=2

+O�p(n
�1=2) � N (0; 1) + o�p(1); (2.1)

with !̂2n := (�̂
0
n�̂n)

�1. Therefore T �n
d�!p N (0; 1).

Instead, suppose next that the instruments are weak as in Staiger and Stock (1997),

i.e., � = �n�1=2 for some vector �; see also Bound, Jaeger and Baker (1995). This is an

instance of an invalid speci�cation. Assuming that

p
n

�
Szu
Szv

�
= n�1=2

nX
i=1

�
ui
vi

�

 zi

d! � := (� 0u; �
0
v)
0

with � a zero-mean Gaussian vector with variance-covariance matrix �
 Ik, we have

�̂n � � =
SxzSzu
SxzSzx

=
(
p
n� +

p
nSzv)

0p
nSzu

(
p
n� +

p
nSzv)

0
(
p
n� +

p
nSzv)

d! �(�; �) :=
(�+ �v)

0 �u
(�+ �v)

0 (�+ �v)
:

(2.2)

Similarly, the bootstrap analog of �̂n � � can be written as

�̂�n � �̂n =
Sx�zSzu�

Sx�zSzx�
=

(
p
n�̂n +

p
nSzv�)

0p
nSzu�

(
p
n�̂n +

p
nSzv�)

0
(
p
n�̂n +

p
nSzv�)

where, conditionally on the data, n1=2(S0zu� ; S
0
zv�)

0 � ��, with �� := (��0u ; �
�0
v )

0 distributed as

�. Since, jointly with (2.2),
p
n�̂n !d ` := �+ �v, we �nd using arguments as in Cavaliere

5



Figure 1: Fan chart of M = 1;000 i.i.d. realizations of the (conditional) cdf Ĝn of T �n under
weak and strong instruments (n = 1;000).

and Georgiev (2020, proof of Theorem 4.1) that �̂�n � �̂n
d�!w �(`; �

�)j` and that

T �n :=
p
n
�̂�n � �̂n
!̂n

=
�̂�n � �̂n
!̂n=

p
n

d�!w
�(`; ��)p

`0`

��`; (2.3)

see Appendix A for the de�nition of d
�
!w. Hence, the bootstrap distribution has a random

limit and, as n!1, the bootstrap cdf satis�es Ĝn(x)!w G(x) := P(�(`; ��)=
p
`0` � xj`),

x 2 R, on DR, where the limit di¤ers from the Gaussian cdf.

Remark 2.1 The limiting randomness of the bootstrap distribution Ĝn under weak instru-

ments is illustrated in Figure 1, where we report the fan chart of M = 1; 000 i.i.d. realiza-

tions of Ĝn for k = 1, n = 1; 000 and using a standard Gaussian parametric bootstrap with

zi = 1 and �uv = 0:9. The randomness and non-normality in the bootstrap cdf Ĝn, quite

evident for small values of �, ameliorates as � increases and (up to sampling error due to

�nite n) disappears in the strong-instrument case where � 6= 0 is �xed. �

Remark 2.2 Notice that under weak instruments the bootstrap does not replicate the as-

ymptotic distribution of the original statistic, given by �(�; �) of (2.2), essentially because

in the limiting bootstrap experiment � is replaced by the random vector `, where ` 6= �

with probability one. This result explains the inconsistency of the bootstrap in the weak IV

framework, as previously documented in the literature (see, e.g., Davidson and MacKin-

non, 2010), in terms of randomness of the limit bootstrap measure. �

Remark 2.3 The results in this section do not substantially change if zi is random and

resampled along with "�i and u
�
i , and/or if f"�i ; u�i gni=1 are i.i.d. draws from the (centered)

residuals f"̂i; ûigni=1 as in standard non-parametric bootstrap designs (in the latter case, the
random asymptotic distribution in (2.3) is more involved). �

3 testing specification validity

Assume that � 2 R and consider a bootstrap statistic T �n that is asymptotically N (0; 1)

under valid speci�cation. T �n can be, e.g., of the form T �n := (�̂�n � �̂n)= se(�̂
�
n) or T

�
n :=

(�̂�n � �̂n)= se(�̂n) (non-studentized statistics of the form T �n :=
p
n(�̂�n � �̂n) can also be

considered). As we shall see in this section, a test of valid speci�cation, which does not

induce pre-testing bias, can be obtained by assessing whether the bootstrap replicates the
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Gaussian asymptotic distribution. As an initial step, we quantify the discrepancy between

the bootstrap cdf and the asymptotic Gaussian cdf.

3.1 preliminaries

Let Ĝn(�) := P�(T �n � �) be the cdf of T �n , conditional on the data Dn. We consider

measuring the discrepancy between Ĝn and the N (0; 1) cdf � by d̂n :=k Ĝn � � k where
k � k : DR ! [0;1) is a user-chosen norm or seminorm; alternative discrepancy measures

are discussed in Section 5.2. For instance, setting k � k = k � k1, i.e., the sup norm on DR,

delivers the well known Kolmogorov-Smirnov [KS] distance

d̂n = d̂KSn := kĜn � �k1 = sup
u2R

jĜn(u)� �(u)j: (3.1)

Under the bootstrap consistency hypothesis T �n
d�!p N (0; 1), by Polya�s theorem,

d̂n = kĜn � �k1
p! 0; (3.2)

and similarly, for any (semi)norm k � k that is continuous on DR with the uniform metric;

examples are the signed KS (Andrews and Shapiro, 2025) and the Cramer-von Mises norms.

However, should bootstrap consistency for the Gaussian limit fail, also (3.2) will fail to

hold. In particular, for the IV example of Section 2 as well as for all the examples in

Section 6, it holds that Ĝn
w! G in DR, where G is a (random) cdf such that G 6= � (a.s.).

By the continuous mapping theorem [CMT], provided the transformation k�k is continuous
on DR,2 d̂n itself has a (possibly) random limit:

d̂n := kĜn � �k
d! Y := kG� �k (3.3)

where Y > 0 a.s. if k � k is a norm.3 The di¤erent asymptotic behaviors in (3.2) and (3.3)
will be exploited to develop bootstrap tests for valid speci�cation.

As is standard, the cdf Ĝn, as well as the discrepancy d̂n, can be approximated using a

sample T �n:i, i = 1; :::;m, of conditionally independent copies of T
�
n (obtained by simulation):

Ĝ�n;m(�):=
1

m

Xm

i=1
IfT �n:i��g, d̂�n;m := kĜ�n;m � �k; (3.4)

with m user-chosen. Both d̂�n;m and Ĝ
�
n;m, the latter being usually employed in applications

of the bootstrap to compute p-values and con�dence sets, are key to assess speci�cation

validity without inducing pre-testing bias.

3.2 asymptotic regimes

Consider Ĝ�n;m and d̂�n;m of (3.4). By the Glivenko-Cantelli theorem, for any n and as

m ! 1, kĜ�n;m � Ĝnk1
a:s:�! 0 (a.s.) Then, for any n, also d̂�n;m

a:s:�! d̂n (a.s.), provided

that k � k is continuous on DR with the Skorokhod J1 or the sup metric. Hence, for

practical purposes Ĝn and d̂n can be treated as known and asymptotic inference based on

2 If G is sample-path continuous, continuity of k � k on D(R) equipped with the uniform metric su¢ ces.
3For seminorms, e.g., d̂n(A) := supu2A�R jĜn(u)� �(u)j, also P(Y = 0) > 0 may hold; for an example

see the parameter-on-the-boundary case of Section 6.2, where the positivity of Y for d̂n(A) depends on the
choice of the set A.
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transformations of Ĝn � �, like d̂n, is in principle feasible.
As anticipated in Section 1, however, it turns out that inference based on such trans-

formations is unattractive in practice, as (i) their null asymptotic distribution as n ! 1
is in general not only very hard to obtain, but also application-speci�c (see Section 6.2 for

an example involving d̂n); and (ii) a problem of post-diagnostic test bias emerges.

A closer look shows that these issues arise under an implicit sequential asymptotic

regime �which we label as (m;n!1)seq using the notation in Phillips and Moon (1999)
�where �rst m ! 1 in order for d̂�n;m to collapse to d̂n, and then n ! 1. Standard
bootstrap asympotic theory, which would discuss d̂n as n ! 1 rather than the actually

computed d̂�n;m, can be interpreted as employing (m;n!1)seq asymptotics.
We now ask whether a di¤erent asymptotic regime can be chosen such that (i) the

asymptotic distributions of test statistics are invariant across a wide range of applications

under the null of valid speci�cation, (ii) no post-diagnostic bias is present under the null,

and (iii) the tests are consistent against a relevant class of alternatives. Two candidate

asymptotic regimes are as follows.

First, consider the sequential regime (n;m!1)seq , where n!1 followed bym!1.
In the case of the sup norm, d̂�n;m = kĜ�n;m��k1 can be written as d̂�n;m = �m(T

�
n:1; :::; T

�
n:m)

for a continuous �m : Rm ! R. Because under the null of valid speci�cation T �n
d�!p Z �

N (0; 1), it holds that

d̂�n;m = �m(T
�
n:1; :::; T

�
n:m)

d�!p d
�
m := �m(Z1; :::; Zm)

as n ! 1, with the Zi�s being independent N (0; 1), i = 1; :::;m. Now, let m ! 1
after n ! 1. Under the null, this yields by standard empirical process theory that,

with W denoting a standard Brownian bridge,
p
md�m

d! kW (�)k1, i.e., the Kolmogorov
distribution. Therefore, if (n;m!1)seq,

T �
n;m :=

p
md̂�n;m =

p
mkĜ�n;m � �k1

d�!p kW (�)k1:

In contrast, under alternatives such that Ĝn
w! G 6= � a.s., it holds that T �

n;m
p�!p 1 as

(n;m!1)seq , yielding consistent tests.
Although the sequential �m after n�asymptotic regime leads to tractable derivations, it

provides little justi�cation for conducting inference based on kW (�)k1. Indeed, in prac-
tice, one has more control on m (number of bootstrap repetitions) rather than n (sample

length). Hence, we also consider an asymptotic regime where m and n diverge jointly, de-

noted as (n;m!1). Under the null and under an additional rate condition relating m to

n, this regime allows to achieve asymptotic distributions that are invariant across applica-

tions (e.g., the kW (�)k1 limit seen previously for the sup norm), whereas under relevant

alternatives the resulting tests are consistent. Focusing on the statistic T �
n;m :=

p
md̂�n;m,

the rate condition makes sure that Ĝ�n;m � Ĝn is dominant in the derivation of T �
n;m�s as-

ymptotic distribution under the null, whereas under alternatives of interest, Ĝn�� is dom-
inant in the limit.

