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Abstract

It is well known that doubly robust (DR) estimators are vulnerable to weak over-
lap. A common practice to mitigate its adverse effects is to trim observations with
extreme values of the propensity score. However, trimming causes the double robust-
ness property to fail. In this light, we propose a novel method to recover the double
robustness property of the original DR estimator via bias correction without sacrificing
the favorable convergence rate of the trimmed estimator. Our framework accommo-
dates many research designs, such as the unconfoundedness, local treatment effects,
and difference-in-differences. Simulation exercises illustrate that our proposed tools
indeed have attractive finite sample properties, which are aligned with our theoretical

results.
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1 Introduction

Causal inference is critical for policy decision-making in many fields, including economics,
political science, public health, and social sciences. For instance, public health interventions
aim to establish a causal relationship between a particular treatment or intervention and
health outcomes. Similarly, policymakers often rely on causal inference methods to evaluate
the effectiveness of public policies, such as minimum wage laws or tax incentives. When
researchers do not have access to experimental data, they routinely rely on research designs
that allow for observed and unobserved confounding variables while identifying treatment
effect parameters. This arises when one relies on unconfoundedness, local treatment effect
(instrumental variables), or difference-in-differences (DiD) methodologies, to name a few of
empirical researchers’” most popular techniques.

In such setups, a class of attractive estimators is the so-called doubly robust (DR) es-
timators. One of the appealing features of DR estimators is that they remain consistent
for the causal parameter of interest as long as a researcher can correctly specify a work-
ing model for the outcome regression or a working model for the propensity score, but not
necessarily both.! Compared to regression adjustments and inverse probability weighting
(IPW) approaches, DR estimators are more robust against model misspecifications, tend to
be less sensitive to tuning parameter choices, and often can achieve the semiparametric effi-
ciency bound under less stringent conditions. However, such nice statistical guarantees may
no longer exist in setups with weak covariate overlap between treatment and comparison
groups. Indeed, as illustrated by Kang and Schafer (2007), DR estimators can be unsta-
ble/volatile in setups with weak covariate overlap, raising practical concerns about their
general performance.

A common practice to mitigate the adverse effects of weak overlap is trimming (e.g.,

1See, e.g., Robins, Rotnitzky, and Zhao (1994), Bang and Robins (2005), Wooldridge (2007), Belloni,
Chernozhukov, and Hansen (2014), Belloni, Chernozhukov, Ferndndez-Val, and Hansen (2017), Stoczyniski
and Wooldridge (2018), Seaman and Vansteelandt (2018), Sant’Anna and Zhao (2020), and Callaway and
Sant’Anna (2021) for different applications of DR methods in different setups.



Crump, Hotz, Imbens, and Mitnik, 2009). One can indeed reduce the variance by trimming
those observations with extreme values of the propensity score. However, this benefit comes
at the cost of two issues. First, it induces trimming bias, which can be corrected with existing
methods (e.g., Chaudhuri and Hill, 2016; Ma and Wang, 2020; Sasaki and Ura, 2022). Second,
even after correcting the trimming bias with some of these existing methods, it is not clear
if the bias-corrected estimator retains the double robustness property of the original DR
estimator any longer. This paper shows that our proposed trim-then-bias correct procedure
enjoys the double robustness property of the original DR estimator without sacrificing the
favorable convergence rate of the trimmed estimator.

We consider a generic class of RD estimands that can be used in various research de-
signs, including unconfoundedness, local treatment effects, and DiD setups. Our proposed
class of estimators builds on augmented inverse probability weighting (AIPW) estimators,
but we trim observations with extreme propensity scores. Our trim-then-bias-correct pro-
cedure builds on Sasaki and Ura (2022), whereas we also leverage several AIPW estimands
in the causal inference literature, such as those discussed by Hahn (1998) and Bang and
Robins (2005) under unconfoundedness, Tan (2006), Frolich (2007) and Stoczynski, Uysal,
and Wooldridge (2022) under local treatment effects setups, and Sant’Anna and Zhao (2020)
in DiD setups. These AIPW estimands, though, are not robust against weak overlap.

We establish the large sample properties of our proposed class of DR estimators under
high-level assumptions that can be verified for specific research designs. We show that our
estimators are consistent and establish their asymptotic normality regardless of the degree of
weak overlap. We present a lower-level discussion of how one can leverage our general results
to construct DR DiD estimators a la Sant’Anna and Zhao (2020) that are weak against weak
overlap.

Compared with Sasaki and Ura (2022), we face a few new technical challenges in estab-
lishing the large sample properties of our proposed estimators, which perhaps makes our

technical results of independent interest. More precisely, our generic class of estimators is



based on potentially non-linear transformations of multi-dimensional moments of ratios. We
allow each of these moments of ratios to have heterogeneous convergence rates due to differ-
ent degrees of weak overlap. Thus, the traditional delta method procedure does not apply.
Our theoretical results take care of this point.

Related Literature: Our paper belongs to the extensive literature on causal inference
methods using DR methods. We refer the reader to Section 2 Stoczynski and Wooldridge
(2018) and Seaman and Vansteelandt (2018) for overviews, and Sant’Anna and Zhao (2020)
and Callaway and Sant’Anna (2021) for DiD applications. We contribute to this literature
by proposing DR methods with an additional layer of robustness against weak covariate
overlap.

Our paper also relates to the literature on irregular inference procedures arising from weak
covariate overlap problems. See, e.g., Crump et al. (2009), Khan and Tamer (2010), Yang
(2014), Khan and Nekipelov (2015), Chaudhuri and Hill (2016), Rothe (2017), Yang and Ding
(2018), Hong, Leung, and Li (2020), Ma and Wang (2020), Heiler and Kazak (2021), Sasaki
and Ura (2022), and Branson, Kennedy, Balakrishnan, and Wasserman (2023). Within this
branch of the literature, the papers closer to ours are Yang and Ding (2018) and Heiler and
Kazak (2021), as they also consider DR methods. Our results differ from theirs on different
fronts. First, they focus exclusively on setups where selection into treatment is as good as
random after accounting for covariates. Our results apply to this unconfoundedness setup
and local treatment effects (IV) and DiD setups.

Second, our methodology also greatly differs from and complements those of Yang and
Ding (2018) and Heiler and Kazak (2021). For instance, Yang and Ding (2018) uses a fixed
(smooth) trimming threshold to exclude observations with extreme propensity score esti-
mates. This fixed trimming strategy (implicitly) changes the target parameter of interest
from the average treatment effect (or the average treatment effect on the treated) to the
average treatment effect for the subpopulation with “better” covariate overlap. Thus, Yang

and Ding (2018)’s methodology is not DR for the original target parameter unless one im-



poses additional treatment effect homogeneity assumptions. Our proposed procedures use a
drifting trimming threshold as in Sasaki and Ura (2022), and we do not lose the DR property
or need to change the target parameter. At the same time, a drifting trimming threshold
may lead to asymptotic biases, and we account for these when making valid rate-adaptive
inferences based on asymptotic normality (Chaudhuri and Hill, 2016, and Sasaki and Ura,
2022). Heiler and Kazak (2021) inference procedures do not rely on trimming like ours.
Furthermore, Heiler and Kazak (2021) procedure may not be asymptotically normal in some
setups, precluding one from constructing confidence intervals using t-tests. Our procedures
retain these practically attractive features.

Finally, our bias-correction procedure builds on Sasaki and Ura (2022). Their original
procedure focuses on scalar IPW estimators, while our main interest is in DR estimators.
We extend their analysis by considering estimands that are possibly nonlinear functions of
a vector of moments of ratios. Furthermore, as we allow for each entry of the vector of
moments of ratios to have different degrees of weak overlap, we face additional challenges
related to heterogeneous convergence rates that are not present in Sasaki and Ura (2022).

Organization of the paper: The rest of the paper is structured as follows. Section 2
gives an overview of the method and one example. Section 3 contains the main theory. In
Sections 4, 5 and 6, we apply our method to the unconfoundedness design, the local average
treatment effect (LATE) setup, and the DiD setup, respectively, extending the DR DiD
procedure proposed by Sant’Anna and Zhao (2020) to account for potential weak covariate
overlap problems. Section 9 presents simulation studies, and Section 11 concludes.

Notations: For a random variable RV, let E[RV] be the expected value of RV. We
denote the sample mean as E,[RV] = n~'>"  RV;. We use 1{-} to denote the indicator

function. For a parameter v, we let 7y be the true value and 4 be an estimator.



2 Doubly Robust Estimator with Trimming-Bias Cor-
rection

This section presents an overview of our proposed method for estimating treatment effect
parameters without discussing formal theories and assumptions. We formally present the
supporting theory for our proposed method in Section 3.

A researcher often uses a doubly robust estimator for a treatment effect parameter. The
doubly robust estimator is consistent as long as a part of the working models is correctly
specified, thus providing robustness against model misspecifications. Most doubly robust

estimands can be expressed as a function of L moments of ratios:

(1)

HO(VO,P0)=A<E {M] E{MD

Ay (v, Po) Ar(vo, Po)
where (A;(v, P), Bi(v, P)) = (Ai(W;v, P), B(W;v, P)) is a function of observed variables W
for each [ = 1, ..., L, 1y represents the outcome regression model, P, is the propensity score,
and A is a known real-valued function.? The form of A varies depending on the estimand of
interest. The pair (v, P) of infinite-dimensional parameters will be denoted by v = (v, P),
and vy = (v, Py) indicates the true value of . The following three examples illustrate that

popular DR estimands can be expressed in the form of (1).

Example 1 (Unconfoundedness Design). Let D be a binary treatment indicator, and X be a
vector of observed covariates. Let'Y be the observed outcome variable. With the knowledge of
the propensity score P(X) = E[D = 1|X] and outcome regression model v(d,X) = E[Y|D =

d, X], the average treatment effect (ATE) can be expressed as

6o(y) = Ev(1,X) —v(0, X)| + E [W - V<1>X>>D] _ [<Y —v(0,X))(1 - D)

P(X) 1 - P(X) ’

2We assume that B;(v, P)/A;(v, P) is integrable. Therefore, A;(v, P) cannot have a point mass at zero.
Also, extending our analysis to a vector-valued function A is possible, but we focus on the scalar-valued A.



where v = (v(D, X), P(X)). This estimand is DR (cf. Hahn, 1998; Bang and Robins, 2005)
in that it can consistently estimate the average treatment effect if either the working outcome

regression model v(D, X) or the working propensity score model P(X) is correctly specified.

Example 2 (Local Average Treatment Effect). We consider the local average treatment effect
(LATE) framework of Imbens and Angrist (1994) and Angrist, Imbens, and Rubin (1996).
See also Tan (2006), Frolich (2007) and Stoczyriski et al. (2022). We focus on the case with
binary treatment and binary instruments. Consider the random vector W = (Y, D, Z, X),
where D and Z are binary treatment and instrument indicators, respectively, X denotes
observed covariates, and Y is the realized outcome. Given the instrument propensity score
P(X) = E[Z = 1|X] and the outcome regression models, v1(z,X) = E[Y|Z = z,X] and
(2, X) = E[D|Z = z,X], the DR estimand for the local average treatment effect proposed
by Tan (2006) is given by

Z(Y —-v1(1,X —Z)(Y —v1(0,X
Elv(1,X) = (0, X))+ E [_( p(x()1 ))} — b [(1 )1(—P(X§0 ))]

Oo(7y) =

Elva(1, X) = 13(0, X)] + B | 225200 | p | 2000201

where v = (1 (Z,X),1n(Z,X),P(X)). This estimand is DR in that it can consistently
estimate the local average treatment effect if either the working outcome regression model

1(z,X), and vs(z, X) or the working propensity score model P(X) is correctly specified.

Example 3 (Local Average Treatment Effect based on Abadie’s (2003) kappa). We consider
the LATE framework with normalized weights proposed by Stoczynski, Uysal, and Wooldridge
(2024 ) based on Abadie’s (2003) kappa. We follow the setup and the notations from Example

2. The DR estimand for the LATE with normalized weights can be expressed as

Elni(1, X) — (0, X)] + E [w} JE [L} B [“—Z)(Y—”l(”))] /E [ 17

bo(7) P(X) P(X) 1-P(X) 1-P(X
o —v - —U —
Bl ) 00,0+ 8 (205050 7 [ B [0/ [t

While the above three examples highlight cross-sectional models for succinctness, exam-




ples may include panel data and repeated cross sections. In particular, it encompasses DiD
designs in event studies — see Section 6 for details.

DR methods may perform poorly in setups with weak covariate overlap, as discussed in
Kang and Schafer (2007) and Robins, Sued, Lei-Gomez, and Rotnitzky (2007). When the
denominators A;(vy, Py) in the above formulas are near zero, 6, may entail a large variance
and be practically unstable. Upon inspecting if the estimated propensity scores are “close”
to the extremes, researchers commonly trim such observations to avoid these instabilities
and to reduce the variance. However, a trimmed mean can generate a non-negligible bias in
the limit distribution. That is, trimming usually changes the parameter of interest.

To deal with this issue without changing the target parameter of interest, we proposed a
bias-corrected trimmed method of estimation and inference. Our procedure builds on Sasaki
and Ura (2022), though we stress that their method does not cover vector of moments of
ratios and a (possibly nonlinear) function A(-) as in (1).

Motivated by the above framework, we now introduce our proposed estimator. Suppose
we have i.i.d. observations Wi, ..., W, and a preliminary estimator 4 = (7, lf’) for ~y. Let
h be a positive number, and K and k be positive integers with K > k.3 Our proposed

estimator for 6, is

with

k Kk—1
) = B | 1 a)] 2 1] + 3 B RO o g,

where m}“) (+;7) is the k-th derivative of the linear series estimator for my(-;y) = E[B;(7)|Ai(7) =

-] with the shifted orthonormal Legendre polynomial basis px(A;(7)) of degree K for each

l=1,...,L. We explain fnl(ﬁ) in detail in Appendix A.1.

3Tt is possible to extend our analysis with different h; for each I = 1,..., L. For the notational simplicity,
however, we use the same trimming threshold h for all [. In the asymptotic analysis, we assume h — 0 and
K — ocoasn — 0.



