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ABSTRACT. This paper studies the welfare impact of information spillover in divisible-
good markets with heterogeneous traders and interdependent values. In a setting in which
two groups of traders trade two distinct but correlated assets, one within each group, the
information content in the price of one asset spillovers to the other market. Some “in-
formed” traders who submit demand schedules may condition their demands on the prices
of both assets, while others not. We prove the existence of a linear equilibrium and exam-
ine how information spillover affects trading, information efficiency, and welfare, as the
fraction of the informed traders varies. In the two symmetric benchmarks, full informa-
tion spillover (all traders are informed) dominates no information spillover (all traders are
uninformed) in terms of trading volume and welfare. However, in markets with heteroge-
neous traders, information spillover can hurt overall welfare, while still improving infor-
mation efficiency and liquidity; we characterize the non-monotone impact of information
spillover on aggregate welfare in large finite markets. Furthermore, information spillover
can account for the empirical evidence of excessive price co-movement and volatility trans-

mission in financial markets.

KEYWORDS: information spillover, strategic trading, interdependent values

1. INTRODUCTION

It is well-known that markets are interconnected. For instance, in financial markets,
trading activities of assets in one market can be informative about the values of assets in
other markets. Savvy traders operating in one market will likely use information from
other markets to help guide their trading decisions, amplifying underlying correlation
among markets and volatility of the impact of economic fundamentals, with potential

substantial welfare consequences for all traders. More concretely, during the financial
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crises in the late "90s and 2008, drastic movements in one national stock market had sig-
nificant impacts on the stock markets across the world (see King et al. (1994), Forbes and
Rigobon (2002), Diebold and Yilmaz (2009)). Likewise, several studies have documented
the “excess comovement” of asset prices relative to the fundamentals (see Pindyck and
Rotemberg (1993), Barberis et al. (2005), Veldkamp (2006)). Similar patterns and issues
appear in many markets, such as real estate, petroleum, electricity, etc. Despite the sig-
nificance of information spillover, there is relatively little study of its impact on strategic
trading. How do strategic traders react to information spillover? For those who do not
directly observe or take into account prices in other markets, how are their trading activi-
ties indirectly affected? Does information spillover enhance the information efficiency of
prices? What determines traders’ equilibrium surplus? Would a policy that encourages

more traders to take advantage of information spillover necessarily improve welfare?

This paper develops a theoretical framework to examine these questions. In our model,
there are two markets and two assets, one in each market. ! Traders’ values are correlated
both within a market and across markets. Traders in each market observe noisy signals
about their values and compete in demand schedules of the asset and the equilibrium
asset prices are determined by market clearing conditions jointly. Following the strategic
trading literature, traders’ payoffs are linear in their values net off a quadratic cost, and all
traders” asset values and signals are jointly normally distributed. To model information
spillover, we assume that some traders in a market, who are called “informed traders,”
can react to the price of the asset in the other market and submit demand schedules of
an asset contingent on the prices of both assets and their private signals; the remaining
traders, who are called “uninformed traders,” can only express their demands of an asset
as functions of its own price and their private signals.” The fraction of informed traders in
a market, which governs the extent of endogenous information spillover into this market,

is the main focus of our exercise.’

We first solve for the unique linear Bayes Nash equilibrium in closed form in two

benchmarks: either all traders are informed or they are all uninformed.* The differences

!In the online appendix, we show that our results extend to the case with more than two markets and assets.

ZDifferent from insider trading models in the literature, the uninformed traders still observe private signals
that are correlated with their values, so do the informed. The terms “informed” and “uninformed” in
this paper refer to whether a trader has access to the price information from the other market, or more
generally, some additional payoff-relevant information.

3When all traders in one market are uninformed, its asset price is independent of tradings in the other
market, although it is still an informative signal to the informed traders in the other market. Thus, our
model covers exogenous information spillover as a special case.

“The online appendix contains another special case with closed-form solutions where traders in one market
are all informed and all traders in the other market are uninformed.