Notice that both the (n;m!1)seq and (n;m!1) regimes are intended for justifying
inference employing Ĝ�n;m rather than true Ĝn. Although this choice implies a loss of
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information for every �xed n, as Ĝ�n;m is used before it has converged to Ĝn, it is the

bootstrap randomness in Ĝ�n;m � Ĝn that can make the asymptotic distribution of d̂�n;m
invariant across applications and can eliminate the post-diagnostic bias. Indeed, for both

regimes no post-diagnostic test bias is present asymptotically, as the proof of Theorem 4.1

below for the joint regime goes through also for the sequential �m after n�regime.

3.3 the diagnostic test

Rede�ne T �
n;m introduced above using a generic (semi)norm, i.e., T �

n;m := m1=2d̂�n;m,

d̂�n;m := kĜ�n;m��k with Ĝ�n;m(�) := m�1Pm
i=1 IfT �n:i��g and the T

�
n:i�s being i.i.d. copies of

T �n conditionally on the data Dn. We note the following.

First, T �
n;m depends on the data Dn as well as on m auxiliary variates, say W �

n , used

to generate the m bootstrap draws T �n:i, i = 1; : : : ;m. For instance W
�
n , which is de�ned

jointly with Dn on a possibly extended probability space, could be thought of as a vector

of m i.i.d. U [0;1] r.v.s, independent of Dn, such that T �n:i = Ĝ�1n (W
�
n;i), i = 1; : : : ;m, with

Ĝ�1n the generalized inverse of Ĝn.

Second, T �
n;m can be written as

T �
n;m = Z�n;m + a�n;m, Z�n;m := m1=2kĜ�n;m � Ĝnk; (3.5)

with a�n;m implicitly de�ned. Here, Z�n;m is a rescaled measure of the distance between the
estimator Ĝ�n;m and Ĝn, while a

�
n;m is related to the distance between Ĝn and the Gaussian

cdf �. In particular, for any n, ja�n;mj �
p
mkĜn � �k by Lemma B.1 in Appendix B.

We now provide conditions such that, under the valid speci�cation hypothesis, the as-

ymptotic distribution of T �
n;m can be derived and hence used to perform a proper statisti-

cal test. In particular, we consider the following assumption.

Assumption 1 The (semi)norm k�k is continuous on DR. Moreover, kĜn��k = Op(n
��)

for some � > 0.

Assumption 1 is a condition on the rate of convergence of the bootstrap cdf to the

Gaussian cdf under valid speci�cation. It is satis�ed with � = 1=2 if k � k � Ck � k1
for some �nite constant C (as is the case of, e.g., the signed KS norm or the Cramer-von

Mises norm), and the bootstrap statistic has a one-term Edgeworth expansion of the form

Ĝn(x) = �(x)+ q̂n(x)n
�1=2+op(n�1=2) uniformly in x, as is usually the case; see, e.g., Hall

(1992). For some symmetric statistics, Assumption 1 can hold with � = 1. For Gaussian

parametric bootstraps, Assumption 1 may be even satis�ed with arbitrary � > 0; see, e.g.,

the case in Section 6.2.

The following result holds under Assumption 1.

Theorem 3.1 Let T �n
d�!p N (0; 1). Under Assumption 1, if (n;m!1) and m=n2� ! 0,

(i) T �
n;m = Z�n;m + op(1)

d�!p K := kW (�)k, where W is standard Brownian bridge.

(ii) p�n;m := 1�H(T �
n;m)

w�!p U [0;1] if the cdf H of K is continuous.

Theorem 3.1 suggests that a simple diagnostic procedure can be obtained by comparing

T �
n;m with critical values from the distribution of K , or through the associated asymptotic

9



p-value p�n;m. Provided both m and n grow to in�nity at a proper relative rate, Theorem

3.1 guarantees that the procedure is asymptotically correctly sized.

Remark 3.1 The logic of the proof can be easily followed in the case of the signed pointwise

discrepancy d̂n(x) := Ĝn(x) � �(x) for some �xed x 2 R. In this case, Z�n;m and a�n;m of

(3.5) are given by Z�n;m = m1=2(Ĝ�n;m(x) � Ĝn(x)) and a�n;m = m1=2(Ĝn(x) � �(x)). If
d̂n(x) satis�es Assumption 1 for some � > 0, it holds that a�n;m !p 0 as (n;m!1) with
m=n2� ! 0. Moreover, with ��i := IfT �n:i�xg�E

�[IfT �n:i�xg], such that Z
�
n;m = m�1=2Pm

i=1 �
�
i ,

by a standard Berry-Esseen bound we have that ~Z�n;m := E�[��i 2]�1=2Z�n;m satis�es, for some
C <1,

k P�( ~Z�n;m � �)� �(�) k1� Cm�1=2E�[j��i j3] � Cm�1=2

whenever E�[��2i ] = Ĝn(x)(1�Ĝn(x)) 6= 0, which occurs with probability approaching one as
n!1 since E�[��2i ]!p v

2(x) := � (x) (1��(x)) under the hypothesis that T �n
d�!p N (0; 1)

as n ! 1. We conclude that Z�n;m = v(x) ~Z�n;m + o�p(1)
d�!p N (0; v(x)) � W (�(x)) as

(n;m!1). �

Remark 3.2 For commonly used norms, the distribution of K is well known; for example,

with k � k = k � k1, K follows the Kolmogorov distribution which has a continuous cdf. In

general, critical values (as well as p-values) can be determined by Monte Carlo simulation

with arbitrary accuracy. �

The test based on T �
n;m also has non-trivial asymptotic power against bootstrap incon-

sistency for the standard Gaussian distribution. This is shown next.

Theorem 3.2 Suppose that Ĝn
w! G in DR as n ! 1. Suppose further that k � k is

continuous on DR and kG��k > 0 a.s. Then, for any c 2 (0;1), it holds that P�(T �
n;m �

c)
p! 1 as (n;m!1).

An inspection of the proof of Theorem 3.2 reveals that, as expected, for large m the

power of the test is determined by the realized value of d̂n := kĜn � �k, which is asymp-
totically distributed as the r.v. Y := kG � �k > 0 a.s. Such realization depends on the

original data Dn only, and not on the m bootstrap repetitions used to generate the boot-

strap statistic. Larger outcomes of d̂n correspond �ceteris paribus �to larger power.

3.4 an example based on instrumental variables (cont�d)

When � 6= 0 is �xed, such that the instruments are strong, for the parametric bootstrap

described in Section 2 it holds, without additional assumptions, that kĜn��k1 = Op(n
��)

for any � 2 (0; 12); this is shown in Appendix C by using the machinery of parametric

tail estimates. Hence, Assumption 1 is veri�ed with � 2 (0; 12) for the sup norm and its

dominated norms, and Theorem 3.1 applies to them. Using uniform Edgeworth expansions,

also kĜn��k1 = Op(n
�1=2) has been shown to hold for the non-parametric i.i.d. bootstrap

(where u�i and v
�
i are resampled from the residuals ûi := yi � �̂nxi and v̂i := xi � �̂0nzi),

under mild regularity conditions on (ui; vi) (essentially, existence of higher-order moments);

see Moreira, Porter and Suarez (2009, Theorem 3).
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(a) KS AD
nn� 0:50 0:55 0:60 0:65 0:70 0:80 0:90 1:00 0:50 0:55 0:60 0:65 0:70 0:80 0:90 1:00

100 4:9 5:2 5:4 5:4 5:7 6:9 8:0 10:5 5:3 5:6 5:7 5:6 5:7 6:8 7:7 9:6
200 5:2 5:4 5:6 5:6 5:6 7:0 8:7 10:4 5:6 5:7 5:7 5:6 5:8 6:7 7:5 9:8
400 5:0 5:0 5:3 5:6 6:0 6:3 7:9 10:6 5:1 5:1 5:0 5:4 5:8 6:2 7:5 9:3
800 4:9 4:9 5:4 5:6 5:7 6:6 7:8 10:2 5:1 4:7 5:2 5:4 5:7 6:2 7:4 9:7

(b) KS AD
nn� 0:50 0:55 0:60 0:65 0:70 0:80 0:90 1:00 0:50 0:55 0:60 0:65 0:70 0:80 0:90 1:00

100 29:6 33:7 39:2 44:6 51:8 63:7 74:3 83:3 30:7 35:6 41:9 49:1 56:5 69:1 80:1 89:2
200 37:4 43:8 50:2 56:7 62:8 76:3 86:4 93:4 40:0 46:8 55:1 62:3 68:8 82:6 91:5 97:1
400 46:1 52:8 60:9 69:0 75:9 87:5 95:2 98:4 51:0 58:1 66:7 75:3 82:1 93:0 97:9 99:6
800 54:9 63:2 71:6 79:3 85:4 94:7 98:3 99:6 60:4 69:0 77:9 85:4 91:0 97:7 99:5 100:0

Table 1: IV Regression �Empirical rejection frequencies of the bootstrap diagnostic tests
based on the Kolmogorov-Smirnov (KS) and Anderson-Darling (AD) norms with m = bn�c,
� 2 [0:5; 1:0]. Panel (a): strong instrument; Panel (b): weak instrument.

Under weak instruments, we found previously that the bootstrap cdf of T �n satis�es

Ĝn(x)!w G(x) := P(�(`; ��)=
p
`0` � x j `) on DR, which is non-Gaussian with probability

one. Thus, Theorem 3.2 applies in this case.