The estimator &;(h,¥) consists of two parts: The first part FE, [fi—g;’gl{]Al(fy)\ > h}]
is the denominator-based-trimmed mean estimator, which discards the observations with
|A;(v)| < h and regularizes the estimator. Because we trim some observations, which may
lead to a non-negligible bias in the asymptotic distribution if we use the denominator-based-

trimmed mean estimator. Therefore, we use the bias correction of Sasaki and Ura (2022) to

Bn[Ai()" A<} (w)
K! "y

estimate the bias term by Zizl (0;), which is the second part of

&;(h, 7). The key insight of the bias estimation is that the trimming bias is characterized by

Bi(7o) L[ EBi(v0) ] Ai()]
EZMWQNM%N<M}—E{ 2O ) < )

and we can approximate FE[B;(70)|Ai(70)]/Ai(70) by a (k — 1)-th polynomial of A4;(yy) when
E[Bi(7)|Ai(70) = 0] = 0. In the next section, we formally use this approximation in our

main theorem to establish asymptotic properties of 0.

3 Asymptotic Analysis

In this section, we investigate the asymptotic behavior of the proposed estimator f as an

estimator for #y. To this goal, we consider the population counterpart of the estimator:

eh =A (al(h770)a S >OCL(h’> P)/O)) )

where

k

s E[AM AW <A} (w

Bl(V) - m, (07 7)

oulh ) = B [ 10400 2 1]

k=1

for each [ =1, ..., L. Our asymptotic analysis is based on the decomposition

é—e(]:(é—eh)"—(eh—eo),



in which 6 — 6, represents the stochastic part and 8, — 0y represents the bias. Our estimator
is biased in finite samples since 6, # 6, but we show the bias is negligible relative to the
stochastic part in the asymptotic analysis.

Consider the following set of assumptions. Among them, Assumptions 0, 1 and 2 are more
substantial than the others. One needs to verify them when using the specific examples from
Section 2. We will verify them with lower-level sufficient conditions in the applications of
the unconfoundedness design in Section 4, the local average treatment effect in Section 5,

and the difference-in-difference design in Section 6.

Assumption 0. If either the working outcome regression model v(-,-) = vy(-, ) or the work-

ing propensity score P(-) = Py(+), then 0, (v, P) = 0y(vg, Py) + o(h¥).

Assumption 0 ensures that the approximation error is negligible asymptotically. While
the double robustness of 0y(vg, Fy) is well-known, the same has not been established for
0y (v, P). We will demonstrate this h¥-approzimate double robustness property for the pop-

ulation counterpart of the proposed estimator 6}, in Sections 4, 5, and 6.

Assumption 1. For each l =1,...,L with 0 € support(A;(7)), (i) m(0;v) = 0; and (ii)

my(570) is (k4 1)-times continuously differentiable in a neighborhood of 0.

Assumption 1 concerns about the joint distribution of (A;(70), Bi(70)) and it accom-
modates the case where Bj(79)/Ai(70) has a heavy tail due to small denominator A;(7).
Assumption 1 (i) is a well-known condition with many treatment effects. Assumption 1 (ii)
is our key assumption. As in Sasaki and Ura (2022), we assume a known degree of smooth-
ness for the conditional expectation. Our bias estimators can be approximated up to the

order k.
Assumption 2. A(+) is twice continuously differentiable in a neighborhood of (a1(0, o), . .., ar(0,70)).

Assumption 2 requires a smoothness for the function A(-). We impose this condition to

verify the asymptotic linear representation for 0. Once again, we emphasize that these high-

10



level conditions stated in Assumptions 0, 1 and 2 will be verified with lower-level sufficient

conditions in the specific applications in Sections 4, 5, and 6.
Assumption 3. For each | =1,...,L, ay(h,%) — ay(h, %) = (E, — E)[¢1] + 0,(n"1/?).

Assumption 3 imposes a restriction on the first-stage estimator 4 of 75 and a smoothness
on «;. Roughly speaking, this condition holds for many treatment effect estimands as long
as they depend smoothly on the first-stage parameter v and the first-stage estimator has the
influence function representation. ¢, is the influence function of ay(h, ) with respect to the
parameter v. We will provide concrete expressions for ¢; satisfying the above condition in
the applications of the unconfoundedness design in Section 4, the local average treatment
effect in Section 5, and the difference-in-differences design in Section 6. This assumption

does not require the smoothness of &; with respect to 7.

Assumption 4. For eachl=1,..., L andk=1,... k,
iy (0:90) = i (0530) = (En = B)the(30)] = 0p(n~201"),
where

Yie(7) = PR (0) Elprc (Ai(7))pre (A1) e (AN (Bi() — ma(Ai(7); 7))

Assumption 4 is a well-established result in the literature on sieve estimation. We provide
a lower-level sufficient condition in Appendix A.1. Using a sample analog, we can estimate

the influence function by

V() = 28 (0) Eulpr (Ai(7))px (A(0) ) i (A (Bi(y) — i Ai(v)i7)). - (2)

11



Foreach I =1,..., L, define

alh ) = B0 2 1y + 3 AT HROLEE o)
k Kk—1

Assumption 5. For each |l =1,..., L, Elw/(h,v)?] = o(n'/?).

Assumption 5 is about the (uncentered) influence function wj(h,~o) for &;(h,4). This
condition allows the second moment of w;(h, 7o) to diverge. We provide a lower-level sufficient

condition in Appendix A.2.
Assumption 6. For eachl=1,..., L, &(h,¥) —a;(h,5) — &(h, ) + cr(h, v0) = 0,(n"1/?).
Assumption 6 is the stochastic equicontinuity condition (e.g., Andrews, 1994). This

condition holds for many treatment effect estimands since the process &;(h,-) — ay(h,-)

usually satisfies Pollard’s entropy condition.
Assumption 7. nh?* = O(1) as n — co.

We impose Assumption 7 to ensure that the asymptotic bias from 6, — 6, is negligible.
A researcher can choose the tuning parameter h so as to satisfy this condition.
Let A;(-) denote the derivative of the function A with respect to the [-th element. Define

0 =" A(1(0,7%), -, ar(0,7)))wi(h, 7). We now state our main theorem.

Theorem 1. Suppose that Assumptions 1-7 are satisfied. (i) The estimator 0 has the asymp-

totically linear representation

0~ 00 = (B, — B)lg] + 0,(n™"72).

E[(¢—E[¢])**’]
nd2E[(p—Elp])?](2T0)/2

(i) If in addition, E[¢?] is bounded away from zero and = o(1) for some

0 >0, then
0 — 0,
VE[(e — E[p])?]/n

12

4 N(0,1)




as n — 0.

A proof is in the appendix. Compared with Sasaki and Ura (2022), a new technical
difficulty in the proof of this theorem is that 6, is a (potentially non-linear) transformation
of multi-dimensional moments of ratios. The textbook delta method does not work because
of potentially heterogeneous convergence rates across the moments, and our proof rigorously

takes care of this point.

4 Application 1: Unconfoundedness Design

This section presents an application of our proposed method to the average treatment effect
(ATE) as illustrated in Example 1, under the assumption of weak covariate overlap.

Let Y, D, and X denote the outcome, the treatment indicator, and the vector of co-
variates, respectively. A researcher observes a random sample of W = (Y, D, X’)'. With
the knowledge of the propensity score P(X) = E[D = 1|X] and outcome regression model
v(d,X) = E[Y|D = d, X], the average treatment effect (ATE) can be expressed as

Elv(1,X) - v(0,X)] + E {(Y— V(LX))D} & [(Y— v(0,X))(1 — D)

P(X) 1—-P(X) ' 3)

The infinite-dimensional parameter vector is given by v = (v, P). Let vy = (v, Py) denote
the true value of v. Later, we will allow for model misspecification, in which g is the pseudo-
true parameter value. In the notations of Section 3, we can express the above doubly robust

estimand (3) as

0o = E[Bi(v)] + E ﬁzgzﬂ - E {33(70)1 ,

where

31(7):’/(17‘)()_”(07)()7 B2<7):D(Y_V(17X))a

Ax(7) = P(X),  Bs(y) = (Y —v(0,X))(1 = D), As(y) =1- P(X).

13



Note that E[B;(vy)] can be viewed as E[B;(vy)/1]. Throughout, we assume that P(X) does
not have a mass at 0 or 1, so that Ay(v) and Asz(7o) have no mass at 0.
We can verify the high-level conditions in Assumptions 1 and 2 for the unconfoundedness

design as follows.

Proposition 1. Suppose that (i) E[E[DIX|(E]Y|D = 1,X] — (1, X))|P(X) = 0] =
0, (i) E[(1 — E[D|IX])(E[Y|D = 0,X] — (0, X))|Po(X) = 1] = 0, (i) the function
t = E[ED|IX|(E[Y|D = 1,X] — (1, X))|Po(X) = t] is (k + 1)-times continuously dif-
ferentiable in a neighborhood of 0, and (iv) the function t — FE[(1 — E[D|X])(E[Y|D =
0, X] —v0(0, X))|Po(X) = t] is (k+ 1)-times continuously differentiable in a neighborhood of
1. Then, Assumptions 1 and 2 hold for the doubly robust estimand for the ATE in equation

(3).

Using the result in Section 3, we can write the bias-corrected estimator for ATE as

0 = E,[0(1,X) — (0, X)] + as(h, 7) — as(h,4),

where 4 = (1, P) is an estimator for 7, mg“) and mé”’ are defined in Appendix A.1, and
(Y — V(]-’ X))
P(X)
)

n Z E, [P(X )ﬂli!“P(Xﬂ < h}] .mg’f)(o;y), and

Dygpeo) = h}]

(Y —v(0,X))(1 - D)

aufhn) = B, [T DDy poy > 1y
S E,[(1- P(X))“‘llil!{\l — P(X)| < h}] il (0: 7).

We consider the parametric models, P(X) = 7(X'5), v(1,X) = X'/, and v(0,X) =
X'B3 with the logistic function 7(v) = exp(v)/(1 4 exp(v)). We use the maximum likelihood
estimator Bl for B1, and the OLS estimators 32 for By, and Bg for (B3 by regressing Y on

X using the observations with D = 1 and D = 0, respectively. The uncentered influence

14



function for 6 is

o =1(1,X) —15(0,X) + wa(h,v) — ws(h,0)

+E [a”’(glﬁ,X s, ] E[DXX')]'DX(Y — X'B,)
- E {a””g/)g . X) ng} E[(1- D)XX']" (1= D)X(Y — X'By),
where
aalhn) = [ 7 B = v(1,X)D | PX) = ] S (p)dp
Z o~ 1"]:, -m§?(057),
as(h,) = / i h<1 DB LY = 00, X)(1 - D) | P(X) = p] frco(p)dp
+Zf1 St lf” 2D 90,
and

ah ) = B0 11a0)) 2 ) 4 3 AL

k

N Z E[A ()" 1{|Ai(y)] < h}]

K!

k() + &

k=1

for I € {2,3}. We can estimate fpx)(p), E[(Y —v(1,X))D | P(X) = plfre(p
E[Y = v(0,X))(1 = D) [ P(X) = plfpx)(p) by

#1(p;v) = En %K <P<Xb> _p)] ,
7a(p;7) = En :(Y - u<1,X))§K (P(Xb) _p)} ., and
i) = B | = w0001 - D) (PR |

15



where K (-) is a kernel function and b is a bandwidth. Using these kernel estimators, we

estimate ¢9 and ¢3 by

.9 pdp )

%= 55 (/ P 2 (piy dp+2f0 p-mé)(0;7)> ¢, and

R ) 1-h 1 _ me—1s : d B} )
% =5z (/0 (1 —p) s(p; y)dp + ; fl_h p)ﬁ! Alp 1)y -1 )(0;7)> ¢

respectively, where ngS denote the influence function estimator for g and is given by

Ep[XX'm(X'Br)(1 = m(X'61))] ' X (D — m(X'By))

<
Il

E.[DXX'|7'DX(Y — X'3,)
E,[(1 - D)XX'|"'(1 = D)X (Y — X'j35)

Now, we can construct an estimator for ¢:

ﬁ(LX) - ﬁ<O?X) +d}2(h>:}/) - @3(h,’A}/)
+ E,[X]|E,[DXX'|"'DX(Y — X',)

— E,[X]|E,[(1- D)XX'|"{(1 = D)X(Y — X'B),

where 1), (7) is defined in (2) and

auth,) = G = ny -+ 30 A RO 0
I Z E, [Al('Y)K_lI;{JAl(’Y)' < h}] . f@l,n(f}/) + (ﬁl

for [ € {2,3}. Then, we construct the standard error for the bias-corrected ATE estimator

6 as n™2(Bul(@ — Bal2])’])">.
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4.1 Robustness Property

We use Y; (respectively, Y7) to denote the potential outcome under no treatment (respec-
tively, under treatment). With these notations, the average treatment effect is measured by

E[Y; — Yg]. Consider the population counterpart of the estimator given by

O = E[n(1, X) — v0(0, X)] + az(h,70) — as(h,70),

where mo(t;70) = E[D(Y —1(1, X))|Po(X) = t], ms(t;70) = E[(Y—10(0, X)) (1—-D)|Py(X) =

1),
o) = 8 | XA i 00) 2 1)
N Z E [PO(X)H_IH/;{!‘PO(X)’ < h}] ) mgﬁ)(O;’Yo), and
aathon) = £ | O E= D 11— pxo) = )
s E(1- PO(X))H—lii{Il — RXOL<PH 090,00,

Proposition 2. Under the assumptions in Proposition 1, we have

%_mm_m+EPﬂﬂﬂ—%@ﬁ@WWZLM—m@XW

Ry(X)
uum—Ewwmme:aM—mmxw

I 1 — Py(X)

E [1{|Py(X)| < BYRo(X)* [ (1 = t)bm*) (LPy(X); o)t

k!

B [1{[1 = R(X)| < hH(1L = ()" J (1= )'miD(¢(1 = Po(X)):0)dt
k! ’

- F

+

where ma(t:y0) = E[E[D|X(E[Y|D = 1, X] — v(1, X))|Py(X) = t] and ms(t; ) = E[(1 —
EIDIX])(E[YD = 0, X] = v(0, X))| Po(X) = 1 — 1],
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Proposition 2 demonstrates that the population counterpart of the proposed estimator,
0p,, can be expressed as the ATE E[Y; —Yp], plus several reminder terms. It is evident that the
second and third terms on the right-hand side equal zero when either v(-) or P(-) is correctly
specified. The last two remaining terms result from the differences as(h,v9) — a2(0,79) and
az(h,v) — a3(0,7), which also equal zero when v(-) is correctly specified. Notably, even
in cases where v(-) is misspecified, there terms will vanish at the rate of o(h*) as long as
P(-) is correctly specified, thereby ensuring robustness to model misspecification. A formal

statement of this double robustness property is given in the following Proposition.