INFORMATION SPILLOVER IN MARKETS WITH HETEROGENEOUS TRADERS 3

between these two equilibria illustrate the impact of information spillover, absence of
heterogeneity. Notably, all traders in a market benefit from information spillover solely
because the information from the asset price in the other market lessens competition. Intu-
itively, because this price is public, no trader has any informational advantage. Instead, it
alleviates adverse selection faced by traders so that they are more willing to trade, which
in turn lowers each trader’s price impact (i.e., how much a marginal increase in her de-

mand would change the price) and hence increases her expected surplus.

In general, trader heterogeneity, despite a realistic feature in many real-world markets,
confounds the information content of prices in the presence of information spillover. In
particular, equilibrium prices no longer reveal the average signals of all traders in a mar-
ket, which is a key property that holds in the symmetric benchmarks. Furthermore, a
traders’ strategic impact depends on the composition of traders in the markets. Conse-
quently, there are no off-the-shelf results that guarantee the existence of linear Bayes Nash
equilibria for the general case. In addition, the equilibria are not in closed forms even
when they exist. The main contributions of this paper are to establish the existence of an
asymmetric linear equilibrium and to characterize the equilibrium and its comparative

statics with respect to information spillover in large but finite markets.

For equilibrium existence, to deal with the unbounded strategy spaces and the large set
of equilibrium coefficients, we first identify four bounded parameters, two in each mar-
ket, that measure the weighted heterogeneity in bidders” response to their own signals
and the asset price in this market, respectively. We show that these parameters uniquely
pin down each trader’s conditional expectation about her value as a linear function of her
signal and prices; moreover, the inference coefficients are bounded under a joint restric-
tion on the number of traders and the noise in the signal, from which we solve for traders’
optimal strategies and hence the four parameters in the beginning. Applying Brouwer’s

fixed point theorem to this mapping of the parameters delivers existence.’

Because the equilibria are not in closed forms in all but the benchmark cases, we first
consider the large-market limit as the market size in both markets grows to infinity and
then expand the equilibrium system with respect to the total number of traders to char-
acterize traders’ inference, behavior, and welfare in large but finite markets and their
comparative statics with respect to information spillover. Specifically, the limiting equi-
librium is unique and in closed-form, as the numbers of traders in both markets go to

infinity, keeping the fraction of informed traders in each market constant. Furthermore,

>The numerical exercises presented after the existence result suggest that the equilibrium is unique for a
wide range of primitives, although we do not have a formal proof of uniqueness.
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the limiting equilibrium is independent of the fraction of informed traders. However,
both the price impact of a single trader and her inference from information spillover van-
ish in the large market limit in our main setting. The former follows from the fact that
a single trader’s demand becomes negligible in large markets and the latter is a result of
the relative informativeness of signals within a market or across markets in predicting
a traders’ value.” We also provide a series of numerical examples to illustrate how the

equilibrium outcomes vary with the number of traders.

To further examine analytically both the informational and strategic impacts of infor-
mation spillover, we expand the equilibrium coefficients around their limits and focus on
terms that are of order 1/N and 1/N?, where N is the market size. Remarkably, all these
tirst and second order effects, which also pin down the speed of convergence, are unique
and in closed form. Most importantly, with these approximations, we can compare how
the informed and uninformed are differentially impacted by information spillover and

characterize its comparative statics in large but finite markets.

Regarding traders’ inference and behavior, we show that information spillover affects
traders’ marginal revenues through the inference of their values and their marginal costs
through the equilibrium price impacts. For an informed trader, the information content
of the asset price in the other market has a first-order effect. This direct “spillover chan-
nel” benefits more to the informed than the uninformed. Intuitively, the extra informa-
tion alleviates the informed traders” adverse selection problem so that their beliefs are
less responsive (first-order effect) to changes in their own asset prices and more sensitive
(second-order effect) to their own signals than the uninformed. Regarding price impacts,
similar to the benchmarks, because the informed are more willing to trade with less se-
vere adverse selection, all traders” price impacts in equilibrium are lower with informa-
tion spillover. Moreover, the price impacts are decreasing in the fraction of informed in a

market, albeit only to a second-order effect.