We conclude by reporting in Table 1 the (percentage) empirical rejection probabilities

(ERPs) of the bootstrap test based on the sup norm (KS); for comparison, we also consider

the test based on the Anderson-Darling norm (AD). The data generating process is as in

Remark 2.1 with zt �i.i.d.N (0; 1) and the bootstrap is non-parametric (see Remark 2.3)

with zt �xed in the bootstrap world; a constant is included in estimation. The upper panel

corresponds to the strong instrument case (� = 1), while the lower panel considers the

weak instrument case with � = �n�1=2 and � = 2. To assess how well the asymptotic

theory (n;m ! 1; m=n ! 0) approximates �nite-sample behavior, we consider di¤erent

choices of m, namely m = bn�c with � 2 f0:50; 0:55; : : : ; 0:70; 0:80; 0:90; 1:00g. ERPs are
computed using 10; 000 Monte Carlo replications; the nominal level is 5%.

In the strong instrument case (upper panel), the ERPs remain relatively close to the

nominal level, particularly for lower values of m relative to n. They increase as m grows;

for KS they never exceed 11%, while for AD they can rise up to about 10%. Consistently

with the theoretical expectation, under the weak instrument scenario (lower panel), the

ERPs increase with m;n.

4 post-diagnostics inference

The bootstrap approach developed in the previous section can be used in diagnostic pre-

testing of speci�cation validity, with standard inference carried out when the diagnostic

procedure does not reject. An important question is whether post-diagnostic inferences are

biased by the outcome of the pre-test, in the sense that conditionally on a correct non-

rejection by the pre-test, the rejection probabilities of post-diagnostic tests are a¤ected

even asymptotically. The answer is no.

The key for this result is that, under valid speci�cation, the bootstrap statistic T �
n;m

becomes independent of the original dataDn under the joint asymptotic regime (n;m!1)
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and the rate condition of Theorem 3.1. That is, in the limit T �
n;m only depends on the

bootstrap variates used to generate Ĝ�n;m and no longer on the data Dn, thus eliminating

any post-diagnostic bias.

To see why, it su¢ ces to note that the existence of a non-random limit for the conditional

law of a bootstrap statistic given the data is an asymptotic independence property. It is

this very property that the conditional law of the bootstrap diagnostic statistic T �
n;m enjoys

under the conditions of Theorem 3.1. The meaning of the implied asymptotic independence

is clari�ed in the next theorem, where T �
n;m can stand for any bootstrap statistic and

(n;m!1; R) means that (n;m!1) under a rate condition R (such as the one given in
Assumption 1).

Theorem 4.1 Let the conditional distribution of a bootstrap statistic T �
n;m given the data

Dn converge in probability to a nonrandom distribution as (n;m ! 1; R). Then, as

(n;m!1; R):

(a) for measurable real functions f and continuous bounded real functions g with matching

domains,

supkfk1�1
��E[f(Dn)g(T �

n;m)]� E[f(Dn)]E[g(T �
n;m)]

��! 0;

(b) for non-negligible continuity sets B of T �
n;m�s limit distribution,

supA2�(Dn) jP(AjT
�
n;m 2 B)� P(A)j ! 0;

where �(Dn) is the �-algebra generated by the data Dn.

A non-negligible continuity set is a set with positive probability whose boundary has

zero probability. For instance, if the limit distribution of T �
n;m has a continuous cdf H,

then B = [0; t] is a non-negligible continuity set whenever t > 0 is such that H(t) > 0.

This gives rise to the following corollary relevant for testing.

Corollary 4.1 Consider any statistic �̂n 2 R, measurable with respect to the data Dn
and with asymptotic cdf F� as n ! 1. Let the conditional distribution of T �

n;m given

the data converge in probability to a nonrandom distribution with a continuous cdf H as

(n;m ! 1; R). Then, for every continuity point s of F� any every t with H(t) > 0, it

holds that, as (n;m!1; R),

sup
s2R

jP(�̂n � sjT �
n;m � t)� F�(s)j ! 0:

Under the conditions of Theorem 3.1, including T �n
d�!p N (0; 1), the diagnostic statistic

T �
n;m satis�es the assumptions of Corollary 4.1 with H = � and R being the rate condition

in Assumption 1. Therefore, in large samples the �nite-sample quantiles of �̂n conditional

on T �
n;m being below (or above) a given critical value t approximate well the unconditional

quantiles of �̂n�s asymptotic distribution. Hence, should the diagnostics based on T �
n;m

correctly fail to reject speci�cation validity, inference based on �̂n is free of pre-testing bias

as n!1.
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KS AD
nn� unc. 0:50 0:55 0:60 0:65 0:70 0:80 0:90 1:00 0:50 0:55 0:60 0:65 0:70 0:80 0:90 1:00

100 4 :9 4:9 4:9 4:9 4:9 4:9 4:9 4:9 4:9 4:9 4:9 4:9 4:9 4:9 4:8 4:8 4:9
200 5 :3 5:3 5:3 5:4 5:3 5:4 5:3 5:3 5:4 5:2 5:2 5:3 5:3 5:4 5:2 5:2 5:3
400 4 :7 4:7 4:7 4:8 4:8 4:8 4:7 4:7 4:7 4:7 4:7 4:8 4:8 4:8 4:7 4:7 4:7
800 5 :1 5:1 5:1 5:1 5:1 5:1 5:1 5:2 5:1 5:0 5:1 5:1 5:1 5:1 5:1 5:1 5:1

Table 2: IV Regression �Empirical rejection probabilities of the tIV;n test. Results are
unconditional (in italics) and conditional on the bootstrap tests not rejecting speci�cation
validity. Bootstrap tests computed with m = bn�c, � 2 [0:5; 1:0].

4.1 an example based on instrumental variables (cont�d)

We now brie�y show Theorem 4.1 and Corollary 4.1 in action by considering the 2SLS t-test

for the null � = �0, denoted tIV;n, in the setting of the IV example of Sections 2 and 3.4,

assuming that zt is strong (i.e., a valid speci�cation), so that tIV;n !d N (0; 1). Indeed, an

extensive literature on IV regression documents substantial bias in pre-tests of instrument

strength (see, e.g., Andrews, Stock, and Sun, 2019), making it natural to ask whether the

bootstrap diagnostic test introduces any such bias.

We compare two di¤erent scenarios. In the �rst one, the researcher runs the t-test with-

out pre-testing valid speci�cation. In the second one, the researcher initially (pre-)tests for

valid speci�cation using the bootstrap diagnostic test T �
n;m, and then runs the t-test only

if the bootstrap test does not reject valid speci�cation. According to Corollary 4.1 applied

with �̂n = tIV;n and F� = �, the unconditional rejection probabilities of the t-test (com-

puted without pre-testing valid speci�cation) and the conditional rejection probabilities

(computed conditionally on the bootstrap diagnostic test failing to reject) should coincide

as (n;m!1) at proper relative rates, see Section 3.4. These probabilities are estimated in
Table 2 using the same Monte Carlo design as in Section 3.4. The unconditional and the con-

ditional ERPs are virtually indistinguishable, thus supporting the results in Corollary 4.1.

5 extensions

5.1 diagnostics reporting

An intrinsic feature of any diagnostics based on T �
n;m is that the associated p-value, say

p�n;m, is not Dn-measurable, as it depends also on the realization of the auxiliary bootstrap

variates W �
n used to generate T �

n;m; see Section 3.3. This di¤ers from ordinary bootstrap

inference, where the bootstrap p-values are usually regarded as measurable with respect

to the data Dn, as is the case where (m;n ! 1)seq. Moreover, under the conditions of
Theorem 3.1, the dependence of p�n;m on the bootstrap variates does not vanish as (n;m!
1), in the sense that p�(1)n;m � p

�(2)
n;m need not go to zero for two conditionally independent

copies p�(1)n;m and p
�(2)
n;m of p�n;m.

As a consequence, if the bootstrap sample is not given ex ante but, rather, is generated

by the practitioner, then for any given data Dn di¤erent researchers may end up obtaining

di¤erent p-values p�n;m. This may create issues in terms of reproducibility, as it is unclear
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which value of p�n;m should be used for decision-making and reporting.
4

A viable way to mitigate this issue is to use the convergence fact p�n;m
d�!p U [0;1] under

speci�cation validity, see Theorem 3.1. This convergence and Theorem 3.2 have the follow-

ing corollary in terms of �̂n;m(�) := P�(p�n;m � �), � 2 (0; 1).

Corollary 5.1 Under the assumptions of Theorem 3.1, �̂n;m(�)!p � for any � 2 (0; 1).
In contrast, under the assumptions of Theorem 3.2, �̂n;m(�)!p 1.

Hence, rather than reporting a single draw p�n;m, the diagnostic procedure could ad-

ditionally include an informal check of whether �̂n;m(�) substantially exceeds the user-

chosen signi�cance level �. In practice �̂n;m(�) is not known but, as is standard, it can

be approximated with any desired precision by drawing an arbitrarily large number K of

i.i.d. (conditionally on the data) realizations of p�n;m, say p
�
n;m:k, k = 1; : : :K, and letting

�̂�n;m;K := K�1PK
k=1 Ifp�n;m:k��g.

In principle, the signi�cance of �̂�n;m;K(�) � � could be assessed formally by means of

a test, using the (pointwise) standard error (�̂�n;m;K(�)(1 � �̂�n;m;K(�))=K)
1=2 or, with the

null imposed, (� (1� �) =K)1=2. Also a uniform test over � could be performed, using

the convergence
p
K sup�2[0;1] j(�̂�n;m;K(�) � �)j w

�
!p sup[0;1] jW j as (n;m;K ! 1) implied

by Proposition 5.1 below. Under valid speci�cation, however, such tests would reproduce

the problem of outcome dependence on the bootstrap variates employed, here W �
n;k (k =

1; :::;K), and results would again di¤er across researchers.

Proposition 5.1 Under the assumptions of Theorem 3.1,
p
K(�̂�n;m;K(�) � (�))

w�!p W (�)
on D [0; 1] as (n;m;K !1), where W denotes a standard Brownian bridge.

5.2 alternative discrepancy measures

The discussion so far has focused on the KS or uniform norm, and the norms it dominates.

Apart from, e.g., the mentioned signed KS and Cramer-von Mises norms, also the seminorm

supA j � j for an interval A (e.g., A := [1:96;1)), leading to d̂n(A) = supu2A jĜn(u)��(u)j,
is dominated by the KS norm, and similarly d̂n(x) := jĜn(x)��(x)j obtained by focusing
on a single point in the support (e.g., x = 1:96). They all satisfy the rate condition in

Assumption 1 whenever the KS norm does so, and are covered by the theory.