Proposition 3. Assumption 0 holds under the conditions outlined in Proposition 1 in the

unconfoundedness application.

5 Application 2: Local Average Treatment Effect

This section presents an application of our proposed method to the local average treatment
effect (LATE) introduced in Example 2.

A researcher observes a random sample of W = (Y, D, Z, X), where Y denotes the re-
alized outcome, D denotes the treatment indicator, Z denotes the binary instrument, and
X denotes the vector of covariates, respectively. Given the instrument propensity score
P(X) = FE[Z = 1|X], and the outcome projection models v4(z, X) = E[Y|Z = z, X] and
vo(z,X) = E[D|Z = z, X], the DR estimand for the LATE can be expressed as:

En(1,X) = 1(0,X)]+ E [w} _E [(1—Z><Y—ul(o,x>>]

P(X) 1-P(X) (4)
Z(D—vo(1,X —Z)(D-v2(0,X)) |~
Elvy(1, X) — 15(0, X)] +E[ ( P(i(()l ))} -k [(1 )1(7P()?§0 ))}

The infinite-dimensional parameter vector is given by v = (vq, o, P). Let vo = (v10, V20, Po)

denote the true value of 7. In the notations of Section 3, we can express the above doubly
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robust estimand (4) as

where

Bl(’y):yl(lvx)_yla)vX)? BQ(V):Z(Y_UI<17X))7
Ax(7) = P(X), Bs(y) = (Y —n(0,X))(1 - 2), As(y)=1-P(X),
B4(7):V2(17X)_V2<07X>7 B5<7):Z(D_V2<17X>>7

As5(7) = P(X),  Bs(v) = (D —12(0, X))(1 = Z),  As(7) =1 - P(X).

Note that E[B;(v)] and E[B4(v)] can be viewed as E[Bi(vy)/1] and E[By(v)/1].
Throughout, we assume that Py(X) has no mass at 0 or 1, so that As(vo), As(70), 45(70),
and Ag(7p) have no mass at 0. We can verify the high-level conditions in Assumptions 1 and

2 for the LATE design as follows.

Proposition 4. Suppose that (i) E[E[Z|X]|(E]Y|Z = 1, X] — v10(1, X))|Py(X) = 0] = 0,
(1)) E[(1 — E[Z|X])(E]Y|Z = 0, X] — 110(0, X))|Po(X) = 1] =0, (ui) E[E[Z|X|(E[D|Z =
1, X] = o1, X)) Bo(X) = 0] = 0, (i) B[(1— E[Z|X])(E[D|Z = 0, X] — van(0, X))| Po( X) =
1] =0, (v) the function t — E[E[Z|X|(E[Y|Z = 1, X]| — v10(1, X))|Po(X) = t] is (k+ 1)-
times continuously differentiable in a neighborhood of 0, and (vi) the function t — E|[(1 —
EIZ|X])E[Y|Z = 0, X]—1v10(0, X))| Po(X) = t] is (k+1)-times continuously differentiable in
a neighborhood of 1, (vii) the function t — E[E[Z|X|(E[D|Z =1, X]| — va0(1, X))| Py (X) =
t] is (k + 1)-times continuously differentiable in a neighborhood of 0, (viii) the function
t — E[(1 - EZIX))(E[D|Z = 0,X] — v90(0,X))|Po(X) = t] is (k + 1)-times continu-

ously differentiable in a neighborhood of 1, (iz) Elva(1, X) —v90(0, X)] + E [W} -

E (1—Z)1(13P—01(/§?)(0,X)) #0, and (z) Elva(1, X) — v90(0, X)] > ¢ for a strictly positive constant

c. Then, Assumptions 1 and 2 hold for doubly robust estimand for the LATE in equation
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(4).

Using the result in Section 3, we can write the bias-corrected estimator for the LATE as

- By
0 = E (5)

[2(1, X)) — 05(0, X)] + as(h,

where y = (0, D, 15) is an estimator for 7, m}“) is defined in Appendix A.1 for [ € {2,3,5,6},

iathn) = | R P00 2 0

. Z E, [P<X>>H-1i!{|P<X>| <P ) 01,
) = E::[“” 0D a - poo) 2 ]

by Bl PEOYZUIL = POOL <] 00,
6s(h,7) = E:_[(D — e 100 2 1)

vy B PEOTHIPCOL< 9 (05),  and
d(h.7) = E[ D@Dy poy| = 1y

B pats PRV L= POV g

=
Il
—

Consider the parametric models, P(X) = n(X'f;), r1(1,X) = X'Ba, 11(0, X) = X',
vo(1, X) = X'By, and 15(0, X) = X'S5, with the logistic function 7(v) = exp(v)/(1+ exp(v))
and 5 = (81, 55, 8%, By, B5)'. We use [y to denote the true parameter. We use the maximum
likelihood estimator Bl for £, and the OLS estimators BQ for B, and Bg for (3 by regressing
Y on X using the observations with Z = 1 and Z = 0, respectively. Likewise, we use the

OLS estimators 34 for B, and 35 for 85 by regressing D on X using the observations with
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Z =1 and Z = 0, respectively. The influence function for B is given by

E[XX'm(X'3)(1 = 7(X'B)] 7 X (Z = w(X'8,))]
E[ZXX'|7'ZX(Y — X'B)

¢ = E[(1-2)XXT'1-2)X(Y — X'Bs)

E[ZXX''ZX(D — X'B,)

El(1-2)XX'"'(1 - 2)X(D — X'B5)

Since the numerator and the denominator in (25) have analogous forms with Y in the
numerator replaced by D in the denominator, we focus on the numerator for simplicity of

exposition. The uncentered influence function for 6 is

vio(1, X) = w100, X) + B | 5 (1 (1, X) = 14(0, X)) |,y | &+ walh 30) = ws(h, %0)
Elvao(1, X) — v20(0, X)] + a5(0,70) — a6(0,70)
Elv1o(1, X) — 1v10(0, X)] + a2(0,v0) — a3(0,70)
(Elvao(1,X) — v20(0, X)] + a5(0,7) — ag(0, %))

<y20(1,X) — (0, X))+ E [8@6,(u2(1 X) — (O,X))‘ﬁzﬁo} ¢+ ws(h,v) — w6(h,fyo)) ,

gp:

where

as(h, ) = / pEZ(Y — n(1,X) | P(X) = p] free(p)dp

k h
f pN 1fPX (p)dp K
Y (0),
k=1

R

1-h
es(h, ) = / (1= ) "E[(Y — (0. X)(1 - Z) | P(X) = p] fre)(p)p

+Zf1 h fP<X>( )dp P 0:7),  and
) = BBy o)) 2wy + 3 AOTHONE i
s E [Al(v)”‘lﬂi!lflz(v)! < h}] e()) +
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for I € {2,3,5,6}. We can estimate fpx)(p), E[Z(Y — w1 (1,X)) | P(X) = p|fpx)(p), and

E[Y =0 (0, X))(1 = 2) | P(X) = plfpex)(p) by

#1(p;y) = B %K <@)} :

Ta(p;v) = En :(Y - V1(17X))§K <m)} ) and

1) = B, (¥ =m0, X)) - 23 (D)2

respectively, where K(-) is a kernel function and b is a bandwidth. Using these kernel

estimators, we estimate ¢o and ¢3 by

. v)d .

¢2 a%/ </ p TQ p7 dp + Z fO a p ' mgﬁ)(o’ 7)) ¢7 and

R a 1-h _ k—14 : d - .

=57 ( | a=nama+ > fl—h PR ><o;fy>> o,
k=1 '

where the influence function estimator for £ is given by

B [XX'm(X'B1)(1 = (X'B1)] ' X (D — 7(X'By))
E ZXXT1ZX(Y — X'Bs)

>
I

E,[1-2) XX Y1 - 2)X(Y — X'Bs)
E JZXX'7'ZX(D — X'By)

E[(1— Z)XX'"'(1 - Z2)X(D — X'fs)
Now, we construct the following estimator for (:

(1, X) — 10, X) + B, [8/3,(;/1(1 X) = (0, X)), B]mwg( A) — s (h,A)

E,[05(1, X) — 09(0, X)] + é5(0,7) — d6(0,7)
. En[ﬁl<17X> B ﬁl(()?X)] + @2(07;}/) B &3<07’A}/)
(En[n(1, X) = 25(0, X)] + 45(0,4) — 46(0,4))*

<ﬁ2(1,X)—ﬁz(0,X)+E{ (12(1, X) — (0, X)) !5 5}¢+W5( ) — %(flﬂ)),

o=

op’
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where . (7) is defined in (2) and

(Dl(h77) -

Bi(v) A AM| < BY
R R D e AU R)

3 Ly [Az(’Y)”_li{!\Al(Vﬂ < h}] iy +

k=1

for [ € {2,3,5,6}. Then, we construct the standard error for the bias-corrected LATE

estimator as n~V2(E,[($ — E,[¢])%])Y2.

5.1 Double Robustness Property

The local average treatment effect is

E[Y|Z=1]- E[Y|Z =0
ED|Z=1]-E[D|Z=0]

Consider the population counterpart of the estimator:

Elvo(1, X) — v10(0, X)] + aa(h, y0) — asz(h, %)
E[Vgo(l,X) — I/QQ(O,X)] + Oé5(h,’}/0) — a6(h,70)’

0, =

where m2<t,’70) = E[Z(Y — V10<1,X))|PQ(X) = t], mg(t,’)/()) = E[(Y — Vlo(O,X))(l —
Z)|Po(X) =1 —1],

auttrn) = & | ZELEEED 1101 2 1)
iy E AR 0 o),
T o@D - muo) 2 ]
it RO = ACOL oy,
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Proposition 5. Under the assumptions in Proposition 4, we have

E[Y|Z=1]- E[Y|Z =0

0, = 0,
"~ E[D|Z=1]- E[D|Z = 0] + Oai

with the denominator of 04 given by

<ﬂm2=u—Eww:m+E(EVW%JMXMEWM—LX%meXW

Fy(X)
_Ev%ﬁﬂ—ﬂﬂXMMDwzaX%wman
1 — Ry(X)
B [1{IR(X)] < h}Ro(X)* fy (1 — tyFmi D (¢ Py(X); 70)e]
B k!

B [1{[1 = R(X)| < B}(1 = Ro(X))* fy (1 = 0 m{ D (11 = Ro(X)); 0 )t

k! 7 )

+

x (E[D|Z =1] — E[D|Z = 0]),

and the numerator of 045 given by

(ﬂm2=u—Ewwzm)x@{@VW%JMXM@QézLX%meXW

_E [(PO(X) — EZIX))(E]Y|Z =0, X] - Vlo(O,X))]

1 — Py(X)
B [1{|Poy(X)] < h}Po(X)* f (1 = £)bm{HD (R(X); 70t
k!
+E[MH—PMXﬂ<hHL—% V1 — tFmS (1 — IMXnm@ﬁb
k!
{ E[Z|X])( [mz_mm—mmxw
1— Py(X)
[]1{|P0 )| < h}Po(X fo (1—1)F kH)(tPo(X);’Yo)dt]
k!
Eﬁﬂ1—% )| < W} = Po(X))F (1 — t)Fm 0 (1 — Rﬁmy%mﬂ

g —)
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Proposition 5 demonstrates that the population counterpart of the proposed estimator,
0y, can be expressed as the LATE, plus a difference term, 64;¢. Notably, the numerator of 64
equals zero, while the denominator simplifies to (E[D|Z = 1] — E[D|Z = 0])* when v, and vy
are correctly specified. In case where P is correctly specified, the numerator of 64 diminishes
at the rate of o(h¥), and the denominator simplifies to (E[D|Z = 1] — E[D|Z = 0])? + o(h*),
thereby ensuring robustness to model misspecification. A formal statement if this double

robustness property is given in the following proposition.

Proposition 6. Assumption 0 holds under the conditions outlined in Proposition 4 in the

LATE application.

6 Application 3: Difference-in-Differences Design

This section presents an application of our proposed method to the average treatment effect
on the treated (ATT) in DiD setups with potentially weak covariate overlap. Our emphasis
on DiD setups is motivated by their widespread empirical usage. Indeed, as indicated by
Currie, Kleven, and Zwiers (2020), DiD is arguably the most popular method in the social
sciences for estimating causal effects in non-experimental settings. Furthermore, the DiD
literature has been expanding fast, though no attention has yet been devoted to issues
associated with weak covariate overlap; see Roth, Sant’Anna, Bilinski, and Poe (2023) for
an overview of recent DiD advances. We attempt to fill this gap.

We focus on the case with two treatment periods and two treatment groups, though our
results extend to the more general setup of Callaway and Sant’Anna (2021). Let Y; be the
outcome of interest at time ¢ for t = {0,1}. Let D be a dummy variable equal to 1 if an
observation is treated at time ¢ = 1 and equal to zero otherwise. We assume everyone is
untreated at t = 0. X is a vector of covariates. In this case, the observed random variable

is W = (Yo, Y1, D, X), that is, we are considering a DiD setup where one has access to panel
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data (instead of a repeated cross-section).?

In what follows, we show that we can apply the general results in Section 3 to get a DR
DiD estimator for the ATT that is also robust against weak covariate overlap. To see this,
note that Sant’Anna and Zhao (2020) proposes a doubly robust estimand for the ATT:

D P(X)(1-D) o
EKE[D] B ](1—P(X)))((Y1 Yo) —v(X)))| (6)

where P(X) = E[D|X] and v(X) = E[Y1—Yy|D = 0, X|. The infinite-dimensional parameter
vector is given by v = (v, P). Let o = (v, Py) denote the true parameter value of . Later
we will consider model misspecification, in which vq is the pseudo-true parameter value. In

the notation of Section 3, we can express the above doubly robust estimand in (6) as

E[Bi(v0)] — E[B2(10)/A2(70)]
E[B:a(%)]

6y =

where

Note that E [Bi(vy)] and E [B;3(y)] can be seen as the moments of trivial ratios, F [311(7)]

and F [337(7)}, respectively.
We can verify the high-level conditions in Assumptions 1 and 2 for the DiD design as

follows.