Based on these characterizations, we obtain three main sets of results on traders’ wel-
tare and, at the market level, information efficiency, liquidity, price co-movement, and
volatility transmission. First, the fraction of informed traders has a non-monotonic im-
pact on aggregate welfare. Based on the large-market approximation for the expected
surplus, we show that a trader’s welfare increases if either (i) she relies more on her own
signal (“own signal effect”), or (ii) the two types of traders react more differently to prices

so as to create more trade between them (“heterogeneous beliefs effect”), or (iii) her price

%In the online appendix, we also consider extensions with market-specific systematic risks or supply shocks
in which information spillover does not vanish in the large market limit.
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impact is smaller. Among these three effects, it turns out that only the first two effects,
both of which are second-order, vary with respect to the fraction of informed traders; the
term containing price impact in the welfare approximation is independent of the fraction
of informed traders up to the second-order. Therefore, the welfare comparative statics is

solely driven by the traders’ beliefs and inference in large but finite markets.

For the informed, whose expected surplus is always larger than the uninformed, more
information spillover hurts their welfare. As an important step toward this result, we
show that when the market sizes are large enough, informed traders almost perfectly in-
fer the average signals in both markets from the two market prices, independent of the
fraction of informed. Consequently, changes in information spillover do not affect the
informativeness of prices for the informed. Thus, only the “heterogeneous beliefs effect”
matters for an informed trader: the gain from trading with the uninformed shrinks and so
does her expected surplus, as the fraction of the informed increases. For the uninformed,
their surplus is U-shaped because of two opposing forces. Suppose there are more in-
formed traders in a market, on the one hand, the price contains more information from the
other market, which may crowd out the informativeness of her private signal (a smaller
“own signal effect”), which hurts the uninformed; on the other hand, competition among
the informed gets stronger (a larger “heterogeneous beliefs effect”), which benefits the
uninformed. Overall, as more traders become informed, the weighted average surplus
also turns out to be U-shaped as a function of information spillover. An immediate policy
implication is that an increase in transparency can have negative welfare consequences in

markets with adverse selection and heterogeneously informed traders.

Second, information spillover improves both information efficiency, measured by vari-
ance reduction, and liquidity. When there are more informed traders, the variance of an
uninformed trader’s conditional expectation of her value is always smaller; the variance
of the informed, on the other hand, remains the same up to second-order approxima-
tion. That is, more informed traders improve overall learning and lower the information
advantage of informed traders. In fact, we can rewrite a trader’s expected surplus (up
to second-order approximation) as the difference between information efficiency and the
variance of her own asset price. Because information spillover leads to larger price vari-
ance, this explains the gap between information efficiency and allocation efficiency in our
strategic setting. For liquidity, we show that the expectation of trading volume of a trader
can be rewritten (again up to second-order approximation) as expected surplus multi-
plying another term related to price impact, which has a second-order effect. However,

unlike for information efficiency, the price impact now plays a dominant role.
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Finally, our findings are consistent with the empirical evidence of excessive price co-
movements and volatility transmissions mentioned in the beginning. In particular, the
correlation in prices is larger than the correlation of average signals across markets, and
when there is an exogenous shock to the average signals in one market, the price variance

in the other market also goes up; both effects are increasing in information spillover.

This paper is related to the large literature on divisible-good double auctions with in-
terdependent values and strategic trading in imperfectly competitive markets. Rostek
and Yoon (2020) give a contemporary and comprehensive survey of the literature. Start-
ing from the seminal work by Wilson (1979) that considers the symmetric pure common
value case, subsequent papers, Vives (2011), Rostek and Weretka (2012), Ausubel et al.
(2014), Vives (2014), and Du and Zhu (2017) for example, extend the analysis to general
interdependent value settings with symmetric equilibria. More recent contributions by
Malamud and Rostek (2017), Rostek and Yoon (2021), Rostek and Yoon (2021), Chen and
Duffie (2021), Wittwer (2021), and Rostek and Wu (2021) take the market design perspec-
tive to analyze the impact of trading technologies (e.g. the arrangement of trading venues,
market fragmentation, joint or independent market-clearing across venues, synthetic as-
sets, access to information) in multi-asset markets with either private or interdependent
values. An important insight is that, when traders are strategic and can trade in multiple
markets, the change in traders’ price impact in decentralized markets can outweigh the
loss of information or market depth and hence improve overall welfare relative to central-
ized markets. In comparison, to isolate the cross-market information externality, our main
model assumes that each trader only trades in one market so that her payoff does not di-
rectly depend on the allocations across markets and analyzes how information spillover,

either exogenous or endogenous, affects her price impact and welfare.”