In addition, range-based, quantile-based discrepancy measures or measures focusing on

speci�c moments of the bootstrap distributions could be used. For instance, a moment-

based discrepancy based on the third and fourth moments can be de�ned as

d̂n := kvnk
 := v0n
vn, vn :=
Z
R
(u3; u4)0(dĜn(u)� d�(u)) = E�(T �3n ; T �4n � 3)0

with 
 a symmetric p.d. matrix. Such discrepancy measures need not be continuous on

DR and a strengthening of (3.2) along the lines discussed, e.g., in Hahn and Liao (2021)

may be required for their convergence to zero in probability.

4 In fact, in some applications the set of bootstrap draws used to compute T �
n;m is given as an input for

the diagnostic procedure. This, for instance, may happen when a replication package includes the set of
bootstrap repetitions used to compute a bootstrap statistic but not the code used to generate them. In such
cases, unless the set of repetitions are split into subsamples, only one realization of p�n;B can be computed.
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A minimal justi�cation for the use of k � k
 in applications is that the ensuing d̂�n;m can
be written as d̂�n;m =  m(T

�
n:1; :::; T

�
n:m) for a continuous  m : Rm ! R. Under the null that

T �n
d�!p Z � N (0; 1), it holds that d̂�n;m

d�!p d
�
m :=  m(Z1; :::; Zm) as n!1, with the Zi�s

independent N (0; 1), i = 1; :::;m. Therefore, for large n, tests could be conducted using

the �nite-m quantiles of  m(Z1; :::; Zm), or even its large m asymptotic quantiles. Similar

considerations apply to the popular Shapiro-Wilks statistic.

5.3 alternative null hypotheses

The discrepancy measures discussed so far compare the bootstrap cdf with the N (0; 1) cdf.

Suppose, however, that interest is in assessing the convergence T �n
d�!p N (0; �2) for some

unspeci�ed �2 > 0. This could be done by rede�ning the reference statistic as ~T �n := T �n=�̂n,

�̂2n := V�[T �n ], provided �̂2n is consistent
5 for �2, such that ~T �n

d�!p N (0; 1). Similarly,

assessing the convergence T �n
d�!p N (�; �2) with unknown � and �2 > 0 can be done by

considering �T �n := (T �n � �̂n)=�̂n; �̂n := E�[T �n ], such that �T �n
d�!p N (0; 1) if (�̂n; �̂2n) is

consistent for (�; �2). Here both �̂n and �̂2n can be calculated with arbitrary precision by

using a su¢ ciently large number M � m of bootstrap repetitions.

Because �̂n and �̂2n are functions of the data (i.e., Dn-measurable), the theory of Sec-

tion 3 can be applied to ~T �n and �T
�
n , such that under the conditions of Theorem 3.1 their

asymptotic distributions are not a¤ected by uncertainty due to the estimation of �2 (and

�). Speci�cally, maintaining the notation Ĝn for the bootstrap cdf of T �n , the rate condition

in Assumption 1 boils down to jjĜ(��̂n)� � (�) jj = Op(n
��) and jjĜ(��̂n + �̂n)� � (�) jj =

Op(n
��) respectively for ~T �n and �T �n . The condition can be checked either directly or by

using the estimates

jjĜ(��̂n)� � (�) jj � jjĜ(��)� � (�) jj+ j�̂2n � �2jOp(1);

jjĜ(��̂n + �̂n)� � (�) jj � jjĜ(�� + �)� � (�) jj+ (j�̂2n � �2j+ j�̂n � �j)Op(1),

which hold whenever �̂2n and �̂n are consistent. Then, if jjĜ(��) � � (�) jj = Op(n
��) and

�̂2n� �2 = Op(n
�1=2), it follows that jjĜ(��̂n)�� (�) jj = Op(n

�minf�;1=2g), and similarly in

the case of additional centering.

Finally, statistics such as T �
n;m := m1=2 �d�n;m, �d

�
n;m := k �G�n;m � �k, could also be im-

plemented, with �G�n;m the edf of the standardized bootstrap sample (T �n:i � m�
n;m)=s

�
n;m,

i = 1; : : : ;m, and m�
n;m and s

�
n;m the sample mean and standard deviation of T

�
n:1; : : : ; T

�
n;m,

respectively. The resulting tests, which would be similar to Lilliefors�normality test, are

not covered by the theory in Section 3 because (T �n:i � m�
n;m)=s

�
n;m are not conditionally

i.i.d. given the data. The continuity considerations of Section 5.2 carry over, however.

6 applications

We introduce here some additional applications where the bootstrap can be used to detect

speci�cation invalidity. These applications, which are kept deliberately simple, focus on

detecting failures of the following assumptions: (i) stationarity, (ii) parameter in the interior

of the parameter space, (iii) �nite variance, and (iv) non-singular Jacobian in applications

5The condition E�jT �n j2+� = Op(1) for some � > 0 su¢ ces.
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of the delta method. For each application, we discuss the set up and conditions ensuring

that the main theory results from Sections 3 and 4 hold.

6.1 non-stationarity

Assume that the data are generated by a standard autoregressive recursion:

yt = �0yt�1 + "t, t = 1; : : : ; n

where f"tg1t=1 is an i.i.d. sequence r.v.�s with E["t] = 0 and �2 := E["2t ] = 1; y0 is assumed
to be �xed. The least squares estimator of �0 is �̂n :=

Pn
t=1 ytyt�1=

Pn
t=1 y

2
t�1; under the

stability condition j�0j < 1, it holds that

Tn :=
�̂n � �0
se(�̂n)

d! Z � N (0; 1)

where se(�̂n) := �̂n(
Pn
t=1 y

2
t�1)

�1=2, �̂2n being the sample variance of "̂t := yt � �̂nyt�1. A

simple parametric, recursive bootstrap generates the bootstrap data as follows:

y�t = �̂ny
�
t�1 + "

�
t ; "

�
t � i.i.d.N (0; 1), t = 1; : : : n;

initialized at y�0 := y0, with f"�t g1t=1 independent of the original data. The bootstrap analog
of Tn satis�es, as n!1,

T �n :=
�̂�n � �̂n
se(�̂�n)

d�!p Z � N (0; 1);

�̂�n and se(�̂
�
n) being the bootstrap analogs of �̂n and se(�̂n), respectively; see Bose (1988).

Suppose now that �0 = 1 or, more generally, that �0 = �n = 1 + �n�1, � 2 R, such
that the data are non-stationary. Then

Tn
d! �(�;B) :=

�Z 1

0
J�(u)

2du
��1=2 Z 1

0
J�(u)dB(u)

where B is a standard Brownian motion on D [0;1] and J� the Ornstein-Uhlenbeck process

on D [0;1] satisfying the stochastic di¤erential equation dJ = �J + dB (see, e.g., Phillips,

1987, or Andrews and Guggenberger, 2009). An implication is that the bootstrap statistic

T �n has a non-Gaussian, random limit:

T �n
d�!w �(`; B

�)j` (6.1)

where the random term ` �
R 1
0 J�(u)dB(u)=

R 1
0 J�(u)

2du arises from the weak convergence

n(�̂n � �0)
d! ` and B� is a standard Brownian motion on [0; 1], independent of `; see

Basawa et al. (1991). In terms of cdf�s, (6.1) is equivalent to the weak convergence in DR

Ĝn(x) := P�(T �n � x)
w! G(x) := P (�(`; B�) � xj`) : (6.2)

Again, G 6= � a.s. as asymptotic normality of the bootstrap statistic fails.

validity of the diagnostic procedure. Bose (1988) provides su¢ cient conditions

for the nonparametric bootstrap based on least-squares residuals to admit an Edgeworth
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expansion. These primarily require that E["8t ] <1 and that the autoregressive character-

istic roots (i.e., 1=�0) lie outside the unit circle; see his conditions (A.1)�(A.3). In partic-

ular, these conditions imply that k Ĝn � � k1= Op(n
�1=2); hence, Assumption 1 is satis-

�ed with � = 1=2 for the KS norm and dominated norms. Consequently, by Theorem 3.1

validity of the diagnostic procedure for the null hypothesis of stationarity requires that

m=n! 0 as (n;m!1). If, as suggested earlier in this section, the Gaussian parametric
bootstrap is used instead, then (A.1) and (A.2) in Bose (1988) are automatically satis�ed

on the bootstrap data, irrespective of the properties of the original "t�s, provided that �̂n,

which is used to generate the bootstrap data recursively, is consistent.

Under non-stationarity (�0 = �n = 1 + �n�1), it holds that k Ĝn � � k1
d! Y :=k

G�� k1> 0 with G as in (6.2), and Theorem 3.2 guarantees that non-stationarity can be

detected with probability approaching one by tests employing the KS or dominated norms.

6.2 parameter on the boundary

As in Andrews (2000), consider an i.i.d. sample Dn := fyigni=1 from a population with

E[yi] =: �0 2 � := [0;1), � being the parameter space, and V[y2i ] = 1. The Gaussian quasi-
maximum likelihood estimator [QMLE], given by �̂n := maxf0; �yng with �yn := n�1

Pn
i=1yi,

is such that, when �0 2 int�,

Tn :=
p
n(�̂n � �0) = maxf�

p
n�0;

p
n(�yn � �0)g

d! Z, Z � N (0; 1): (6.3)

Consider the Gaussian parametric bootstrap MLE, �̂�n := maxf0; �y�ng, where condition-
ally on the original data Dn, �y�n � N (�̂n; n

�1=2). The bootstrap analog of Tn is T �n :=p
n(�̂�n � �̂n) = maxf�

p
n�̂n;

p
n(�y�n � �̂n)g and satis�es

T �n jDn � maxf�
p
n�̂n; Z

�g, Z� � N (0; 1)

with conditional cdf Ĝn(x) = �(x)Ifx��pn�̂ng. When �0 is an interior point of �, sincep
n�̂n ! �1 (a.s.) as n!1, it holds that

T �n
d�!p Z

�, Z� � N (0; 1) (6.4)

and the bootstrap replicates the standard normal distribution.