Proposition 7. Suppose that (i) 0 < E[D] < 1, (i) E[(1 — E[D|X]))(E[Yy — Yo|D =

4Tt is easy to show that our results also apply to the case where one has access to repeated cross-section
data.
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0, X] — (X))|Py(X) = 1] =0, and (iii) the function t — E[(1 — E[D|X])(E[Y1 — Yo|D =
0, X] — (X)) |Po(X) = t] is (k + 1)-times continuously differentiable in a neighborhood of

1. Then, Assumptions 1 and 2 hold for doubly robust estimand for the ATT in equation (6).

The second condition in Proposition 7 deserves some remarks. This condition holds when
either the propensity score or the outcome equation is correctly specified. Even if both of
them are misspecified, this condition holds as long as the limiting behavior between the true
propensity score and the propensity score model (such that Py(X) = 1 implies F[D|X]| = 1).

Using the result in Section 3, we can write the bias-corrected estimator for ATT in DiD
research design as

E,[D(Y1 — Yo — 0(X))] — da(h, )

0=
E,[D] ’

where 4 = (¥, P) is an estimator for ~, mg“) is defined in Appendix A.1, and

aulh) = B, | O PR = E - o) 2 1)
L3 Bl PO PO <]y

To discuss our method concretely, we consider the parametric models, P(X) = 7(X'f3)
and v(X) = X'f,, with the logistic function 7(v) = exp(v)/(1 + exp(v)) and 8 = (51, 55)"
We use the maximum likelihood estimator Bl for #; and the OLS estimator /5’2 for [y by

regressing Y; — Yy on X only using the observations with D = 0. The influence function for

B = (B}, 3) is given by

EXX'm(X'B1)(1 = m(X'B1))] 7 X (D — m(X'Br))
E[(1 = D)XXT (1= D)X (Y1 — Yy — X'f)

¢ =

The uncentered influence function for 6 is

1

=] (D (Vi — Yo — (X)) — E[DX]E[(1 — D)X X'| (1 — D)X(Y; — Yy — X'$,))
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1

_ E[DM: — Yo — w(X))] —a2(0,%)
E[D)? ’
where
1-h
()= [ B = D) (% = Yo) = (X)) | POY) =1l fr ()
n Z Jin(l- p)’;!lfp(x)(p)dp méﬁ)(O;’y)
and

nlh, ) = ijgﬁ{mz( E h}+ZA2 STHON < 00
+ZE )r= 113/42( )| < h}] on(7) + o

k=1

We can estimate the influence function ¢ as follows. We can estimate fp(x)(p) and

E[(1 = D)((Yy = Yo) — v(X)) [ P(X) = plfpx)(p) by

and

#a(p17) = B [(1 — D) (%~ o) — (X)) 1K (_P<Xb> - p)}

respectively, where K(-) is a kernel function and b is a bandwidth. Using these kernel

estimators, we estimate ¢ by

0 hop Ff A=) s dp .
¢2:a_ﬁ’</0 TpTz(P;’Y)dPJFZl —t p s (0;7) | ¢
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where ¢ denotes the influence function estimator for 3 = (5}, 3}) and is given by

5 BRI = mB)T X (D — R (X7B)
E,[(1 - D)XX'7'(1— D)X(¥; — Yo — X'f)

Now we can construct an estimator for ¢:

6= gy (DO =¥ = 5(X)) = E[DX]E, (1= D)XX] (1= DIX(¥i = ¥y — X'3,))
1 ooy Eu[DY1 =Yy = 0(X))] — a2(0,9)
- En[D] 'w2<h77>_ En[D]2 'D7

where t);.(7) is defined in (2) and

a(h,) = 2831“‘42( ) > h} + Z AT WLOLM 00:)
k n 1 R R
+ Z EalA ];{,|A2( Dl <A} 2 (7) + @2

—

K=

Then we construct the standard error for the bias-corrected ATT estimator in DiD design

as n~ V2 (E,[(@ — Eal@])?))2.

6.1 Double Robustness Property

We use Y;(0) to denote the outcome without treatment at time ¢ and Y;(1) the outcome
if it receives treatment. In this case, the observed outcomes are Yy = Y5(0) and Y] =

DYi(1) + (1 — D)Y1(0). The average treatment effect on the treated at ¢t =1 is

E[Vi(1) - Yi(0) | D = 1].

We discuss the robustness property of our proposed estimator for the two cases. For the

discussion, we impose the parallel trend assumption.
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Assumption 8. E[Y;(0) — Y,(0)|D =1, X]| = E[Y1(0) — Y,(0)|D = 0, X] almost surely.
We consider the population counterpart of the estimator:

EIDY) = Yo — vo(X))] = as(h, 70)
E[D] ’

0, =

where ma(t;70) = E[Po(X)(1 — D) (Y1 — Yy — (X)) |Po(X) =1 —¢] and

o) = £ | =PI 0= g1 oy > )
3 Bl AOOPU = BOOL<HY o)

Proposition 8. Under Assumption 8 and the assumptions in Proposition 7,

0, = E[Yi(1) — Y,(0) | D = 1]
1
B0 = Rx)) !

+E{ DLM—%WWMK—%WZQM—WWﬂ

1

+ ﬁE {1{11 — Ry(X)| < h}(1 - Po(X>)’“/

u—WMWWM—%wm%W]

where ma(t;70) = (1 —t)E[(1 — E[D|X])(E[Y: — Yo|D = 0, X] — vo(X))|Po(X) =1 —¢].

Proposition 8 demonstrates that the population counterpart of the proposed estimator,
01, can be expressed as the ATT, E[Y;(1) — Y1(0) | D = 1], plus two reminder terms. It is
evident that reminder terms equal zero when v is correctly specified. In the case where P
is correctly specified, the first reminder term equals zero and the second one vanishes at the
rate of o(h*), thereby ensuring robustness to model misspecification. A formal statement of

this double robustness property is given in the following proposition.

Proposition 9. Assumption 0 holds under Assumption 8 and the conditions outlined in

Proposition 7 in the Difference-in-Differences design.
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7 Application 4: Event Study

This section demonstrates an application of our proposed method to event study estimation
across heterogeneous treatment groups, including aggregated treatment effect estimation in

difference-in-differences designs with limited covariate overlap.

7.1 Staggered DiD Design

We adopt the framework of Callaway and Sant’Anna (2021) in a setting with 7" periods
indexed by t = 1,---,T. Let D;; be a binary variable equal to one if the unit 7 is treated
in period ¢, and zero otherwise. For notational simplicity, we omit the unit index ¢ where
appropriate. Let G denote the time period in which a unit first receives treatment. We define
G = oo for never-treated units. For each cohort g, define G, = 1{G = g} as an indicator for
units first treated in period g. Let § = max;—; ... , G; denote the latest treatment cohort in
the dataset, and let G = supp(G) \ {g} C {2,---,T'} represent the support of G excluding
7.

Let Y;(g) denote the potential outcome that unit would experience at time ¢ if they were
to first become treated in time period g. The observed outcome in time period t can be
expressed as Y; = Y;(0) + 2522(1/}(9) — Y;(0))G, where Y;(0) is the untreated potential
outcome. The average treatment effect for units who are members of a particular group g

at time period t is:

ATT(g,t) = E[Yi(g) — Y:(0)|Gy = 1].

We demonstrate how the general results from Section 3 yield a DR estimator for ATT(g,t)
that remains valid under weak covariate overlap. To see this, note that Callaway and

Sant’Anna (2021) proposes a doubly robust estimand for the group-time ATT(g, t):

Py (X)1{G=00}

G 1-Py(X)
E 9__ s YV (X
ElG,] E[M] (Vi = Y1 = v5u(X)) (7)
1=Py(X)
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where P, (X) = E[G, = 1|X,G, + 1{G = oo} = 1] represents the probability of being first
treated in period g conditional on covariates and either being a member of group g or not
participating in the treatment in any time period, and v, (X) = E[Y; — Y,1|X,G = o]
is the outcome regression for the never-treated group. The infinite-dimensional parameter
vector is given by vy = (Vg4, Py). Let 70,90 = (Vo,g¢, Fo,g) denote the true parameter value of
Vgt Later we will consider model misspecification, in which 7 4 is the pseudo-true parameter
value. In the notation of Section 3, we can express the above doubly robust estimand in (7)

as

E[Bi(vogt)]  E[B2(10,4t)/A2(10,6t)]
E[B3(Yo,4t)]  E[Ba(70,6t) /As(0,9t)]

90,9t -

where

Bi(yg) = Gg(Yy — Yy1 — vg(X)),
By(vgt) = Py(X)IH{G = 00} (V; — Vo1 — vy4(X)),
A2<’Ygt) =1- Pg(X)a B3<’Ygt) = Gy,

By(vgt) = Py(X)1{G = oo}, As(vge) = 1= Py(X),

Note that E [By(y4)] and E [Bs(74)] can be seen as the moments of ratios, F [Bl(lwgt)} and

E [M], respectively.
We can verify the high-level conditions in Assumptions 1 and 2 for the staggered DiD

design as follows.

Proposition 10. Suppose that for each g € G and t € {2,--- T}, (i) 0 < E[Gy] < 1, (i1)
BI(E[1{G = s} X)(E[Y; - Yy 11X, G = 00] —0,5(X)) Pog(X) = 1] = 0, (i) E[E[1{G =
oo} X]|Pog(X) = 1] =0, (w) the function a — E[(E[1{G = oo}| X]|)(E]Y; — Y,-1|X,.G =
00] — vy,44(X))|Pog(X) = a] is (k+1)-times continuously differentiable in a neighborhood of
1, and (v) the function a — E[E[1{G = oco}| X]|FPo4(X) = a] is (k + 1)-times continuously

32



differentiable in a neighborhood of 1. Then, Assumptions 1 and 2 hold for doubly robust

estimand for the group-time ATT in equation (7)
This condition holds

The second condition in Proposition 10 deserves some remarks

when either the propensity score or the outcome equation is correctly specified. Even if
both of them are misspecified, this condition holds as long as the limiting behavior between

the true propensity score and the propensity score model (such that I ,(X) = 1 implies

ElG,=1X,G,+ 1{G =00} =1] =1).
Using the results in Section 3, we can write the bias-corrected estimator for group-time

ATT in staggered DiD research design as
ﬁgi(X))] &Q(hv %t) (9)

: ) is an estimator for g 4, mg"‘) and mf;" are defined in Appendix A.1,

where 4y = (0,4, P,
and
) = b, | PAEIHE =St =2ty - ) 1)
+ZE (X)) 1;1!{|1— SOOI <P 2000 ) and
) :E:[Pg - = 1)
by Bl <X>>F~ 1L = BEOL<M 0o,

k=1

To discuss our method concretely, we consider the parametric models, Py(X) = 7(X'S1 4)
exp(v)/(1 + exp(v)) and Sy =

and v,4(X) = X'y 4, with the logistic function m(v)
(8145 B5.4t)'- We use the maximum likelihood estimator Bl,g for 3, 4 and the OLS estimator

1 on X only using the never treated observations. The

BQ,gt for Ba 4 by regressing Yy — Y, _
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influence function for [y, = (BALQ, ngt)’ is given by

EIXX'T(X'Brg)(1 = m(X'Bry))| 7 X(Gy — m(X'Bry))

¢ =
E[1{G = o} X X'|'1{G = 00} X (Y; = Y,-1 — X'Bagt)

The uncentered influence function for 6, is

Yyt — v0g(X)) — E[C,X|E[L{G = 00} XX L{C = 00} X (¥, — Yoy — X'Buyy

Pgt = E[ng] ’ (Gg (Y —
~ E[Gy(Y: — Yy — vog(X))] .G,

ElG,)?
- ! - wy(h )
E[Pog(X)1{G = oo} /(1 = Pog(X))] 2170w
4 BlP, ()G = 00} (Vi =Yy 1 — 1, (X))/ (= Ry
E[Ryy(X)I{G = 0o} /(1 = Poy(X))? 4l Yogt);

where

A <M g

k
walhy Tor) = iz&g 1{|Az(gt)| = A} + ; Az (gt -

B [A2(7g0)" 1] A2(31)] < 1] “ P2 (Ygt) + @2, and

k
+Z k!

k=1

B b Ay(ye)FlL{]A <h}
W4(h, ) _ 4 19?]1{’144(7916)’ > h} + Z 4(7915) {IL‘ 4(790‘ } . mz(l )(O;'Ygt)
g !

k=1

(Vot)
N Z E [A4(79t)ﬁ_1ﬂi!|A4<’Ygt)| < h}] A (Vot) + Sa

We can estimate the influence function ¢, as follows. We can estimate JP,(x) (p) and

E[{G = 00} (Vi = Y1 = v4(X)) | Py(X) = plfp,x)(p) by
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and
2 (p; Vgt) = E [1{G 0o} (Y, — ugt(X))%K(Pg(Xb)_p)]

respectively, where K(-) is a kernel function and b is a bandwidth. Using these kernel

estimators, we estimate ¢ by

A P by k fl_ (L=p)" 1@ AP (), 2
By = -2 (/0 o(p; Agr)dp + Y =" I (0 9g) | @

9By L=p 1

where ¢ denotes the influence function estimator for ﬁgt (3 o e o) and is given by

_ B [XX'm(X'Brg)(1 — m(X"B1)] L X (Gy — 7(X' 1))
E[1{G = 0o} XX'| ' 1{G = 00} X (Y; — Y,_1 — X'Bagt)

~

We can estimate ¢4 using the same procedure. Now we can construct an estimator for

influence function ¢;:

Pgt = En[ng] : (Gg (Ve = Y1 — 04(X)) — Ep[Gy X E,[I{G, = OO}XX/]_l]l{Gg =00} X(V; — Yy 1 — X/f
En[Gg(Kf — Yé—l — ﬁg,t(X))]
B EnG,]2 "Gy (10)
! ~ : @2<h7&gt)

 EP(01{G = 00}/(1 — B, (X) A
EalPy(X)HG = o0}V =Yy = 00X/ 0= B
Ey[Py(X)1{G = 00}/(1 = P,(X))]2 o

where 9y .(74¢) is defined in (2) and

Ml <} 0, )

. Ba(v Az (7
ot ) = 220y 1,0 2 1y 3 A
g .

k=1

(Vot)
k
N Z E, [Aa(vge) 1];{!|A2(79t>| < h}] wm(’ygt) + ¢o.
k=1

Then we construct the standard error for the bias-corrected group-time ATT estimator in
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staggered DiD design as n™Y2(E,[(Qy — Enlpgi])?])Y2.