Trader heterogeneity in the presence of information spillover is another substantial de-
parture of our paper from the literature. Different from the insider trading models ini-
tiated by Kyle (1989) in which some traders are privately informed and the rest has no
private information, in our model all traders are privately informed and, in addition, a
fraction of traders in each market learns some additional public signal, such as the price
in the other market when information spillover is endogenous. A recent contribution
by Manzano and Vives (2021) also studies asymmetric divisible good auctions with two

types of traders, who also provide an extensive and insightful discussion on the relevance

7The online appendix contains an analysis of the case in which all traders trade in both markets.
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of trader heterogeneity in many real-world markets.® Manzano and Vives (2021) over-
come the potentially complex inference problem under heterogeneous information by
studying a setting in which all traders of the same type observe a common type-specific
signal so that the market price perfectly aggregates information when there are two types
of traders; they also consider trader heterogeneity in other dimensions, such as the mar-
ginal cost. In contrast, prices in our model do not perfectly aggregate information and
different types of traders hold distinct beliefs; we deal with this non-degenerate adverse
selection by exploiting the asymptotic symmetry in large markets as explained in previ-
ous paragraphs. In addition, our focus on the comparative statics of information spillover
is specific to our setting and differs from the questions addressed in Manzano and Vives
(2021). Our work thus complements Manzano and Vives (2021), in both the economic
insights and technical methods, and echoes their advocate for further investigations of

markets with heterogeneous traders.

The rest of the paper is organized as follows. Section 2 presents the setting. Section 3
analyzes two symmetric benchmarks. Section 4 establishes equilibrium existence in the
general case. Section 5 examines the equilibrium in large finite markets. Section 6 dis-
cusses the modeling assumptions and extensions. The proofs of the results are relegated

to Appendices A—C. The online appendix contains further details of the extensions.

2. MODEL

Consider a setting with two risky assets, k € {I,I1}, traded in two separate markets.
For each k € {I,II}, there are nj € IN traders who trade asset k in market k, and the
set of traders in market k is denoted by N,. For each trader i € N, the per-unit value of
asset k to her is 9};. The vector of all traders’ values, (6%,0),);c Ni,jeN 18 jointly normally
distributed with a zero mean vector (as a normalization). The variance of 6, is ngk > 0. The
covariances satisfy: Cov(6.,6,) = O'gkpk > 0, foralli,j € Ny, and Cov(6L,0' ) = 0p0p ¢ €
R, for all i € Ny, j € N_i, k,—k € {I,1I} with k = —k. We assume 1 > pj > |¢|> 0.’

For each k € {I,11} / trader i € Ny privately observes a noisy signal si = 6} + ¢! about
her value. The noise ¢]_is normally distributed with mean zero and variance Ufk and inde-
pendent across all traders i and assets k. Let 07 = Uszk / 0’92k be the variance ratio measuring
the impact of noise relative to the value in market k. The noises (sil,s]I 1)ie N jeN;; and the

values (6}, GJI' 1)ieN; jeN;; are independent.

8 Another recent paper by Andreyanov and Sadzik (2021) also studies exchanges with trader heterogeneity
from a robust mechanism design perspective.

9The condition Pk > |¢] is necessary for the covariance matrix of all signals to be positive semi-definite.
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The initial endowment of each trader i € Ny is normalized to zero. The payoff of trader
i € Ny from trading x;{ units of asset k at a price py € R is

i (xho pioB3) = (0 = pi) -2 — 3 (%)

which is linear in her value of the asset 6. net off the asset price py and has a quadratic
inventory cost, where 7y > 0 is a commonly known constant.