Suppose now that �0 is on the boundary (�0 = 0) or �close� to it (�0 = �n�1=2, � 2
[0;1)). In this case, (6.3) no longer holds; instead

Tn = maxf�
p
n�0;

p
n(�yn � �0)g

d! �(�) := maxf��;Zg

which di¤ers from a normal random variable. Similarly, and in contrast to (6.4), the

bootstrap cdf satis�es Ĝn(�) = �(�)If���pn�̂ng !w �(�)If���`g in DR, which is established

using the convergence fact
p
n�̂n =

p
n(�̂n��0)+

p
n�0

d! �(�)+� =: `. This is equivalent

to the weak convergence in distribution

T �n
d�!w �

�(`)j`

where ��(`) := maxf�`; Z�g, Z� � N (0; 1) independent of `. Since ` is �nite a.s., the

conditional cdf of T �n is non-Gaussian in the limit, with probability one.
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validity of the diagnostic procedure. As seen above, conditionally on the data the

parametric bootstrap statistic T �n has conditional cdf Ĝn(x) = �(x)Ifx��pn�̂ng, and the
associated KS distance d̂n :=k Ĝn � � k1 satis�es

d̂n = sup
x2R

j�(x)Ifx��pn�̂ng � �(x)j = sup
x2R

j�(x)Ifx��pn�̂ngj = �(�
p
n�̂n).

Under the null that �0 is a �xed interior point (�0 > 0), d̂n
p! 0 exponentially fast, and the

KS norm satis�es Assumption 1 for any � > 0. This implies that any power growth rate of

m in terms of n is allowed in Theorem 3.1 for tests employing the KS distance.

In contrast, when �0 is on (or near) the boundary, d̂n satis�es

d̂n = �(�
p
n�̂n)

d! Y = �(�`) ;

with ` as previously de�ned. Thus, d̂�n;m diverges at the rate of
p
m as (n;m!1).

6.3 infinite variance

As in Section 6.2, assume that Dn := fyigni=1 where the yi�s are i.i.d. with �0 := E[yi] and
�2 := V[y2i ] 2 (0;1). This assumption implies that the sample mean �̂n := n�1

Pn
i=1 yi

satis�es Tn :=
p
n(�̂n � �0)=�

d! Z, Z � N (0; 1), as n ! 1. With fy�i gni=1 denoting
a sample of n draws, independent conditionally on Dn, from the edf of fyigni=1, the i.i.d.
bootstrap counterpart of Tn is T �n :=

p
n(�̂�n � �̂n)=�̂n, where �̂�n := n�1

Pn
i=1 y

�
i , �̂

2
n :=

n�1
Pn
i=1(yi� �̂n)2. As is known, as n!1 (e.g., Singh, 1981), T �n

d�!p Z, Z � N (0; 1); in

terms of cdfs, Ĝn(x) := P�(T �n � x)
p! �(x).

Consider now the case where E[y2t ] = 1. Speci�cally, assume that yt is in the domain
of attraction of a symmetric stable law with tail index � 2 (1; 2), denoted as S(�). In this

case the CLT fails to hold; instead, for some diverging real sequence fang,

ann
1=2Tn = ann(�̂n � �0)

d! S(�);

see, e.g., Feller (1971). Note that S (�) can be written as S(�) �
P1
k=1 �kZk, where

the �k�s are i.i.d. Rademacher and Z
1=�
k :=

Pk
i=1Ei with fEig1i=1 an i.i.d. sequence of

exponential r.v.�s with E[Ei] = 1; see Lepage, Woodroofe and Zinn (1981). Athreya (1987)
and Knight (1989) show that it this case also the i.i.d. bootstrap counterpart of Tn is not

asymptotically Gaussian; precisely, the bootstrap measure is random in the limit:

T �n := ann(�̂
�
n � �̂n)

d�!w

P1
k=1 �kZk(M

�
k � 1)

(
P1
k=1 Z

2
k)
1=2

���f�k; Zkg, (6.5)

where the �k�s and Zk�s are as previously de�ned. The M�
k�s, which are i.i.d. P(1) r.v.�s,

independent of f�k; Zkg, induce the randomness in the limit bootstrap measure; see Theo-
rem 2 in Knight (1989). If a wild bootstrap with Rademacher multipliers is used instead,

that is, �̂�n := �̂n + n�1
Pn
i=1(yi � �̂n)w

�
i , with the w

�
i �s being i.i.d. Rademacher random

variables conditionally on Dn, then T �n
d�!w

P1
k=1 �

�
kZk(

P1
k=1 Z

2
k)
�1=2��fZkg, see Cavaliere,

Georgiev and Taylor (2013, 2016). For both bootstrap schemes, the asymptotic bootstrap

measure is random and a.s. non-Gaussian.
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validity of the diagnostic procedure. Consider �rst the case of valid speci�cation

where the yt�s have �nite variance. As seen above, Ĝn(x) := P�(T �n � x)
p! �(x). The

rate of the previous convergence, required as an input in Assumption 1, can be established

under slightly more than �nite second moments.

Speci�cally, if E[jytj2�] <1 for some � > 1, then by the Berry-Esseen bound

kĜn � �k1 � C

n1=2
E�[jy�i � �̂nj3] =

C

n1=2
1

n

nX
i=1

jyi � �̂nj3

For � � 3
2 (such that Ejyij

3 <1), the r.h.s. of the previous equation is Oa:s:(n�1=2), while
for � 2 (1; 3=2) it is oa:s:(n�

3(��1)
2� ) by the Marcinkiewicz-Zigmund strong law. Hence,

the KS norm satis�es Assumption 1 with � = minf3(��1)2� ; 12g and Theorem 3.1 applies.

Agnostically, one may select m as growing at a logarithmic rate, e.g., m = ln(n), which

would satisfy the requirement in Theorem 3.1 for any � > 1.

Consider now the case where E[y2i ] = 1. Then, T �n has the random limit given in

(6.5); by Theorem 3 in Knight (1989), its random limiting cdf, G say, is a.s. sample-path

continuous. Hence, (6.5) implies that kĜn��k1 !d Y := kG��k1 > 0 a.s.; Theorem 3.2

applies and the diagnostic test based on the KS norm rejects with probability approaching

one.

6.4 near-singular Jacobian

Suppose that an estimator �̂n of an unknown parameter �0 satis�es

Zn :=
p
n(�̂n � �0)=�

d! Z � N (0; 1); (6.6)

and a bootstrap analog Z�n :=
p
n(�̂�n � �̂n)=�̂n is available such that Z�n

d�!p Z
� � N (0; 1)

jointly with (6.6), with Z� independent of Z and �̂2n
p! ~�2 > 0 not necessarily equal to �2.

Consider inference on �0 := g(�0), where g is twice continuously di¤erentiable. With

�̂n := g(�̂n), let Tn :=
p
n(�̂n � �0). By a second-order expansion around �0,

Tn = _gZn +
1
2g
00(��n)n

�1=2�2Z2n

where ��n is on the line segment between �0 and �̂n, and _g := g0(�0). Provided _g 6= 0, it

holds that Tn
d! � _gZ.

Now, consider the bootstrap analog of Tn. With �̂�n := g(�̂�n) and �̂n := g(�̂n), we have

T �n :=
p
n(�̂�n � �̂n) = g0(�̂n)�̂nZ

�
n +

1
2g
00(���n)n

�1=2�̂2nZ
�2
n

for some ���n between �̂n and �̂�n. As for Tn, if _g 6= 0 then T �n
d�!p ~� _gZ; hence, T �n is

asymptotically normal.

Suppose instead that _g := g0(�0) = �n�1=2, � 2 [0;1), such that the Jacobian is singular
(� = 0) or nearly singular (� 2 (0;1)). Then Tn = op(1) while, provided �g := g00(�0) 6= 0,p
nTn has a chi-square-type limit distribution:

p
nTn = ��Zn +

1
2g
00(�̂�n)�

2Z2n
d! ��Z + 1

2�g�
2Z2:
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Similarly, using the convergence fact

p
ng0(�̂n) =

p
ng0(�0) + g

00(�0)
p
n(�̂n � �0) + op(1)

d! ` := �+ �g�Z;

which holds jointly with the convergence of Z�n, it follows that T
�
n satis�es

p
nT �n = n(�̂�n � �̂n) =

p
ng0(�̂n)�̂nZ

�
n +

1
2g
00(���n)�̂

2
nZ

�2
n

d�!w `~�Z� + 1
2�g~�

2Z�2
�� ` (6.7)

where Z� � N (0; 1) is independent of `. The right hand side of (6.7) de�nes a random,

non-Gaussian distribution, which we denote by G.

validity of the diagnostic procedure. Assume �rst that the Jacobian is non-

singular; i.e., �g 6= 0. If Z�n admits a standard Edgeworth expansion, such that its condi-

tional cdf, say F̂n, satis�es k F̂n � � k1= Op(n
�1=2), then also Ĝn, the conditional cdf of

T �n , satis�es k Ĝn(g0(�̂n)�̂n�) � �(�) k1= Op(n
�1=2); see Appendix C. As Ĝn(g0(�̂n)�̂n�) is

the edf of the bootstrap t-ratio ~T �n := T �n=(g
0(�̂n)�̂n), which is well-de�ned with probabil-

ity approaching one, it follows that Assumption 1 is veri�ed with � = 1=2 for ~T �n and the

KS norm, and Theorem 3.1 applies for diagnostics based on ~T �n .

In contrast, when the Jacobian is near zero,
p
ng0(�̂n)

d! ` and (6.7) hold jointly. As a

result, it is shown in Appendix C that

d̂n := kĜn(g0(�̂n)�̂n�)� �k1 ! 1� G(0)If`�0g > 0 a.s.

Further, the conclusions of Theorem 3.2 are valid for ~T �n -based diagnostics employing the

KS norm; see again Appendix C.

7 an empirical illustration

To illustrate the usefulness and potential of our bootstrap diagnostic approach, in this

section we consider an example from the empirical macroeconomic framework. We focus

on the strategy employed by Känzig (2021) to identify a structural oil supply news shock

within a structural VAR identi�ed with an external instrument (SVAR-IV), see Stock and

Watson (2018). The novelty of Känzig�s (2021) analysis lies in his construction of an

external instrument, zt, for the oil supply news shock, "oil;t, by extending the high-frequency

(HF) approach, originally introduced by Gertler and Karadi (2015), outside the monetary

policy framework. Speci�cally, in Kanzig�s (2021) baseline model, the instrument zt is the

�rst principal component of six time series which re�ect variations in oil price futures with

di¤erent maturities around OPEC production announcements.