7.1.1 Double Robustness Property

Recall that the group-time average treatment effect on the treated is defined as:
ATT(g,t) = EYi(g) — Yi(0)|G, = 1].

We analyze the robustness properties of our proposed estimator under two cases. For
this analysis, we maintain the following standard assumptions for staggered difference-in-

differences designs:

Assumption 9. D; = 0 almost surely. Fort = 2,--- T, Dy_y = 1 implies that D, = 1

almost surely.

Assumption 10. For all g € G, t € {1,--- T} such that t < g, E[Yi(9)|X,G, = 1] =
EY:(0)|X, G, = 1] almost surely.

Assumption 11. Foreachg € G andt € {2,--- , T} such thatt > g, E[Y:(0)—Y;_1(0)| X, G, =
1] = EY:(0) — ¥;-1(0)|X, G = o] almost surely.

Assumption 9 (Irreversible Treatment) states that no units are treated at ¢ = 1, and
once a unit becomes treated, it remains treated in all subsequent periods. Assumption 10
(No Anticipation) requires that, prior to the treatment, the outcome in the treatment group
would have evolved identically to the control group in the absence of treatment. Assumption
11 (Conditional Parallel Trends) posits that, in the absence of treatment, the treatment and
control groups follow parallel paths after conditioning on covariates.

We consider the population counterpart of the estimator:

EGy(Yy — Yyo1 — 1,g4(X))] _ a2 (h, Y0,4)
E[G] (b, Fo.g)

(11)

eh,gt =
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where m2(t§'707gt) = (I-t)E[1{G = oo} (V; — Yy1 — v,g4(X)) |P079(X) = 1], ma(t;Yo,9t) =
(1—-t)E[1{G = o0} Py 4(X) =1—1], and

Pog(X)I{G = oo} (Y; = Y1 — 144(X))

s (o gr) = E [ 1{[1— Poy(X)| > )

1-— PO,g(X)
k k—1 _
N Z E[1-PF,(X)) i}“l Pog(X)| < h}] _ mg“)(();%),gt), and

"~ P079(X)1]_{G == OO}
1 - PO,g(X)

k Kk—1

0y E[(1 = Py (X)) 11{|1 — Py (X)| < h}]

K!

sl o) = E [ 1|1 - Poy(X)| > )

- (05 70,01).

Proposition 11. Under Assumption 11 and the assumptions in Proposition 10,

e = E[Vi(g) — Yi(0) | G, = 1] + 2LGa BN = ¥yr |G = 00] = v0,u(X))]

ElGy]
E [Po,g<X>ﬂ{G=oo}(Yzf¥q-1wa,g,xxn
1—-Py,q(X)
as(h, Y0,9t)
1 s K (k1)
s B T = Pog (X)| < hj(1 = Pog (X)) [ (1 =)%my (1 — Pog(X)); 70,00)lt | -
a4(h770,gt>k- 0

Proposition 11 demonstrates that the population counterpart of the proposed estimator,
Oh.gt, can be expressed as the ATT(g,t), plus three reminder terms. It is evident that
reminder terms equal zero when v is correctly specified. In the case where P is correctly
specified, the reminder terms vanish at the rate of o(h*), thereby ensuring robustness to
model misspecification. A formal statement of this double robustness property is given in

the following proposition.

Proposition 12. Assumption 0 holds under Assumption 9, 10, 11 and the conditions out-

lined in Proposition 10 in the staggered Difference-in-Differences design.
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7.2 Aggregation of group-time average treatment effects

Estimating all individual ATT(g,t) parameters can be challenging to interpret. Aggregating
ATT(g,t) into a summary measure of the treatment effect can help improve precision, reduce
the number of results, and generate a single parameter that averages effects over all treated
units.

To formalize this, we define the event-time as e =t — g. The dynamic treatment effect

parameter, summarized by event time, is then given by:

ATT. (e) = > weATT(g.g + ), (12)

g<oo

where w,. denotes the share of a group g among treated units that have been exposed to
treatment for exactly e periods. In the notation of section 3, we can express the doubly

robust estimand for ATT,,(e) as

Oo(e) = Z Wgebo,g(g+e),

g<oo
where g g(g4¢) is the doubly robust estimand defined in (8) evaluated at time ¢t = g +e.

Proposition 13. Suppose the assumptions in proposition 10 hold. Then, Assumptions 1

and 2 hold for doubly robust estimand for the aggregating group-time ATT in (12).

The bias-corrected estimator for the aggregating group-time average treatment effects

can be written as

é(e) = Z wgeég(ﬁt?)7

g<oo
where ég(g+e) is defined in (9). Then the standard error for the bias-corrected aggregat-
ing group-time ATT estimator is given as n~Y2(E,[(p(e) — En[¢(e)])?])/? where $(e) =

Y g<oo WgePg(gte) ANd Py(gie) is defined in (10).
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7.2.1 Double Robustness Property

We consider the population counterpart of the bias-corrected aggregating group-time ATT

estimator p,(e) =Y Weebh g(g+e) With O g(g1e) defined in (11).

g<oo

Proposition 14. Suppose Assumption 9, 10, 11 and the assumptions in Proposition 10 hold,

ElG,(E[Yy1e — Yy-1|G = 00| — vy g g1e(X))]
On(e) = D wpeElYyee(9) = Yare(0) | Gy = 1]+ 3 wge =0 21—
g<oo g<oo 9
E Po,g(X)1{G=00}(Vg+e—Yg—1—10,9,9+¢(X))
_ Z w 1-Py,q(X)
g<oo " as(h; Y0,g(g+e))
1 1
I P [ﬂ{rl = Py < WYL= PoyC0)* [ (0= 0 m D (e(1 = Pay(X0)in
= " ou(hY0g(g40))H! 0

Proposition 14 demonstrates that the population counterpart of the proposed estimator,
0, can be decomposed as the ATT,s(e), plus three reminder terms. It is evident that
reminder terms equal zero when v is correctly specified. In the case where P is correctly
specified, the reminder terms vanish at the rate of o(h*), thereby ensuring robustness to
model misspecification. A formal statement of this double robustness property is given in

the following proposition.

Proposition 15. Assumption 0 holds under Assumption 9, 10, 11 and the assumptions in

Proposition 10 in the aggregating staggered Difference-in-Differences design.

8 Application 5: Weighted DiD Design

This section presents an application of our proposed method to the weighted average treat-
ment effect on the treated in DiD setups with potentially weak covariate overlap. Our
emphasis on weighted DiD setups is motivated by the fact that weighting plays a funda-
mental role in defining policy-relevant treatment effects, particularly when units vary in size

or importance. Appropriate weighting ensures that the target estimand corresponds to a
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meaningful aggregation of treatment effects across treated units.

We follow the same notation from Section 6.1 where the observed random variable is
W = (Yp,Y1,D, X). For a set of non-negative weights &, define E¢[C|D]| = E[¢C|D]/W[¢|D|
as the &-weighted population expectation of C' given D. In what follows, we show that we
can apply the general results in Section 3 to get a DR DiD estimator for the weighted ATT
that is also robust against weak covariate overlap. Let us consider a doubly robust estimand

for the weighted ATT:

Pe(X)(1-D)¢

D¢ (=P(X))
b E[DE] B[R] (Y1 = Yo —ve(X)) |, (13)
(1=Pe(X))

where P¢(X) = E¢[D|X] represents the weighted conditional probability of belonging to the
treatment group, and ve(X) = E¢[Y; — Yo|D = 0, X| represents the weighted conditional
expected change in potential outcomes for untreated group. The infinite-dimensional pa-
rameter vector is given by v = (g, Pe). Let yoe = (vo¢, Poe) denote the true parameter value
of 7. Later we will consider model misspecification, in which v is the pseudo-true parameter
value. In the notation of Section 3, we can express the above doubly robust estimand in (6)
as

Ooc = E[Bi(e)] _ E[Ba(n0e)/A2(0e)]

E[Bs(voe)]  E[Ba(voe)/ Aa(yoe)]

where

Bi(%g) = DEYL = Yo —ve(X)),  Balye) = Pe(X)(1 = D)E(Y1 — Yo — ve(X)),

Bs(ve) = D€, Ba(ye) = Pe(1—=D)E, As(e) =1— Pe(X), As(ye) =1— Pe(X).

We can verify the high-level conditions in Assumptions 1 and 2 for the weighted DiD design

as follows.

Proposition 16. Suppose that (i) 0 < E[D¢] < 1, (i1) 0 < E[Poe(1 — D)¢] < 1 (i3) E[(1 —
Ee[DIX])E(E[Y1=Yo|D = 0, X] =g (X)) [ Pog(X) = 1] = 0, (i) E[(1- E¢[D|X]){| Poc(X) =
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1] =0 (v) the function t > E[(1 — Ee[DIX&(EelYs — YolD = 0, X] — voe(X))| Pue(X) = 1
is (k4 1)-times continuously differentiable in a neighborhood of 1, and (vi) the function t —
E[(1 — E¢[D|X])¢|Poe(X) = t] is (k+ 1)-times continuously differentiable in a neighborhood
of 1. Then, Assumptions 1 and 2 hold for doubly robust estimand for the weighted ATT in

equation (13).

In Proposition 16, (iii) and (iv) hold when either the weighted propensity score or the
weighted outcome equation is correctly specified. Even if both of them are misspecified, this
condition holds as long as the limiting behavior between the true propensity score and the
propensity score model (such that Fp:(X) = 1 implies E¢[D|X] = 1).

Using the result in Section 3, we can write the bias-corrected estimator for weighted ATT
in DiD research design as

5. _ BulDED = Yo — 5(X))] _ da(h.Fe)
¢ E,[D¢] au(h,Ac)’

where J¢ = (7, Pg) is an estimator for vy, mg") and mff) is defined in Appendix A.1, and

&Q(hu ’75) = En

[Pg(X)(l — D)™ — Yo - VE(X))1{|1 — FPe(X)| = h}

1 — Pe(X)

k k—1 _
aitore) = B | TGS - )12 1)
k Kk—1 _
30 Bl FOOY L= FCOL <A

To discuss our method concretely, we consider the parametric models, P:(X) = m(X'5,),
where f3; is estimated by solving the weighted maximum likelihood functions using weights
¢. Similarly, the function v¢(X) = X'f3, is estimated by weighted least squares, regressing
Y; — Yy on X among control units D = 0, using the same weights £&. These weights adjust

for the desired target population in the ATT definition and account for heterogeneity in unit

41



relevance. The influence function for 3 = (8}, 3})" is given by

E[EXX'm(X'81)(1 — m(X'B1)] X (D — m(X'By))
ElE(1 — D)XX'| (1 — D)X(Yi — Yo — X'Bs) |

Ge =

The uncentered influence function for ég is

e = —E[; g+ (D€ = Yo = 10e(X)) = EIDXGE[(L = D)XX] (1= D)X(i = Yo = X'52))
E[DE(Ys — Yo — vpe(X))]
B E[D¢)? g X
_ 1 - wa (M, o)
E[Poc(X)(1 = D)EJ(T — Pog(X))] 2V
4 ElRe(X)(1 = DIEE = Yo — e X)/(1L = Pl X)] |
E[Poc(X)(1 = D)E/(1 — Poe(X))]? e
where
nlh, ) = A28§1{|A2( )= h)+ Z AT HLOL<) 00,4
k n 1
+Z E ﬂfﬂA?( )‘ < h}] '77Z)2,fc(’7> +¢2
and
nlh ) = iiiiiw ) > k) + Z AL TS 00,9
+Z E[A4() 113144( 7)| < h}] an(?) + .

k=1

We can estimate the influence function ¢ as follows. We can estimate fp,(x)(p), E[(1 —

D)§(Y1 = Yo —ve(X)) | P(X) = plfp.x)(p), and E[(1 = D)¢ | P(X) = plfr.x)(p) by

1 [ B(X)—p
f'zK(gT)
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#3(piy) = En

and
#(p;y) = B, |(1 — D)g%K (%)]

respectively, where K () is a kernel function and b is a bandwidth. Using these kernel

(1= D)E(Ys — ¥y — (X)) %K (%)]

estimators, we estimate ¢, and ¢4 by

N L= p) T amdp ;
¢2:8—B/ (/O 1_pT§(p;’y)dp+Z Lk o -mg)(O;v) Pe,
k=1 '

PR A A= p) e mdp ;
by = 5 </O 1_pr(p;7)dp+Z; L= - i (0;7) | de

where QAﬁg denotes the influence function estimator for 3 = (5}, 4}) and is given by

E [EXX'm(X'F1)(1 = m(X'41))] 716X (D — w(X"41))
E,[§(1— D)XX'TH(1 = D)X (Y1 — Yo — X')

~

Ge =

Now we can construct an estimator for ¢g:

b= g - (DEOT =¥ = 0e(X)) = B [DXEIE[(1 = DIXXT (1 = DIX(¥i = Yo = X))
E[DE(Y: — Yo — (X))
E,[DEP e
1
_ (R, A
BP0~ e/ By
BL[P(X)(1 - D)¢ EYl Yo~ X)L X))

E[Pe(X)(1 = D)E/(1 — Pe(X)]?

43



where Qﬂlﬁ(v) is defined in (2) and

Sy

2(7)

@Wﬁﬁnuwumx|>m+§?% RO 00)
+if% ) THIAON <M g, () + o
and
©alh, ) = i@ﬁﬂm<»>M+§:m’*435“m<h“m@mw>
+§;mvuwwgy&wn<my%Aw+@7

=
I
—_

Then we construct the standard error for the bias-corrected weighted ATT estimator in DiD

design as n=2(E,[(¢e — En[pe])?])V2.