Traders at each market submit net demand schedules for the corresponding asset and
the equilibrium prices of the assets are simultaneously determined by the market-clearing
conditions at both markets. To examine the impact of information spillover from one mar-
ket to the other, we assume that there are two types of traders at each market, depending
on whether their demand can be contingent on the price of the other asset. Specifically, for
each k € {I,1I},let \V, kl be the set of informed traders in market k, who can submit demand
schedules depending on the prices of the assets in both markets. That is, for each i € N},
trader i submits a demand function x} : R — RR such that x.(py, p_x) € R specifies the
quantity of asset k trader i demands for any price vector (px, p_k). Let VY = Nj \ N} be
the set of uninformed traders in market k, who submit demand schedules only as a func-
tion of the price of asset k. That is, for each i’ € N, 0 trader i’ submits a demand function
x;: : R — R specifying the quantity demanded x;{/(pk) of asset k for any price p; € R.
A trader is a buyer if her demand is positive or a seller if her demand is negative. Let
ni = [NV} and n = |N?|=ny — n} be the numbers of informed and uninformed traders,
respectively. Denote by ay = n}/ny € [0,1] the fraction of informed traders in market
k. Given the submitted demand schedules in both markets, (x}(pj, PH)/xé/ (p1 ))ie/\/},i/eNP

and (lel(pllfPl)fx]H(pfl))je/\/}l,j’e/\/}}/ the equilibrium price vector (p},p};) € R? is deter-
mined by the two market-clearing conditions:
> xi(phpi) + ) xi(pi) =0, and ) xp,(pinpi) + 3 xp(pi) =0.
ieN} i'eN? JENE JEND
For each k € {I,1I}, an informed trader i € N} receives x.(p;,p*,) units of asset k and
pays p;xi(p;,p*,), and an uninformed trader i’ € A/} is allocated x;{/ (pg) units of asset k
and pays p;;x}: (P§)-

We adopt linear Bayes Nash equilibrium as the solution concept. A strategy of an in-
formed trader i € N} is a mapping xi (pk, p_i,st) from her realized signal s; to a demand
schedule for gsset k contingent on (pg, p_k)- A s'trategy of an uninformed trader i’ € N is
a mapping x;{/ (pk,sZ) from her realized signal S;C/ to a demand schedule for asset k contin-
gent on py. A Bayes Nash equilibrium is a strategy profile (x}, X} )iy 111 e NLIEN? such that
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for each trader i € AV} and signal s, the demand schedule maximizes i’s expected payoff:

E [usxxi(pz,p’:k,sz),pz,e,i) i, pz,p*_k} " [ui(f;;m, Bl Pr6i) s;;,ﬁk,m} ,

where (p},p* ;) is the market-clearing price vector given xi and all other traders’ equilib-
rium strategies and (P, fi_x) is the market-clearing price vector given any strategy ; and

all other traders’ equilibrium strategies, and for each i’ € Y and s;'{/,

E [ui(»c;;(pz,si),pz,e,i) s;;,pz] N [k (% (Feost), o0 s;;,ﬁk} ,

where p; is asset k’s market-clearing price given xZ and all other traders’ equilibrium
strategies and fy is asset k’s market-clearing price given any strategy J?]l(/ and all other
traders’ equilibrium strategies. A Bayes Nash equilibrium is linear if all traders” equilib-
rium strategies are linear functions. Since traders in each of the four subgroups (N}, NP,
N}, and N?) are ex ante symmetric, we further restrict attention to linear Bayes Nash

equilibria that are symmetric within each subgroup.

3. BENCHMARKS

To illustrate the spillover effect of asset prices, we first solve for the closed-form equi-
libria in two benchmark cases. To simplify notations, here we assume the two markets

are symmetric in the sense that n; = ny; =n, p; = p;; = p, and 07 = 0%, = >.

3.1. Information Spillover (¢; = aj; = 1). Suppose all traders can condition their de-

mands on the prices of both assets. Consider the symmetric linear demand:
1) X (PrsSi) = aist — Bepr + bep -k,

where al, B! and b} are coefficients. The equilibrium is derived as follows:
kr Pk k q

(i) Trader i’s first order condition is

@) E [9;;|s;;, szPfk} — pe=(7v+Apxp

where left-hand side is the marginal revenue, and the right-hand side represents the mar-
ginal cost, which contains a term A]{ =dpy/ dx};, i.e., the price impact in market k, measur-
ing how the equilibrium price reacts to a change in trader i’s demand.