Känzig�s (2021) model includes six variables (g = 6): real oil prices, world oil pro-

duction, world oil inventories, world industrial production, US industrial production, and

the US consumer price index (CPI). These variables, observed monthly over the period

1974M1�2017M12 (n = 528), are collected in the g � 1 vector yt and modeled through a
VAR system with p = 12 lags. Interest is in the dynamic responses of yt+h at horizon

h 2 f0; 1; : : :g to an oil supply news shock of magnitude "oil;t := x, measured as

IRF(h) := E[yt+h j "oil;t = x; "2;t = 0; It�1]� E[yt+h j "t = 0;It�1] = (R0Ch�R)bx (7.1)
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where "t := ("oil;t; "02;t)
0, "2;t being the vector of latent non-target (not of interest) shocks,

It�1 is the information set at time t � 1, C� the VAR companion matrix, R a selection

matrix such that R0R = Ig, and b a g � 1 vector of structural parameters capturing the
instantaneous response of the variables to the shock (note that IRF(0) = bx).

The dynamic causal e¤ects in (7.1) are identi�ed and estimated using zt as instrument

for "oil;t. Under relevance and exogeneity of zt, i.e., E[zt"oil;t] = � 6= 0 and E[zt"02;t] = 0,

E[utzt] = �b, b = (b1; b02)
0; (7.2)

here, b is partitioned conformably with the vector of structural shocks. The moment

condition (7.2) is the key ingredient for the estimation of (7.1). With ut := (u1;t; u02;t)
0 (and

yt := (y1;t; y
0
2;t)

0) also partitioned conformably, (7.2) implies the representation:

� := b2=b1 = E[u2;tzt]=E[u1;tzt] (7.3)

where � captures the (relative) instantaneous responses of the variables in y2;t to a supply

news shock of magnitude "oil;t = x = b�11 , i.e., such that the instantaneous response of y1;t
to "oil;t equals 1 (the so-called �unit e¤ect�normalization). The IV estimator of � is given

by �̂ := S�1û1zSû2z, where ût := (û1;t; û
0
2;t)

0, t = 1; :::; n, are the VAR residuals. For x = b�11 ,

the IRFs (7.1) are estimated by replacing � with �̂ and the VAR companion matrix C�
with the corresponding OLS estimate.

Similarly to the IV regression framework of Section 6.3, Montiel Olea, Stock and Wat-

son (2020) show that if zt is a weak instrument, the estimator of IRF(h) is inconsistent

and asymptotically non-Gaussian. As is typical in the literature, Känzig (2021) pre-tests

the strength of the instrument zt using an F-test from a �rst-stage regression of û1;t on zt.

The reported �regular�F-statistic in his Table 1 is 22:7, which is above the homoskedas-

tic threshold of 10:3 (Stock and Yogo, 2005). In addition, Känzig (2021) reports a �robust�

F-statistic of 10:6. Based on this evidence, which Känzig (2021) considers supportive of

zt being a strong instrument, the IRFs are estimated as described above, and their uncer-

tainty is assessed using 68% and 90% moving block bootstrap con�dence intervals (Jentsch

and Lunsford, 2019, 2022), based on 10; 000 bootstrap replications. These con�dence in-

tervals, shown in Känzig�s Figure 3, appear broadly in line with the uncertainty commonly

encountered by applied macroeconomists.

By exploiting Känzig�s bootstrap computations, we are able to reassess speci�cation

validity of his SVAR-IV model through the lens of bootstrap diagnostics. In this case, as-

suming correct speci�cation of the VAR model, the null hypothesis of valid speci�cation

corresponds to the instrument zt being su¢ ciently strong for the target shock "oil;t, a con-

dition that ensures that IRFs are estimated consistently and standard asymptotic inference

is valid.

Using Känzig�s (2021) Matlab code, we �rst estimate the 5 bootstrap distributions

Ĝ
(j)
n (�) := P�(�̂�j � �̂j � �), j = 1; : : : ; 5, using 10; 000 moving block bootstrap replications

of the vector �̂� (properly standardized, see Section 5.3). The Ĝ(j)n �s, reported in the

upper panel of Figure 2, are substantially non-Gaussian. For each j = 1; : : : ; 5, we run

K = 500 tests based on independent samples of m 2 f10; 20g bootstrap replications; m is
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Figure 2: Bootstrap diagnostics. Upper panel: bootstrap (conditional) cdfs for the on-
impact IRFs (solid lines) against the Gaussian distribution (dashed lines). Lower panel:
average fractions of rejections (�̂�n;m;K(�)) for nominal levels � 2 (0; 0:10), m = 10 (solid
lines) and m = 20 (dashed lines).

deliberately small with respect to n. The lower panel of Figure 2 reports, for signi�cance

levels � 2 (0; 0:1), the average rejection rates �̂�n;m;K(�) := K�1PK
k=1 Ifp�n;m:k��g, where

p�n;m:k; k = 1; : : : ;K are the p-values associated to the K tests; see Section 5.1. Note

that due to use of the moving block bootstrap, these results are robust to the presence of

conditional heteroskedasticity of unknown form in the data (Jentsch and Lunsford, 2022).

It can be observed that for all components of �, the null hypothesis is strongly rejected

at any conventional signi�cance level. Larger values of m reinforce this conclusion. This

result6 likely indicates that the SVAR-IV estimation is based on a weak instrument. Inter-

estingly, neither Känzig�s (2021) 68% and 90% bootstrap con�dence intervals nor the F-

tests fully capture this phenomenon, which the bootstrap diagnostic test detects e¤ectively.

8 concluding remarks

This paper shows that the bootstrap delivers, as a by-product, a versatile diagnostic proce-

dure for detecting invalid speci�cations, i.e., violations of the assumptions underlying stan-

dard asymptotic theory. The procedure, which is based on measures of the discrepancy be-

tween the conditional distribution of a bootstrap statistic and the Gaussian distribution,

provides a �exible and computationally straightforward alternative to traditional misspec-

i�cation tests. A key advantage of this approach is that it does not induce pre-testing bias,

thereby improving the reliability of post-test statistical inference. That is, under the null

of valid speci�cation, inference conditional on not rejecting the bootstrap tests is asymp-

totically exact.

A further major feature of this procedure is its �exibility. On the one hand, it can be

tailored to test the validity of a speci�c assumption, such as stationarity of the data or

relevance of a set of instrumental variables, hence allowing to construct tests speci�cally

designed to have power against alternatives of interest. On the other hand, it can function

as a more general diagnostic test for bootstrap consistency; that is, to test whether the

6Results are robust to (i) the choice of the horizon h, (ii) the choice of the norm and (iii) the standard-
ization of the bootstrap estimator.
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distribution of a given bootstrap statistic is close to a theoretical Gaussian limit. This dual

capability makes the method broadly applicable, whether testing for speci�c irregularities

or assessing the validity of bootstrap procedures in general.

Our paper also contributes to the literature on bootstrap inference. The usual approach

in bootstrap theory is to analyze the asymptotic properties of a bootstrap cdf, say Ĝn, as

the sample size n diverges. In practice, however, Ĝn is estimated using the edf Ĝ�n;m of m

(conditionally i.i.d.) realization of the bootstrap statistic. Therefore, standard bootstrap

theory is implicitly based on letting m!1 �rst (such that the estimation error Ĝ�n;m�Ĝn
disappears), followed by n ! 1. Our paper complements the standard approach by

exploring the case where n;m!1 jointly, rather than sequentially. We show that, under

suitable conditions Ĝ�n;m has an asymptotic distribution which is known under a wide

range of applications and, crucially, becomes asymptotically independent of the original

data. This asymptotic independence result is key to avoid that the bootstrap test of valid

speci�cation distorts post-test inference.

The results in this paper can be extended in several directions. For instance, we have not

discussed the role of the choice of the norm in determining the �nite sample behavior and

the power properties of the proposed tests. Second, an open question is how to e¢ ciently

choose m in practice, such that an optimal balance of size and power is achieved. Third, all

the examples considered here assume that the reference statistical model is of low dimension.

It is of interest to establish whether our approach could be used to detect validity of the

Gaussian asymptotic approximations in high-dimensional cases. Fourth, to what extent

the properties of the bootstrap highlighted in this paper are shared by other methods such

as the jackknife (see, e.g., Hansen, 2025), permutation tests (Young, 2019), subsampling

(Politis, Romano and Wolf, 1999) or (quasi) Bayesian methods (as in Wang, 2025) are open

questions. These are left to future research.

appendix

A notation and definitions

Throughout this paper, the notation � indicates equality in distribution. We write �x := y�

and �y =: x�to mean that x is de�ned by y. The standard Gaussian cdf is denoted by

�; U [0;1] and P(�) are the uniform distribution on [0; 1] and the Poisson distribution with

mean �, respectively. If�g is the indicator function. The space of càdlàg functions R ! R
(equipped with its Skorokhod J1-topology, unless otherwise stated; see Kallenberg, 1997,

Appendix A2) is denoted by DR; similarly, D[0;1] denotes the space of càdlàg functions

[0; 1] ! R. For matrices a; b; c with n rows, Sab := a0b=n and Sab:c := Sab � SacS
�1
cc Scb,

assuming that Scc has full rank.

For a bootstrap sequence, say Y �n , we use Y
�
n

p�!p 0 or Y �n = op�(1) to mean that, for

any � > 0, P�(jY �n j > �) !p 0, where P� denotes the probability measure conditionally
on the original data Dn. We also write Y �n = Op�(1) to mean that P�(jY �n j > M) !p 0

for some large enough M . Expectations and variance under P� are denoted with E� and
V�, respectively. We use Y �n

d�!p � to mean that E�[g(Y �n )jDn]
p! E[g(�)] for all bounded
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continuous functions g : R! R. In terms of cdfs, Ĝn(u) := P�(Y �n � u)!p G(u) := P(� �
u) at all continuity points u 2 R of G.