8.1 Double Robustness Property

We use Y;(0) to denote the outcome without treatment at time ¢ and Y;(1) the outcome
if it receives treatment. In this case, the observed outcomes are Yy, = Y,(0) and Y, =

DYi(1) + (1 — D)Y1(0). The weighted average treatment effect on the treated at ¢ = 1 is
Eyi(1) - Vi(0) | D =1]

We discuss the robustness property of our proposed estimator for the two cases. For the

discussion, we impose the parallel trend assumption.
Assumption 12. E¢[Y;(0) — Y;(0)|D =1, X] = E¢[Y1(0) — Y5(0)|D = 0, X] almost surely.
We consider the population counterpart of the estimator:

o _ EIDEMI = Yo — ve(X))] (b 0)
" E[D¢] aa(hy 7o)’
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where my(t;v0e) = E[FPoe(X)(1 — D)§ (Y1 — Yo — v0e(X)) [Poe(X) = 1 — 1], mu(t;voe) =
E[Poe(X)(1 = D){|Poe(X) = 1 — 1],

Boe(X)(1 = D)E (Y1 — ¥ — voe (X))

%w%azE{ 1{[1 - Poe(X)| > 1}

1-— Pog(X)
k r—1 _
N Z E[(1 = Pye(X)) i!ﬂl Poe(X)| < h}] - (0; 70e),

and

Poe(X)(1 — D)
1 — Foe(X)
+ 30 B10 = R {11 = Roe(X)] < 1}

K!

cmm%azE[ S1{1 = Pe(0)] > 1)

-8 (05 70¢),

Proposition 17. Under Assumption 12 and the assumptions in Proposition 16,

DE(Ee[Y1 — Yo|D = 0, X] — vpe(X))]

One = Ee[Y1(1) = Y1(0) | D =1] + El

E[DE]
Poe (X)(1- D)E(Yi—Yo—ve (X))
_ £ [ B 1—P0§1(X)0 = }
ay(h, Yoe)
1 1
‘WawmﬁEhm‘%*“Khmfﬂﬂ“”l“—WWTWM—%¢mmmw,

where ma(t;7) = (1 — ) E[(1 — E¢[D|X))(Ee[¥q — Yol D = 0, X] — v (X))| Pe(X) = 1 — 1]
Proposition 17 demonstrates that the population counterpart of the proposed estimator,
One, can be expressed as the weighted ATT, E¢[Y1(1) — Y31(0) | D = 1], plus three reminder
terms. It is evident that reminder terms equal zero when v is correctly specified. In the
case where P is correctly specified, the reminder terms vanish at the rate of o(h*), thereby
ensuring robustness to model misspecification. A formal statement of this double robustness

property is given in the following proposition.

Proposition 18. Assumption 0 holds under Assumption 12 and the conditions outlined in

Proposition 16 in the weighted Difference-in-Differences design.
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9 Simulation Studies

This section presents the finite sample performance of our proposed method using simula-
tions. Our simulation design is built on that of Sant’Anna and Zhao (2020) for Application

#3 presented in Section 6.
For generic W = (W5, Wy, W3, W,)', define the two functions

freg(W) =1+ Wl + W2 + W3 + W4 and

Jos(W) =W + Wo + W5 + Wy,

Let s = (s1, S2, 83, $4)" be independent student-t random variables with df degrees of freedom.

Let V; = (‘7; -E [‘7]])/ \/Var(V;) for each j € {1,2,3,4}, where V; = sy, Vs = s2 — 52,
Vs = 53 and V, = s3.

Consider the following data generating processes (DGPs):

DGP1: Y5(0) = fug(V) +0(V,D) 460 Yi(d) = 2fieg(V) + v(V, D) + £1(d)

. eXp(fps(V)) _

DGP2: Yp(0) = fieg(V) +0(V,D) 420 Yi(d) = 2freg(V) + 0(V, D) + 1(d)
)

exp(fps(s)
(s) (

= T ow(f D =1{p(s) 2 U}

s))

DGP3:  Y((0) = freg(s) +v(s, D) + <o Yi(d) = 2 freg(s) +v(s, D) +e1(d)

. eXp(fpS(V)) _

for d € {0,1}, where ¢y, £1(0), and £;(1) are standard normal random variables, U is a

standard uniform random variable, and v(w,d) is a normal random variable with mean
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d - freg(w) and unit variance. The random variables, s, g, €1(0), €1(1), U, and v(w, d) are
independent.

We use n = 500 independent copies of (Y7,Yy, D, V') to estimate the ATT. In this
setting, the selection equation is misspecified under DGP2, whereas the outcome equation
is misspecified under DGP3.

We compare the performance of three estimation methods: (1) the conventional (CON)
method based on Sant’Anna and Zhao (2020), which effectively sets h = 0.00 in our frame-
work; (2) the no bias correction (NBC) method, which applies trimming with h = 0.01 but
no bias adjustment; and (3) our proposed new (NEW) estimation method with ~ = 0.01 and
K = k = 3. For each set of simulations, we run 10,000 Monte Carlo iterations and present
basic simulation statistics, including the root mean square error (RMSE), and 95 percent
coverage frequency (95%) for each estimator, length of the confidence interval (CI), and the
relative standard deviation (Rel. SD), defined as the standard deviation of each method
normalized by that of the NEW estimator. Table 1 summarizes the results.

First, focus on DGP1 in which both the selection and outcome equations are correctly
specified. In this DGP, the NEW method improves upon the CON method across all statis-
tics SD, RMSE, and 95%, though the gains in 95% are modest, perhaps because of the
extrapolations from the outcome equation model are valid and ameliorate the weak overlap
issues. The NEW method also improves upon the NBC method in terms of 95% coverage.
Second, consider DGP2, where the selection equation is misspecified. Here, the NEW method
outperforms the CON method regarding RMSE and SD, and outperforms the NBC method
across all statistics. In particular, there are three-digit improvements in terms RMSE. Third,
focus on DGP3 in which the outcome equation is misspecified. In this case, the NEW method
outperforms the CON method in terms of SD and RMSE, and it also improves upon the
NBC method in terms of 95% coverage.

Based on these observations, we recommend using the NEW method over both the CON

and NBC methods, particularly for its superior estimation accuracy (as measured by RMSE),
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(A) df = 30 Degrees of Freedom

DGP1 DGP2 DGP3
CON NBC NEW CON NBC NEW CON NBC NEW
BIAS 0.001  0.002 -0.000 0.555 -0.001 0.006 -0.052 -0.046 -0.099
SD 0.605 0.242 0.249 101.525 0.254 0.253 0.505 0.340 0.319
RMSE 0.605 0.242 0.249 101.527 0.254  0.253 0.507 0.343 0.334
95% 0.916 0.911 0.924 0.952 0.941 0.943 0.922 0.909 0.925
Length of CI  2.372 0.949 0.976 397.978  0.996 0.992 1.980 1.333 1.250
Rel. SD 2.430 0.972 1.000 401.285 1.004 1.000 1.583 1.066 1.000

(B) df = 20 Degrees of Freedom

DGP1 DGP2 DGP3
CON NBC NEW CON NBC NEW CON NBC NEW
BIAS -0.006  0.001  0.001 -0.087 -0.005 0.000 -0.055 -0.051 -0.101
SD 0.397 0.246 0.241 58.239 0.265 0.257 0.661 0.330 0.330
RMSE 0.397 0.246 0.241 58.239 0.265 0.257 0.664 0.334 0.345
95% 0.916 0.914 0.926 0.954 0.935 0.942 0.918 0.914 0.920
Length of CI  1.556 0.964 0.945 228.297 1.039  1.007 2.591 1.294 1.294
Rel. SD 1.647 1.021 1.000 226.611 1.031  1.000 2.003 1.000 1.000

(C) df = 10 Degrees of Freedom

DGP1 DGP2 DGP3
CON NBC NEW CON NBC NEW CON NBC NEW
BIAS -0.002 -0.003 0.001 -3.317 -0.006 -0.000 -0.070 -0.056 -0.115
SD 0.556  0.233 0.234 268.827  0.264  0.257 0.973 0.328 0.330
RMSE 0.556 0.233 0.234 268.848  0.264  0.257 0.975 0.333 0.350
95% 0.910 0.911 0.922 0.958 0.937 0.947 0.915 0.918 0.923
Length of CI  2.180 0.913 0.917 1,053.802 1.035 1.007 3.814 1.286 1.294
Rel. SD 2.376  0.996 1.000 1,046.019  1.027  1.000 2.948 0.994 1.000

Table 1: Simulation results for the conventional (CON) estimation method based on

Sant’Anna and Zhao (2020) which effectively sets h = 0.00 in our framework, the no bias
correction (NBC) method with trimming threshold h = 0.01, and our proposed new (NEW)
estimation method with A = 0.01 and K = k = 3. Reported are the root mean square error
(RMSE), and 95 percent coverage frequency (95%), length of confidence intervals (Length
of CI), and relative standard deviation (Rel. SD) for each of the three estimators for each
DGP based on 10,000 Monte Carlo iterations. The sample size is set to n = 500. The df
parameter is set to 30, 20, and 10 for Panels (A), (B), and (C), respectively.

as well as its improved coverage probability (95%). Additional simulation exercises with

alternative values of h, K, and k yield consistent conclusions.
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Figure 1: The distribution of propensity scores in 2014 using weighted logit estimates for
expansion counties and non-expansion counties.

10 Empirical Application

In this section, we illustrate an application of our event study aggregation, developed in Sec-
tion 7, to revisit a empirical question: the effect of Medicaid expansion on adult mortality.
Our analysis builds on the research design of Baker, Callaway, Cunningham, Goodman-
Bacon, and Sant’Anna (2025). The outcome variable Y;; is the crude mortality rate (per
100,000) among adults aged 20-64 in county ¢, observed annually from 2009 to 2019. The
treatment cohort variable (G; denotes the year in which county ¢’s state expanded Medicaid.
The treatment indicator D; = 1 for the treated units, and D; = 0 for the untreated units
—defined as counties in states that had not expanded Medicaid by 2019 (G; > 2019). Fol-
lowing Baker et al. (2025), we focus on four treatment groups with G; = 2014, 2015, 2016,
and 2019. Among them, the 2014 expansion group contains 45% of the adult population,
while the 2015,2016, and 2019 groups account for 6%, 2%, and 3%, respectively. The co-
variate X; include the percentages of a county’s population that are female, white, Hispanic;
the unemployment rate, the poverty rate, and county-level median income (in thousands of
dollars) in the year prior to expansion. Following Baker et al. (2025), we weight observations
using each county’s adult population in 2013.

As discussed in Section 7, the issue of weak overlap in the group-time ATT arises when
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the propensity score is close to one among untreated units. From figure 1, we measure the

propensity score distribution for the 2014 expansion group and observe that approximately

0.8% of the untreated group has a propensity score greater than 0.98, which can be inter-

preted as evidence of weak overlap. However, for the other expansion cohorts (2015, 2016,

and 2019), we do not observe signs of weak overlap.

Treatment Effect Mortality Per 1,000

60
40
20

0
—20

60
40
20

0
—20
—40
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Figure 2 presents point estimates and 95% confidence intervals for the ATT from 2009

to 2019 across all Medicaid expansion group. We compare three methods: our proposed ap-

proach (NEW, with trimming threshold h = 0.02), the conventional non-trimming approach

(COV, h=0.00) used in Baker et al. (2025), and the trimming method without bias correction

(NBC, h = 0.02). For the 2014 expansion group, where the weak overlap issue is present,

our method yields a post-treatment average estimate of 2.557 with a standard error of 3.699,



Figure 3: Event Study
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while the conventional method produces an average estimate of 11.697 with a standard error
of 16.510. In comparison, our method provides more precise and informative results, achiev-
ing a 78% reduction in standard error. In the remaining expansion groups (2015, 2016, and
2019), where weak overlap is not a concern, all three methods yield identical results.
Figure 3 shows the event study estimates with staggered treatment timing using our pro-
posed approach (NEW, with trimming threshold h = 0.02), the conventional non-trimming
approach (COV, h=0.00) used in Baker et al. (2025), and the trimming method without bias
correction (NBC, h = 0.02). Results span event windows from e = —5 to e = 5. Our method
achieves the narrowest confidence intervals, reducing their width by up to 81% relative to

the conventional approach.

11 Conclusion

In this paper, we propose doubly robust estimators that are also robust against weak covari-

ate overlap. Our estimators rely on trimming observations with extreme propensity scores
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and then bias-correcting the trimmed estimator, so the target parameter of interest does not
change with the trimming exercise. We derive the large sample properties of our proposed
estimator under generic assumptions. Notably, the bias-correction recovers the double ro-
bustness property of the original DR estimator without sacrificing the favorable convergence
rate of the trimmed estimator. Our results apply to various average treatment effect param-
eters under different research designs, such as unconfoundedness, local treatment effects, and
difference-in-differences. We provide a “template” of how one can adapt our high-level condi-
tions to specific scenarios by studying in greater detail doubly robust difference-in-differences
estimators that are robust against weak overlap and presented Monte Carlo simulations that

highlight the attractive finite sample properties of our proposed estimators.
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Appendix

A Discussions on the assumptions

A.1 Sieve Regression

The shifted orthonormal Legendre polynomial basis of degree K is given by

1
V3(2a — 1)
V5(6a? — 6a + 1)
px(a) = VT7(20a® — 30a? + 12a — 1)
V9(70a* — 140a® 4 90a® — 20a + 1)
V11(252a° — 630a* 4 560a> — 210a? + 30a — 1)

Then m*)(-;7) is given by

m(0;7) = pi (0) En[pr (Ay)px (A()) 1™ Eulpx (A(7)) B())-

For the case of the shifted orthonormal Legendre polynomial basis pg, Belloni, Chernozhukov,

Chetverikov, and Kato (2015) shows Assumption 4 holds as follows.

Lemma 1. Suppose for eachl =1,--- L andk = 1,--- |k, (i) the eigenvalues of E[px(Ai(70))px (A1(70))]
are bounded above and away from zero, (ii) v/log K(K+K5/2_S)||p§?)(0)]| = o(h'="n'/?), (iii)
K=#(|p{ (0)|| = o(h*"), and (iv) ]rg';)l(O)] = o(h'"n~Y2), with s being the smoothness order

of function m, and T;?)I(O) being the sieve approximation given by

e (0) = mi™ (05 70) — P2 (0) Elpic (Ai(70))px (Ai(70))' ) Elpse (Ai(v0)mi(Ai(70); 70)))-
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Then Assumption 4 holds.

A.2 Bound on the Influence Function w;(h, )

Lemma 2. Let | be any integer with 1 < | < L. Suppose E[Bi(7)?], ml('{)(O;'yO), and
E|||¢]|?] are bounded. If nh* — oo, Ha%,ozl(h,%)H = o(n'*) and E[.(70)% = o(n'/?), then

Assumption 5 holds.