(ii) The price impact A}. In the two market-clearing conditions, we take derivative with

respect to x. to obtain

dx] ox]
1+ ¥ [ax"dpf + ok dr’—ik] —0
jeijent LOPE dxp 9Pk dx
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and l l
y X ydp i O ydpi| _
leNT, Op—k dxj  Opx dxj
from which we solve for the price impact:
3)
i o N\ 1
/\11 _ % L Z Ghe B ox; Yient 1 apk _ B,
P opx  Ip_ o] - '
dxi gt |76 Pk \ g (n—1) (BB — bjb! )

where the second equality follows from the conjectured linear strategy profile in (1).
(iii) Trader i’s inference: [E [9,’;\5};, Pk, P—k]. The market-clearing condition for asset k
implies that
4) sl= Bypk — bllP k
aj
where Ei = (Lic N} s}c) /n is the average signal of all (informed) traders in market k. There-

fore, (pr,p1r) is a linear combination of (57,5;;) and hence is also jointly normal dis-
tributed. The projection theorem then implies that

. , c'Bl Clpt CclBl C'o;
(5) IE|:611(|S;(’pk/p—k:| :Csls;(—'_( 1k o 1 g pk+ Ell £ P—ks

A a_ —k aj
where
ngl_l_f 2/ 1:1_02 2 RS pW)z_(Pz' = 02';%2 :
e N (T e
(iv) Substituting (5) and (3) into (2) and matching coefficients, we get
(6)
ol =l — (n—z)c;—cllB%EBlz (Ci+Chat b=l — Clal

v(n—1)

The above strategy profile is an equilibrium if and only if a! > 0. A simple sufficient

(Cl+Ch)2—(CL)¥ (Cl+Ch)2—(CL)?

condition for a' > 0is (1 — p)(n — 2) > 2. Furthermore, we have the following result

regarding the equilibrium coefficients.

Proposition 3.1. If a; = a;; = 1 and (1 — p)(n — 2) > 0, the equilibrium is given by (6)
and the parameters satisfy:
(i) b* > 0 if and only if ¢ > 0;
(i) 0 < al < S”—zamd0< bt < B! < ;m,
(iii) a', B, and |b1| are increasing in |¢|.
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3.2. No Spillover (a; = a;; = 0). Now suppose no trader can condition her demand on
the price of the other asset, thus there is no information spillover and the market-clearing
prices are determined separately. Following the steps in the previous benchmark, the

equilibrium in market k € {I,1I} with no spillover is given by

?) xi(Peosi) = agsi = Bipo
where

o_ o_ (n=2)C0-C" _ R0 a’
(8) A =4 yn—1) K Co+CY’
9) o 1=p o_ * p

* o l-p+o? 1-p+0? +1*Pn+‘72
Moreover, trader i’s price impact in market k is

1

(10) 20— P _

dxi  (n—1)BY)

The above strategy profile is an equilibrium if and only if a° > 0. Again, a sufficient

condition is (1 — p)(n — 2) > ¢2. The result is summarized in the next proposition.

Proposition 3.2. If a; = a;; = 0 and (1 — p)(n — 2) > 0, the equilibrium is given by (8)
and the parameters satisfy:

: 0_ Cn-2 0_ 1n=2.
(1)0<a <7maHdO<B <§m,

(ii) a° and B® are independent of |¢|.
3.3. Comparison. This section compares traders’ inference, behavior, and welfare. Corol-
lary 3.3 shows that traders put the same weight on their own signals in both benchmarks

and the uninformed place a higher weight on the price of her asset than the informed.
Corollary 3.3. The equilibrium inference parameters satisfy C0 = Cl, C > Cl.

Since traders’ inferences are directly related to their equilibrium strategies, the next
result (Corollary 3.4) compares traders” demand schedules.

Corollary 3.4. The informed traders’ demand schedules, compared to those of the unin-
formed, are more sensitive to their own price, i.e., B} > BY and more sensitive to their
own signals, i.e., a} > aY. The price impact under information spillover is lower than that

under no spillover: A} < AY.