We refer to the fact that E[g(Y �n )jDn]
w! E[g(�)jD] for all bounded continuous functions

g : R! R (with (Y �n ; Dn) and (�;D) random elements of metric spaces R�SDn and R�SD,
respectively) as �weak convergence in distribution�, denoted as �d

�
!w�. For the special case

of scalar random variables Y �n and �, if the conditional distribution �jD is di¤use (non-

atomic), weak convergence in distribution is equivalent to the weak convergence Ĝn(�) :=
P�(Y �n � �) w! G(�) := P(� � �jD) in DR, where G is a random distribution function. For

multivariate generalizations, see Cavaliere and Georgiev (2020, Appendix A). Finally, if G

is a (random) cdf, G�1 denotes its right-continuous generalized inverse.

B proofs of the main results

In the proof of Theorem 3.1, we make use of the following lemma, which provides a bound

on a�n;m := T �
n;m �Z�n;m = m1=2kĜ�n;m � �k �m1=2kĜ�n;m � Ĝnk of (3.5). Its proof follows

directly from the triangle inequality for (semi)norms.

Lemma B.1 With a�n;m de�ned in (3.5), it holds that ja�n;mj �
p
mkĜn � �k.

Proof of Theorem 3.1. By Lemma B.1 we have that ja�n;mj �
p
mkĜn � �k =

Op(m
1=2n��) under Assumption 1. The limit of Z�n;m can be found, e.g., as in Bickel and

Freedman (1981), Theorem 4.1. Speci�cally, let  m(F ) denote the law of
p
m(F̂m(�)�F (�)),

where F̂m is the edf of m independent r.v.s with common law F ; then, in the space of prob-

ability measures on DR equipped with the weak topology,  m(F ) tends to the law of W (F )

as m ! 1 by a standard invariance principle, where W is a standard Brownian bridge.

Conditionally on Dn,
p
m(Ĝ�n;m(�) � Ĝn(�)) has law  m(Ĝn); since kĜn � �k1 !p 0, by

Proposition 4.1 of Bickel and Freedman (1981) it also holds that  m(Ĝn) becomes arbi-

trarily close (in probability) to  m(�) as (n;m!1), where  m(�) converges (weakly) to
the law of W (�) as m ! 1. Thus, the law of

p
m(Ĝ�n;m(�) � Ĝn(�)) conditionally on Dn

converges weakly in probability to the law of W (�) as (n;m ! 1). By the CMT it fol-
lows that, conditionally on the data, k

p
m(Ĝ�n;m(�)� Ĝn(�))k

w!p kW (�)k as (n;m!1).
The requirement that m1=2n�� ! 0 completes the proof. �

Proof of Theorem 3.2. By Skorokhod coupling, consider a probability space where

distributional copies of Ĝn and G are de�ned (for simplicity, we denote also these copies

by Ĝn and G), such that Ĝn
a:s:! G in DR as n!1. Fix an outcome ! in the probability-

one event fĜn ! Gg \ fkG � �k > 0g. For this outcome there exists a sequence of

increasing continuous bijections �n : [0; 1] ! [0; 1] such that kĜn(!) � �n � Gk1 ! 0 and

k�n � id[0;1]k1 ! 0 as n!1.
Consider further a product extension of the coupling probability space such that on

the added factor space m i.i.d. draws from Ĝn(!) are de�ned, with associated empirical

process Ĝ�n;m(!), and also m i.i.d. draws of G(!) are de�ned, with associated empirical

process Gm(!) (m = 1; 2; : : :). Finally, let P� denote the probability measure on the added
factor space.
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As the triangle inequality yields kĜ�n;m(!)��k � kĜn(!)��k � kĜ�n;m(!)� Ĝn(!)k,
it holds that

P�(T �
n;m(!) � c) := P�(kĜ�n;m(!)� �k � cm�1=2)

� P�(kĜn(!)� �k � kĜ�n;m(!)� Ĝn(!)k � cm�1=2)

= P�(kĜ�n;m(!)� Ĝn(!)k � kĜn(!)� �k � cm�1=2):

Here, �rst, the rhs of the inequality satis�es kĜn(!) � �k � cm�1=2 ! kG(!) � �k =:
Y (!) > 0 as (n;m ! 1), by the continuity of k � k. Second, the lhs satis�es kĜ�n;m(!) �
Ĝn(!)k

P�! 0 as (n;m!1) by the following argument. On the one hand, as (n;m!1),
Ĝ�n;m(!)�Ĝn(!)

P�! 0 in DR if and only if Ĝ�n;m(!)��n�Ĝn(!)��n
P�! 0 in DR. On the other

hand, regarding the latter, it is checked directly that Ĝ�n;m(!) � �n is an empirical process
for the cdf Ĝn(!) ��n. By Proposition 4.1 of Bickel and Freedman (1981), the convergence
kĜn(!)��n�G(!)k1 ! 0 as n!1 implies that the law of

p
m(Ĝ�n;m(!)��n�Ĝn(!)��n),

as a probability measure on DR, becomes arbitrarily close to the law of
p
m(Gm(!)�G(!))

as (n;m!1). As the latter law converges to the law ofW (G(!)) asm!1 by a standard

invariance principle, so does the law of
p
m(Ĝ�n;m(!)��n� Ĝn(!)��n) as (n;m!1). By

the CMT, this implies that kĜ�n;m(!) � �n � Ĝn(!) � �nk1 = OP�(m
�1=2) as (n;m!1).

Hence, Ĝ�n;m(!) � Ĝn(!)
P�! 0 in DR as (n;m ! 1). By the continuity of k � k, it follows

that kĜ�n;m(!)� Ĝn(!)k
P�! 0 as (n;m!1), as asserted previously. Therefore,

lim inf
(n;m!1)

P�(T �
n;m(!) � c) � 1:

Since ! was chosen in an almost certain event, it can be concluded that P�(T �
n;m � c) !

1 a.s. on the coupling probability space. Therefore, on the original probability space,

P�(T �
n;m � c)

p! 1. �

Proof of Theorem 4.1. (a) Say T �
n;m

w!p T �
1 as (n;m ! 1). By the law of iterated

expectations, it holds that��E[f(Dn)g(T �
n;m)]� E[f(Dn)]E[g(T �

n;m)]
�� = ��Eff(Dn)[E�(g(T �

n;m))� E(g(T �
n;m))]g

��
� kfk1E

��E�(g(T �
n;m))� E(g(T �

n;m))
�� :

It follows that as (n;m!1)

supkfk1�1
��E[f(Dn)g(T �

n;m)]� E[f(Dn)]E[g(T �
n;m)]

��
� E

��E�[g(T �
n;m)]� E[g(T �

1)]
��+ jE[g(T �

n;m)]� E[g(T �
1)]j ! 0

because E�[g(T �
n;m)]

p! E[g(T �
1)] and the dominated convergence theorem applies.

(b) It is su¢ cient to establish that

sup
An2�(Dn)

jP(An \ fT �
n;m 2 Bg)� P(An)P(T �

n;m 2 B)j ! 0 (B.1)

as (n;m!1). This can be done using part (a) and approximations of indicator functions
with continuous functions, or directly as done below. Then, as P�(T �

n;m 2 B)
p! P(T �

1 2
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B) =: P1(B) for the P1-continuity set B, also P(T �
n;m 2 B)! P1(B) > 0 by dominated

convergence. Thus, division by P(T �
n;m 2 B), which is bounded away from zero under the

assumption that P1(B) > 0, completes the proof.
We turn to (B.1). By the law of iterated expectations (and the fact that P (X 2 E) =

E(IfX2Eg)), it holds that��P(An \ fT �
n;m 2 Bg)� P(An)P(T �

n;m 2 B)
��

=
���E[E�(IAnIfT �

n;m2Bg)]� E[IAnE(IfT �
n;m2Bg)]

���
=
���EfIAn [E�(IfT �

n;m2Bg)� E(IfT �
n;m2Bg)]g

���
� E

��P�(T �
n;m 2 B)� P(T �

n;m 2 B)
�� :

It follows that

sup
An2�(Dn)

��P(An \ fT �
n;m 2 Bg)� P(An)P(T �

n;m 2 B)
��

� E
��P�(T �

n;m 2 B)� P1(B)
��+ jP(T �

n;m 2 B)� P1(B)j ! 0

as (n;m!1), because P�(T �
n;m 2 B)

p! P1(B) and dominated convergence applies. �

Proof of Proposition 5.1. First note that �̂�n;m;K(�) with � 2 R is an empirical

process. Then, the proof is analogous to that of Theorem 14.3 in Billingsley (1999).

Speci�cally, �rst note that, if ��n;m:k, k = 1; : : :K, are i.i.d. uniform conditionally on the

data, and �̂�n;m is their empirical process, then the result
p
K(�̂�n;m;K(�)� (�))

w�!p W (�) on
D [0; 1] as (n;m;K ! 1) is standard. Second, the representation

p
K(�̂�n;m;K(�) � (�)) =p

K(�̂�n;m;K(�
�
n;m(�))� (�)) can be used, where ��n;m is the cdf of p�n;m conditionally on the

data. That is,
p
K(�̂�n;m;K(�)�(�)) can be represented as the composition

p
K(�̂�n;m;K(�)�(�))

after ��n;m(�). Since the limiting law of
p
K(�̂�n;m;K(�) � (�)) is that of the continuous

process W and since ��n;m(�) converges to the identity function in probability, by the CMTp
K(�̂�n;m;K(�)� (�)) converges to the composition W (�) after id(�), which is W (�). �

C additional proofs and results

Results in Section 3.4. Write

T �n =
!̂�1n

(�̂n + Szv�)
0 (�̂n + Szv�)

(
p
n!̂n�̂

0
nSzu� +

p
n!̂nS

0
zv�Szu�):

Here the term
p
n!̂n�̂

0
nSzu� is N (0; 1) conditionally on Dn. This fact and the inequality

jP (�(� + �) � x)� P(� � x)j � P( x
1�a sgn(x) + b)� P(

x
1+a sgn(x) � b)

+ P (j� � 1j � a) + P (j�j � b) ;

which holds for any r.v.�s �; �; � and any a 2 (0; 1) and b > 0, yield

jĜn(x)� �(x)j � �( x
1�a sgn(x) + b)� �(

x
1+a sgn(x) � b) (C.1)