Proof. By the definition of w;, we have

k
o hm—l .
Elea(h,70)1"? < b B[Bi(30)"]? + 3 = i (03 730)]
k=1 '

k

hn—l 0
+ Z o - Ele(70)°]M? + Ha—,yal(h,’YO)HEHWHz]l/Q-
k=1 ’
By the assumption of this lemma, we have E[w;(h,70)?]"/? = o(n'/4). u

B Proofs

Proof of Theorem 1. Below, we are going to show that

a(h,70) = a(0,7) = o(n~'/?), (14)
cu(h,7) — (b, 0) = (Bp — B)lwi(h)] + 0,(n~"/?), (15)
c(h,7) — a(0,%) = op(n~ 1), and (16)
0 — 0y = (E, — E)[¢] + 0,(n?). (17)

Equation (17) is the first statement (i) of the theorem.

Consider the second statement (ii) of the theorem. By Lyapunov’s central limit theorem
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and the condition in the statement of the theorem that —; /25&5:5[[:82;15) = = o(1), we have

B = Blel 4y ),

Since E[¢?] is bounded away from zero, combining the above equation and Equation (17)

yields
0 — 0, (En — E)lg]

VEe—EQ/n  VElp - Eg)/n

which completes the proof of this theorem.

+o0,(1) % N(0,1),

Now, we are going to show Equations (14)—(17).

First, we are going to show Equation (14). We can write oy(h,v9) — a;(0,70) as

ai(h,v0) — i (0,7)

(Bi(0) ~ E[A(00)" ' 1 Aol < hY]
=—F 1{|A < h}| + 0;
_Al(’YO) {| 1(70>| } ; K ( 70)
[ (Ai(70);70) EA ()" "1{|Ai()] <P} ()
=—F|—————1{|Ai(v)| < h}| + m, (0;
A 14 o) < 1) Z . ) (0:7%0)
E [ A(0)* Jy (1= 6)Fm{*) (L4 (30); 70) dt1{ | Ai(o) | < B}
_ 1 7 (18)
k!
where the second equality follows from the law of iterated expectations of E[E[ - | A;(70)]],

and the last equality follows under Assumption 1 from the kth-order Taylor expansion of

my(A;(70); Y0) around O:

k

(A7) =m0 S O 0150 2O 1ttt )

k=1

when A;(7) is in a neighborhood of 0. By Assumptions 1 and 7, Equation (18) yields

ai(h, 70) = a1(0,%) = O(h* E[L{0 < Ai(70) < h}]) = o(n~"/?).

59



This completes a proof of Equation (14).

Second, we are going to show Equation (15). By Assumption 6, we have

ar(h,4) — au(h,v0) = @u(h,v0) — ar(h, 7o) + (b, 4) — au(hy 7o) + 0p(n~2).

By Assumptions 3, 4, and 7, we in turn have

ci(h,7) = ar(h, 70) = @u(h, 7o) = (b, 70) + ial(}% V) ly=ro (En — E)[8] + Op(n_1/2>‘

o'
= (En - E) [wl<h)] + Op(n_l/Q)a

which is Equation (15).

Third, we are going to show Equation (16). By Equations (14) and (15), we have

da(h, ) = au(0,70) = (B — B)wi(h)] + 0p(n~"?).

Since (E,, — E)[wi(h)] = 0,(n"1/*) holds under Assumption 5, we have d;(h, %) — a;(0,7) =

op(n_1/4).

Last, we are going to show Equation (17). By the first-order Taylor expansion of A

around (a4(0,70), ..., ar(0,7)) under Assumption 2 , we can write

0 — 0y

A(61(0,%),...,a0(0,9) — A(a1(0,7), - - -, an(0,7))

ZA[(OQ(O,’}/()), s 70@(0770)) (CAyl(h?fS/) - 041(0,”)/0)) + OP (Z |é‘l<07§/) - al<0770)‘2> .

By (16), we have |&;(0,4) — a;(0,7)|? = 0,(n"1/2). Therefore, Equation (17) holds.

This completes a proof of the theorem. n

Proof of Proposition 1. First, we verify Assumption 1. Conditions (i) and (ii) imply
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Assumption 1 (i). By the law of iterated expectations, we have

my(t; o) = E[E[D(Y — vo(1, X)) | X]|Po(X) =]
_ BIED|X]|(EY|D = 1, X] — vo(1, X))| Py(X) = #], and
m3(t;y0) = E[E[(1 = D)(Y — 15(0, X))|X][Po(X) =1 —¢]

= E[(1 - EDIX])(E[Y|D = 0, X] = »(0, X))[ Po(X) = 1 — 1],

which are (k 4 1)-times continuous differentiable by conditions (iii) and (iv), showing As-
sumption 1 (ii).
Next, we verify Assumption 2. Note that the function A defined by A(ai,az,a3) =

a1 + as — ag is infinitely differentiable. O

Proof of Proposition 2. By equation (18), we have

Oéz(h, 70) - 042(07 70)

B [H{IR(X)] < RR(XOF (1 — tfmf ) Py (X o
- _ and
k!

a3(h, ’Yo) - 043(07 ’Yo)

B [1{[1 = B(X)| < B}(1 = R(X))* fy (1 = 0 mi D (11 = Po())s 7o)t o)
- _ . 19
k!

Rearranging the terms, we obtain

Qh = E[Yl — Yb] + E[l/o(l,X) — }/1] + 042(0,’}/0) — E[Vo(O,X) — )/[)] — a3(0,70)

+ Oég(h,’}/()) - (1/2(0, ’70) - (a3(h770) - 043(0,”}/0)
D(Y — V()(

)
ZE[Y1—Y0]+E[VO(1,X)—Y1+ )LX))}

B {VO(O,X) _y, 4 2D - ”0(0>X”]

1 — Py(X)

+ az(h,70) — @2(0,7) — (as(h,70) — a3(0,70))
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(B[D|X] = Py(X))(E[Y|D = 1,X] - w(1, X))
_Ex%uv—MMXMEww:axwﬂmmxw

I 1 — Py(X)
sz%uﬂ<M%wvﬁu—N@Ww%wwmﬂ
_ 2 .
E [1{]1 = R(X)] < hH(1 = Ry(X))* fy (1= 0)Fm{f D01 = Ry(X)); 7o)t

k! ’

where the last equality follows by the law of iterated expectations for the second and third

terms, and (19) for the fourth and fifth terms. O

Proof of Proposition 3. Let us demonstrate that the estimand 6, is robust against either

a misspecified propensity score P or a misspecified outcome equation v.

Case 1: Misspecified P

Suppose v is correctly specified, that is, E[Y|D = 0, X]| = 14(0,X) and E[Y|D = 1, X| =
(1, X). We have

E [1{|P(X)| < BYR(X)* [ (1 = t)bm{ ) (LPy(X); o)t
0 = E[Yy — Y] - M
B [1{]1 = R()| < h}L = Boy(X))F f; (1 = t)Fmi{ D (1 = Po(X))i0)dt]
+
k! ’

where ms(t;v9) = 0 and ms(t; ) = 0.
Therefore,

On = E[Y1 — Y.
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Case 2: Misspecified v

Suppose P is correctly specified, that is, E[D|X] = Py(X). We have

B [1{|Py(X)| < h}Po(X)* [ (1 = 6)bm{ D (R(X); 70)dt
Kl
E [11{|1 — Py(X)] < h}(1 = Po(X))* (1 = )bm$ED (#(1 — Po(X)); %)dt}
Kl
— BIY: — Yol + O(W*E[L{|B(X)| < hY)) + O(W*E[L{|B(X)| > 1 — h})).

O = E[Y1 — Yo] —

+

Even if the parametric model v(-) is misspecified, the reminder term vanishes at the rate of

o(h*). This property holds even under the weak overlap. O

Proof of Proposition 4. First, we verify Assumption 1. Conditions (i)-(iv) imply As-

sumption 1 (i). By the law of iterated expectations, we have

my(t;70) = E[E[Z(Y — 1o(1, X))|X][Py(X) = 1]

= E[E[Z|X](E]Y|Z = 1, X] = w(1, X))[ Po(X) = 1],

which is (k+1)-times continuous differentiable by Condition (v). The (k+1)-times continuous
differentiability of ms(t;v9), ms(t;v0) and mg(t; ) are implied by Conditions (vi)-(viii),
showing Assumption 1 (ii).

Next, we verify Assumption 2. Note that the function A defined by A(aq, ag, as, a4, as, ag) =

aitaz—as
as+tas—ag

is infinitely differentiable given a4 + as — ag # 0, which is implied by (ix) . O
Proof of Proposition 5. By equation (18), we have
az(h,v0) — a2(0,7)

B [H{IR(X)] < RR(OF J1(1 — tfmf = Py (X o
k! ’

a3(h, ’Yo) - 043(0, ’Yo)
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B [1{[1 = Ry(X)] < hH1 = R(X)) f; (1= 0*m V(1 = Ro(X)); 70)dt]
— - X . (20)

Rearranging the terms for the numerator of 6;, we obtain

Elvo(1, X) — v10(0, X)] + az(h, v0) — as(h, %)
— E[Y|Z=1] - E[Y|Z = 0] + Elvio(L, X)] — E[Y|Z = 1] + as(0, 7)

= (E¥10(0, X) = E[Y]Z = 0] + a3(0,70)) + (@2(h, 70) = @2(0,7)) = (@s(h, 70) — 3(0,7%))

(Y—muxn]
Py(X)

—ElY|Z=1] - WM—N+EPML@ E[Y|Z=1]+

B ua(0.X) - BIY|Z =0 + (1- i(_ I;O(Vw;(] ))}
)

+ (aa(h,70) — a2(0,70)) — (as(h,v0) — a3(0,70)

—EY|Z=1-E[Y|Z=01+F [(E[ZLX] (X))(E;D[zg)f): 1, X]— V10(1,X))]

[(Po(X) — E[ZIX)(EY|Z =0, X] — V10(0>X))}

L 1 - R(X)
B [1{IR(X)] < h}Po(X)* [ (1 = £)Fmf D (¢ Ry (X); 70) |
_ .
E1{]1 = Ro(X)| < h}(1 = Py(X))* [0 = t)om D (t(1 = Po(X)); 70)dt

k!

where the last equality follows from the law of iterated expectations for the third and fourth
terms, and (20) for the fifth and sixth terms. Using the same procedure for the denominator

of 0,,, we obtain

Elvgo(1, X) — v20(0, X)] + as(h, v0) — as(h, Y0)

_ B[D|Z = 1] - ED|Z = 0] + B | EEX] = RXO)EDIZ = 1, X] = vao(L, X))

Py (X)
. [<P0<X> — B[Z|X])(E[D|Z = 0, X] - u20<o,x>>]
1— PO(X)
B [1{|R(X)] < BPRo(X)" fy (1 = t)Fmi D (¢ Po(X); 70)el]
- k!
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B [1{[1 = R(X)] < hH1 = R()) fy (1= *mlE V(1 = Ro(X)); 70)dt]
k!

+

Therefore, we have

E[Y|Z=1]- E[Y|Z =0

n ED|Z=1-E[D|Z=0] bai

with the denominator of f4;¢ being

(HMZZH—Eww:m+E<EVWP4NXNHDM=LXFWMLXW

o)
_Erﬂuv—mmXMMDw:axwwmuxy
1 - Ry(X)
B [1{IP(X)| < RYRo(X)* f (1 = 6)fml ) (LPy(X); 90)et
B .
B [1{]1 = R(X)| < hHL = Boy(X))F fy (1 = 1m0 (1 = Po(X))i0)dt]
+ ! )

x (E[D|Z =1] - E[D|Z =0]),

and the numerator of 04;¢ being

(mmzzu_mmzzmx<ErﬂﬂX%iMMX%£é:LXMWMLXW

& {(Po(X) — EZIXD(EY|Z =0, X] - V10(07X>):|

1 — Fy(X)
E [1{|Py(X)| < BYRo(X)* [ (1 = t)mi ) (Lo (X ); 90)et
a k!
+Eﬁm—%ww<mu—%MW£u—wm?Wm—%a»%mb
k!
— (E[Y|Z =1 - E[Y|Z = OD % (E [(E[Z|X] - PO(X))(EP[(?L(Z): 1, X]— VQO(LX))]

E {(Po(X) — BIZIX))(E[D|Z = 0,X] — 1/20(0,X))]
1 — Py(X)
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E [1{|Py(X)| < BYRo(X)* [ (1 = t)m{ ) (LPy(X); 90)et
k!
B [1{[1 = P(X)| < B}(1 = Ro(X))* f; (1 =0 m{ D (1 = Po(X)); )t

g )

This completes the proof. O

+

Proof of Proposition 6. Let us demonstrate that the estimand 6, is robust against either

a misspecified propensity score P or misspecified outcome equation vy and vs.

Case 1: Misspecified P

Suppose vy and vy are correctly specified, that is, E[Y|Z = 1,X] = 1o(1,X), E]Y|Z =
0,X] = v10(0,X), E[D|Z = 1,X] = 1(1,X), and E[D|Z = 0,X]| = (0, X), which
imply my(t;v) = 0 for [ € {2,3,5,6}. Then, the numerator of 647 becomes zero, and the
denominator of gz becomes (E[D|Z = 1] — E[D|Z = 0])?. Therefore, g¢ = 0, which
implies

E[Y|Z=1]-E[Y|Z =0

%:Eww:u—Eww:m'

Case 2: Misspecified v; and 15

Suppose P is correctly specified, that is, F[Z|X]| = Py(X). The numerator of 04 becomes

B [1{|Py(X)| < RYRo(X)* [ (1 = t)bm{ ) (LPy(X); 90)et]
k!

E [1{[1 = R(X)] < hH(1 = Ry(X))* [ (1= 1)*m “”(@—%uwwwﬂ>

k!

B [L{|R(X)] < B}Ro(X)* f; (1 = 8 mi D (¢ Ry (X); 7o)

(mmzzu—mmzzmx<—

+

_4mmzzu—EWM=W)XC- k!

B [1{]1 = Ry(X)| < h}(1 = Ry(X) kl—t<“Wu—%am%wb
k!

— (BIDIZ = 1) - EID|Z = 0]) x (O EL{|R(X)| < hY)) + O E[1{|Po(X)| > 1 — h})

+
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— (BIY|Z = 1] - BIY|Z = 0]) x (O(*E[L{|A/(X)| < h}]) + O EL{| A (X)] > 1 = h}))) = o(h")
The denominator of 84;¢ becomes

(E[D|Z = 1] — E[D|Z = 0])*
+ (E[D|Z =1] — E[D|Z = 0]) x (O(h*E[1{|Py(X)| < h}]) + O(h*E[1{|Py(X)| > 1 — h}]))

= (E[D|Z = 1] — E[D|Z = 0])* + o(h").

Therefore, 04 = o(h*), and

_EY|Z=1]-E[Y|Z =0
~ E[D|Z =1] - E[D|Z = 0]

On + o(h").

Proof of Proposition 7. First, we verify Assumption 1. Note that

E[(1 = D)((Y1 = Yo) = vo(X))[X] = (1 = E[DIX])(E[Y) = Y| D = 0, X] = w(X)).  (21)

By the law of iterated expectations of E[E[ - | X]| | Py(X)], therefore, we can write

ma(t; ) = (1 =) E[(1 — E[D[X])(E[Y1 — Yo|D = 0, X] — (X)) [ Po(X) =1 — 1],

which is (k + 1)-times continuously differentiable by Condition (iii), showing Assumption 1
(iii). Condition (ii) implies m2(0; ) = 0, showing Assumption 1 (i).
Next, we are going to verify Assumption 2. Note that
ap — as

A(a17a27a3) = a .
3

This function A is infinitely differentiable provided a3 # 0. Condition (i) implies a3(0,70) =
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E[D] # 0. Thus, Assumption 2 is satisfied. O

Proof of Proposition 8. The expression

may(t;70) = (1 =) E[(1 = E[DIX])(E[Y1 = Yo| D = 0, X] = 15(X))[ Po(X) = 1 — 1],

for ma(t; 7o), is derived in the proof of Proposition 7.

Since everyone is untreated at the first time period, Assumption 8 implies

Therefore, we have

EYi(1) =Y1(0) | D=1} = E[E[Y1(1) - Y1(0) | X, D =1] | D = 1]

— BIELY: | X, D =1] = EYo|D = 1,X] = E[Y; — Yo|D = 0,X] | D =1
:Eg%gﬁwM—nw:Lm—EM—mwzam>
E[D(Yy — Y, — E[Y1 — Yo|D = 0, X])]

B E[D] : (22)

where the last equality uses the law of iterated expectations of E[E[ - | X]]. By (18), we

have

az(h,Y0) — a2(0,7)
B [1{[1 = R(X)] < hH1 = R f; (1= 0*m V(1 = Ro(X)); 70)dt]

By the law of iterated expectations of E[E]| - | X]|| and rearranging the terms, we have
) _ ELD(Yi ~ Yo — E[Y; - %D = 0.X])
' B[D]
L EIDER: = %|D =0, X] — v(X))] — a2(0,%0)
E[D]
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_ 042(]%70) - 042(07’70)
E[D]

— EY(1) - vi(0) | D = 1]
1
B0 =R

+E[ D|X]—PO(X))(E[Yl—YO|D:0,X]—VO(X))]

1

+ ﬁE {]l{|1 — Py(X)| < h}(1 - Po(X))k/

0

(L (a1 = (X))
where the last equality follows by (22) for the first term, (21) for the second term, and (23)
for the third term. O

Proof of Proposition 12. Let us show the estimand 6, is double robust against either a

misspecified P or a misspecified v.

Case 1: Misspecified P

Suppose v is correctly specified, that is, E[Y] — Yy|D = 0, X] = (X ). We have

0 = EYi(1) — Yi(0) | D =1

+E55EH“L”“X”<““‘Rﬂnfé“—”%ﬁ”@u—%M»%wt.

and

m2<t§ ’YO) =0.

Therefore,

On = E[Y1(1) = Y1(0) | D = 1].

Case 2: Misspecified v

Suppose P is correctly specified, that is, F[D | X| = Py(X). We have

On = EY1(1) = Y1(0) | D = 1]
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+ E|1{|1 — Ry(X)| < h}(1 - Py(X))* / 1(1 — )FmPY (1 — Py(X)); 70)dt | -

E[D]k!

When the (k + 1)th derivative of my is bounded near 0, we have
0n = E[Y1(1) = Y1(0)|D = 1] + O(W*E[1{Py(X) > 1 — h}]).

Even if the parametric model v(-) is misspecified, the reminder term vanishes at the rate of

o(h*¥). This property holds even under weak overlap.

C Application 4: Abadie’s Kappa

This section provides an application of our proposed method to the LATE framework with
Abadie’s Kappa as in Example 3. Let us keep the notations of the random sample W =
(Y, D, Z, X), the instrument propensity score P(X) = E[Z = 1|X], the outcome projection
models v1(z, X) = E[Y|Z = 2z, X] and (2, X) = E[D|Z = z, X]| as defined in Section 5.

The DR estimand for the LATE with normalized weights can be expressed as

Bl (1,X) = 01 (0, X)] + B [ 2000 yp [ 2] — p[0=2

Elva(1, X) = v5(0, X)) + B [ 2258550 | /B | 5| - B | 25500

o]
=

P(X)

v
ks’
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where

Bi(y) =n(1,X) =1n(0,X),  Bsy(y) = 2(Y —wn(l, X)),
Ay (7) = P(X),  Bs(y) = (Y —=n(0,X))(1 = 2),  As(y) =1 - P(X),
Biy(7) = (1, X) = (0, X),  Bs(y) = Z(D — (1, X)),
As(7) = P(X),  Bs(y) = (D —1(0,X))(1 = Z),  As(7) =1 - P(X),

B:(v) =2, A:(v)=P(X), Bs(y)=1-2, As(y)=1-P(X).

Note that E[B;(v)] and E[By(7)] can be viewed as E[B;(vy)/1] and E[B4(7y)/1]. Throughout,
we assume that FPy(X) does not have a mass at 0 or 1, so that A2(70), As(70), A5(70), 4s(70),
Az(7), and Ag(yo) have no mass at 0. We can write the high-level conditions in verify

Assumptions 1 and 2 for the normalized weighting LATE design as follows.

Proposition 19. Suppose that (i) E[E[Z|X|(E]Y|Z = 1, X]| — v10(1, X))|Py(X) = 0] = 0,
(i) E[(1 = E[ZIX])(E[Y]Z = 0, X] = 110(0, X))|Po(X) = 1] = 0, (iti) E[E[Z|X|(E[D|Z =
1 X] = wao(1, X)) Bo(X) = 0] = 0, (iv) E[(1 = E[Z|X])(E[D|Z = 0, X] = v3(0, X)) [ Fo(X) =
1] =0, (v) E[E[Z|X]|Py(X) =0] =0, (vi) E[]1 — E[Z|X]|Py(X) = 1] =0 (vii) the function
t— E[E[Z|X|(E]Y|Z =1, X]—uv10(1, X))|Po(X) = t] is (k+1)-times continuously differen-
tiable in a neighborhood of 0, and (viii) the function t — E[(1 — E[Z|X])(E]Y|Z =0, X] —
v10(0, X)) | Po(X) = t] is (k+1)-times continuously differentiable in a neighborhood of 1, (iz)
the function t — E[E[Z|X|(E[D|Z =1, X]| — vao(1, X))|Po(X) = t] is (k + 1)-times contin-
uously differentiable in a neighborhood of 0, (x) the function t — E[(1 — E[Z|X])(E[D|Z =
0, X] — v90(0, X)) | Po(X) = t] is (k + 1)-times continuously differentiable in a neighborhood

of 1, (xi) the function t — E[E[Z|X]|Py(X) =t] is (k+ 1)-times continuously differentiable

Po(X

E |4 Z)I(Dp’f)? 0.X)) } JE [—] # 0, (ziit) E [P(X)} >0 and E [1—(ZX] >0, and (ziv)

in a neighborhood of 0 and 1, (xii) Elva(1, X) — 190(0, X)] + E [ (D—vz0 IX) } /E [ )] —

Elva(1,X) — 199(0, X)] > ¢ for a strictly positive constant c. Then, Assumptions 1 and 2

hold for doubly robust estimand for the LATE with normalized weights in equation (24).
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Using the result in Section 3, we can write the bias-corrected estimator for LATE as

(25)

where 4 is an estimator for vy, ml is defined in Appendix A.1 for [ € {2,3,5,6,7,8}, and

ash,) = B | S p S 1P 0o = )

i E, [P(X)"'1{|P(X)| < h}]

- 5" (0:7),

aalh) = B | OSSP 2 1)

by Bl PEOV L= POV o,
e En_[(D ST

. Z En [POOYTUIPOOL < M0,

[ a0 A Z)n{|1—P<X>|zh}]

. i B[ (X)))’”;l!{l — P(X)] < hj] S (0;7),
el

+i . e 1£|{|P( W< 90:9),  and
E”L ! PZX {1 - P(X)| > h}}

+ zk: Ea | P(X»H_l:!{u —PEN< M]G0 ).

i
I

Let us consider the parametric models to specify our model, P(X) = 7(X'f), v1(1,X) =
X'Ba, 11(0,X) = X'B3, 115(1,X) = X'fy, and 15(0, X) = X'S5, with the logistic function
m(v) = exp(v)/(1 + exp(v)) and S = (8], 55, 55, By, 5t)’. We use the maximum likelihood
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estimator Bl for B1, and the OLS estimators 62 for py, and Bg for B3 by regressing Y on
X using the observations with Z = 1 and Z = 0, respectively. Likewise, we use the OLS
estimators 34 for B4 and 35 for O5 by regressing D on X using the observations with Z =1
and Z = 0, respectively. The influence function for 3 is given by ¢ = (¢, &), b Oy 5)

where

61 = BIXX'7(X'3)(1 - 7(X'3)] ' X(Z - 7(X'7))
¢y = E[ZXXT'ZX(Y = X'),

63 = E[(1 - Z)XX') (1= Z)X(Y - X'),

¢4 = B[ZXX'ZX(D — X'y,),  and

¢5 = E[(1 - Z)XXH(1 = Z)X(D — X'y5).

The uncentered influence function for 6 is

@ = (110(1,X) = v10(0, X) + E {88,@1(1 X) = (0, X)),MO] 6+ Ziigz(o); _ Zzigzz))
- a2(0, y0)wz(h,70) | a3(0,70)ws(h;70) . 1/ 0 a5(0,7%) _ a(0,70)
ar00F " a0 )+ (Bt 0 w030+ 2578 - S5 )

E[vo(1, X) — 110(0, X)) + 22(@a0) _ 23(0:30)

(O ’70) a8(0770)

2
(Blol1, X) — vao(0, )] + 200} _ sslom)

a7(0,70) as(0,70)

(12(1, X) — 15(0, X))

X <y20(1,X)—y20(0,X)+E[ 0 }¢+ —

oy =00 a7(0,7%)  as(0,7)
~ a5(0,y0)wr(h,70) QG(O,%)Ws(h,%))
az7(0,70)? ag(0,70)? '
where

as(h, ) = / pEZ(Y — n(1X)) | P(X) = p] freo(p)dp

Kk—1
Z ARSI Pom0:).

k)
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%ww:/_u—yﬂmy—mmmm—m«mmZMﬁw@@

3

n Z f1 h fP(X)( )dp -m(”)(O;v),

and

N AW <A}

K!

k
www:M”MMmzm+Z&( mf® (0:7)

Ai(v)
ﬁ_zzjl? )] A(y)] < b

K!

)+ ()0

k=1

for I € {2,3,5,6,7,8}. We can obtain the influence function estimator ¢ for ¢ following
similar steps as in Section 5. Then, we construct the standard error for the bias-corrected

normalized weighting LATE estimator as n=Y/2(E,[(¢ — E,[¢])?])/2.

C.1 Robustness Property

The local average treatment effect is

E[Y|Z =1] - E[Y|Z = 0]
E[D|Z=1-E[D|Z=0]

Consider the population counterpart of the LATE estimator with normalized weights:

az(h, as(h,
gy = o, X) =100 X))+ 52655 - S
h = as(h, ag(h, '
Elvag(1, X) — van(0, X)] + 2epo) — o)

Q2 (hy’YO)

Note that 6, consists of four analogous terms with similar forms, E[v(1, X)] + (i)

Elv10(0, X)] + ZZEZ?%, Elvy(1, X)] + %EZ:zg), and E[ve(0, X)] + % We focus on the

2(hyv0)

first term for simplicity of exposition. Let us compare E[Y|Z = 1] and Efv1o(1, X)]+ 52 (h ok
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We have

Elvo(1, X)) + % — ElY|Z =1]

= Elvo(1, X)] + a2(0,7) — E[Y|Z =1] + Zi(z—’::z; — a2(0,7)

_ g |BEX] - RBXO)EY]Z=1,X] ~vio(L, X)) | | az(h,0)

=F Po(X) } + ar (7o) 2(0,70)- (26)

Case 1: Misspecified P

Suppose v; and vy are correctly specified, that is, E[Y|Z = 1, X] = v49(1, X)), which imply
that the first term in equation (26) equals 0. Since as(0,7) = F [%] =0 and

ma(t;70) = 0, we have

Oéz(h, 70) az(hﬁo) - ao(hﬁo)

az(h, 0) az(h; 7o)
B [L{|R(X)] < B}Ro(X)* fy (1 = 8 mi D (e (X); 7o)
= — - 07
k! az(h, )
where the second equality follows from equation (18). Then we have
Blino(1, X)) + 2200 _ pryvyz 1) Blug(o, 30 + 22200 _ pryvyz g
az(h,v0) as(h,Y0)
a5 (h, Y0) a6 (h, Y0)
Elvsy(1,X)|+ ————= =FE[D|Z =1], Flvp(0,X)+——=<=FE[D|Z=0
(1 X)) + 52500 = E[DIZ =), Elvw(0,X)] + 52 0% = E[DIZ =0

Therefore,
_ElY|Z=1]-E[Y|Z =0

%_EWM:H—EWM:M

Case 2: Misspecified 1; and v,

Suppose P is correctly specified, that is, F[Z|X]| = Py(X). By the law of iterated expec-
tations, we have E [%} =F [%] = 0. Then the LATE with normalized weights

in equation (24) coincides with the DR estimand for the LATE framework as we show in

5



Section 5. Following the steps in Case 2 of Section 5, we have

_E[Y|Z=1]-E[Y|Z =)

O = E[D|Z =1]— E[D|Z = 0]

+ o(RF).
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