+ P�
����� !̂�1n
(�̂n + Szv�)

0 (�̂n + Szv�)
� 1

���� � a

�
+ P�(

p
n!̂njS0zv�Szu� j � b):
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Let a 2 (0; 12) in the following. Then, by the mean-value theorem and the boundedness of

jxj�0(x) on R, it holds that

�
�

x
1�asgn(x) + b

�
� �

�
x

1+asgn(x) � b
�
� C (a+ b)

for some universal constant C > 0. As (�̂n + Szv�)
0 (�̂n + Szv�)

p! �0� > 0, the event in the

�rst tail probability in (C.1) equals, with probability approaching one, the complement of

the event
�
�a(1 + a)�1 < !̂n(2�̂

0
nSzv� + S

0
zv�Szv�) < a(1� a)�1

	
, such that the tail prob-

ability of interest does not exceed

P�
�
!̂nj2�̂0nSzv� + S0zv�Szv� j � 2a

�
� P�(j2�̂0nSzv� j � a!̂�1n ) + P�

�
S0zv�Szv� � a!̂�1n

�
= ��(

q
n!̂�1n

a
2 ) +

�	k(n!̂
�1
n a);

the last line because �̂0nSzv� � N(0; n�1!̂�1n ) and nS
0
zv�Szv� � �2(k); here �� = 1�� and �	k

denote resp. the complementary cdfs of the N(0; 1) and the �2(k) distributions. To discuss

the second tail probability in (C.1), by using the decomposition v�i = �uvu
�
i +

p
1� �2uv"�i

with (u�i ; "
�
i ) �i.i.d.N(0; I2), it is found that S0zv�Szu� = �uvS

0
zu�Szu� +

p
1� �2uvS0z"�Szu�

and

P�
�p

n!̂njS0zv�Szu� j � b
�
� P�

�p
n!̂nj�uvjS0zu�Szu� � b

2

�
+ P�

�p
n!̂n(1� �2uv)jS0z"�Szu� j � b

2

�
� �	k

�q
n!̂�1n

b
2j�uv j

�
+ k ��

�q
n!̂�1n (1� �2uv)�1 b2k

�
;

the last line because nS0zu�Szu� � �2(k) and nS0z"�Szu� � �0� with (�0; �0)0 � N(0; I2k); here
�� stands for the complementary cdf of �1�1. Recapitulating, with probability approaching

one, it holds that

kĜn � �k1 � C(a+ b) + ��

�q
n!̂�1n

a
2

�
+ �	k(n!̂

�1
n a)+

+ �	k

�q
n!̂�1n

b
2j�uv j

�
� k ��

�q
n!̂�1n (1� �2uv)�1 b2k

�
for any a 2 (0; 12) and b > 0. The rate of decay of ��, �	k and �� is well known:

��(x) � Cx�1e�x
2=2; �	k(x) � Cxk=2e�x=2; ��(x) � x�1=2e�x

as x!1, each one with its own C; see eq. (2) in Leipus, Siaulys, Dirma and Zove (2023)
for the case of ��. By choosing a = b = �n�1=2 lnn with � > 0 as small as convenient, it is

seen that kĜn � �k1 = Op(n
��) for any � 2 (0; 12). �

Results in Section 6.4. Let �rst _g 6= 0 be �xed. Say that a sequence of possibly

conditional cdf�s Fn is square-root consistent if kFn � �k1 = Op(n
�1=2). Interest is in

establishing the fact that Ĝn(g0(�̂n)�̂n�) is square-root consistent under the assumption that
the conditional cdf�s F̂n of Z�n :=

p
n(�̂�n � �̂n)=�̂n do so.

Recall that T �n = g0(�̂n)�̂nZ�n +
1
2g
00(�̂n)n�1=2�̂2nZ

�2
n . Notice that the conditional cdf�s

of Z�n and �Z�n either both are, or both are not square-root consistent. As square-root
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consistency of for the conditional cdf�s of Z�n is the only property of Z
�
n used in this proof,

it follows that Z�n and �Z�n are exchangeable for the purposes of the proof. Hence, possibly
upon replacing Z�n and g

0(�̂n) by respectively Z�n(1�2Ifg0(�̂n)<0g) and g
0(�̂n)(1�2Ifg0(�̂n)<0g)

in the expression for T �n , it is legitimate to discuss T
�
n under the assumption g

0(�̂n) � 0.

Under this assumption, and given that P(g0(�n) = 0)! 0, it holds that

Ĝn(g
0(�̂n)�̂nx) = P�(Z�n + 1

2n
�1=2
nZ

�2
n � x)

with probability approaching one, where 
n := g00(�̂n)�̂n=g0(�̂n). Next, the conditional cdf�s

of �(Z�n + 1
2n

�1=2
nZ�2n ) either both are, or both are not square-root consistent, and since

Z�n and �Z�n were said to be exchangeable for the purposes of the proof, there is no loss of
generality in imposing also 
n � 0. With the signs imposed, it holds that

Ĝn(g
0(�̂n)�̂nx) = F̂n(x)If
n=0g + P

�(q̂�(x) � Z�n � q̂+(x))IAn

with probability approaching one, where An := fx � �
p
n
�1n =2; 
n 6= 0g and

q̂�(x) := n1=2
�1n (�
q
1 + 2n�1=2x
n � 1):

From the assumption that the conditional cdf�s F̂n of Z�n are square-root consistent, it is

further found that

Ĝn(g
0(�̂n)�̂nx) = F̂n(x)If
n=0g + (F̂n(q̂+(x))� F̂n(q̂�(x)))IAn

= �(x)If
n=0g + (�(q̂+(x))� �(q̂�(x))) IAn +Op(n
�1=2)

uniformly in x. Turn now to

kĜn(g0(�̂n)�̂n�)� �k1 � sup
x2R

j[Ĝ(g0(�̂n)�̂nx)� �(x)]IAn j+ sup
x2R

j�(x)IAcnIf
n 6=0gj:

As �̂n
p! �0 and g00(�n) (thus, 
n) is bounded, it follows that P(Acn \ f
n 6= 0g) ! 0 and

the previous upper bound equals, with probability approaching one,

sup
x2R

j[Ĝ(g0(�̂n)�̂nx)� �(x)]IAn j = sup
x2R

j[�(q̂+(x))� �(q̂�(x))� �(x)]IAn j

� sup
x2R

j�(q̂�(x))IAn j+ sup
4
njxj�n1=2

j[�(q̂+(x))� �(x)]IAn j

+ sup
4
njxj>n1=2

j[�(q̂+(x))� �(x)]IAn j:

Here, by the monotonicity of �,

sup
x2R

j�(q̂�(x))IAn j � IAn�(�n1=2
�1n )j = Op(n
�1=2)

because 
n = Op(1). Further, for outcomes in An, jq̂+(x)� xj � 2n�1=2
nx2 by simple

algebra. Hence, by the mean-value theorem,

j�(q̂+(x))� �(x)j � 2n�1=2
nx2�0 (x+ �n[q̂+(x)� x])
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for some �n 2 [0; 1], such that

sup
4
njxj�n1=2

j[�(q̂+(x))� �(x)]IAn j � 2n�1=2
n sup
x2R

�
x2 max

2jyj�jxj
�0 (x+ y)

�
= 2n�1=2
n sup

x�0

�
x2�0

�
x
2

��
= Op(n

�1=2)

by using the exponential functional form of �0. Finally, by the monotonicity of �,

sup
4
njxj>n1=2

j[�(q̂+(x))� �(x)]IAn j � If
n 6=0g[�(�1
4n

1=2
�1n ) + �(�q̂+(�1
4n

1=2
�1n ))]

� If
n 6=0g[�(�1
4n

1=2
�1n ) + �(�n1=2
�1n )] = Op(n
�1=2):

By combining the previous results, kĜn(g0(�̂n)�̂n�)� �k1 = Op(n
�1=2).

Next, let instead g0(�0) = �n1=2. Then (
p
ng0(�̂n); Ĝn)

w! (`;G) on R�DR as shown in

Section 6.4. Further, introducing &̂n := g0(�̂n)�̂n, it holds that

Ln � kĜn(&̂n�)� �k1 � Un

with

Ln :=jĜn(n&̂n)� �(n)jIf&̂n<0g
+maxfjĜn( 3

p
n&̂n)� �( 3

p
n)j; jĜn(� 3

p
n&̂n)� �(� 3

p
n)gIf&̂n�0g

obtained by evaluating Ĝn(&̂n�)� � at n and � 3
p
n, and

Un := If&̂n<0g +maxfĜn(0); 1� Ĝn(0)gIf&̂n�0g

obtained by considerations of monotonicity. As the sample paths of G are a.s. continuous

and P(` = 0) = 0, it follows from the CMT that

(Un; Un � Ln)
d! (If`<0g +maxfG(0); 1� G(0)gIf`�0g; 0) = (1� G(0)If`�0g; 0)

because G(0) < 1
2 a.s. From here the limit of kĜn(&̂n�)� �k1 is obtained.

To see that the consistency conclusion of Theorem 3.2 remains valid, some modi�cations

are due in its proof. First, ! is taken as an outcome in the almost certain event fĜn !
Gg \ fG(0)If`�0g 6= 1g. Second,

P�(T �
n;m(!) � c) := P�(kĜ�n;m(!; &̂n(!)�)� �k1 � cm�1=2)

� P�(kĜ�n;m(!; &̂n(!)�)� Ĝn(!; &̂n(!)�)k1 � kĜn(!; &̂n(!)�)� �k1 � cm�1=2):

Here

kĜ�n;m(!; &̂n(!)�)� Ĝn(!; &̂n(!)�)k1 = jĜ�n;m(!; 0)� Ĝn(!; 0)jIf&̂n(!)=0g
+ kĜ�n;m(!; �)� Ĝn(!; �)k1If&̂n(!) 6=0g

� kĜ�n;m(!; �)� Ĝn(!; �)k1
P�! 0

as (n;m ! 1), by the proof of Theorem 3.2, whereas kĜn(!; &̂n(!)�) � �k1 � cm�1=2 !
1� G(!; 0)If`(!)�0g > 0 as (n;m!1). Hence, the conclusion. �
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