Intuitively, with a lower price pi, an informed trader in market k is less pessimistic

about the quality of the asset and thus demands more than an uninformed trader, since
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an informed trader’s inference is less sensitive to the own price (C! < C°). Therefore,
the equilibrium market demand under information spillover is more responsive to price
(B} > BY). Consequently, the equilibrium price is less sensitive to a change of trade, i.e.,
(A} < AY 1) As an immediate implication, informed traders are more willing to rely on
their own signals (a} > a?), since they have smaller price impacts.

Finally, we compare traders’ equilibrium payoffs. Denote by W} (resp., W}) a trader’s
expected equilibrium payoff in the benchmark with (resp., without) information spillover.
Proposition 3.5 establishes that a trader’s expected payoff is strictly decreasing in her
price impact, and informed traders’ payoffs are higher since information spillover lowers

all traders’ price impacts.

Proposition 3.5. Traders’ expected surpluses in the benchmarks are given by

0
1 7+ A 7+
(7 +Ap)? (7 +AR)?

where WI} > ng )

(CH2E(si —5)> and W} = (CO2E(sk — 5¢)%,

4. THE GENERAL CASE

This section establishes the existence and characterization of equilibria in the general
setting in which there can be both informed and uninformed traders in each market. We
tirst characterize both types of traders’ equilibrium strategy and inference, and then apply
Brouwer’s fixed point theorem to prove existence.

For each k € {I, 1}, we conjecture a linear demand schedule for any uninformed trader
i" € NP in market k as

ka(szSk) = ajsi — BYpx,
and another linear demand schedule for any informed trader i € NV}! in market k as
X (P P—krSk) = 38k — Bipe + bip—,

where ak, B0 ”11« B]%, and b,l are constants. Recall that o) = n,l/ ny is the fraction of in-
formed traders in market k. Let B, = ockB; +(1- zxk)Bg and by = txkb; be the aggregate
sensitivities of demand in market k to py and p_y, respectively. Lemma 4.1 characterizes

the equilibrium demand schedules.

Lemma 4.1. The equilibrium demand schedule of an informed traderi € N, kl is

(1) (Pl Pk 5)) = 7%?»,1 (& [01si propx| = pe).
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where .
. ~
Ap= ((lxk”k —1)(Bf — bzl—B B+ (1 - “k)”kBl(<)> :
k

The equilibrium demand schedule of an uninformed traderi € N, ]? is
. 1 .
0 1\ __ [Py _
(12) X i (Posy) = Y, A (]E [Bk\skf Pk} Pk> /

where

1
M= <‘Xk”k( bkb k) ((1_“k)nk_1)Bl(<)> :

Lemma 4.1 shows that a trader’s demand is increasing in the conditional expectation of
her value, and is decreasing in the price impact A} (or A?). The next Lemma (Lemma 4.2)
characterizes the market-clearing prices in terms of traders’ signals, given the conjectured
strategies of all traders. It establishes that the price py is a linear combination of the
average signals of traders in different subgroups; as a result, the price vector (py, pr1) is

also jointly normally distributed.

Lemma 4.2. The market clearing price of assetk € {I,11} is
(13) pr = D}sp + DPs\ +dist, +ds°,,

where 5 = Eief\/,} st /n}, 50 = Zi’eN,? s;{//n,({), k,—k € {I,11},k = —k, and
B,ktxka,% 1 bkoc_kal_k 0_ B_k(l zxk)ak dO bk(l — [X,k)a(lk
BB x—bib i’ ¥ BB p—bib ' K BB_p—bibi K BB jp—bib_g

D; =

Next we examine traders’” conditional expectations of their values. Because of trader
heterogeneity, there are two types of learning: “cross assets” and “cross subgroups.” Un-
like the benchmark cases, traders” conditional expectations of their values and equilib-
rium strategies do not have closed-form solutions due to the asymmetry. To facilitate the
economic interpretations of the characterization and to establish equilibrium existence,
we introduce the following parameters that capture the impact of signals on market-

clearing prices:

e The price impact of own-asset signals, (:
(14) {x = D; + D}.
e The price impact of cross-asset signals relative to own-asset signals, J;:

dy + d)

(15) e i
D!+ D?
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e The price impact of cross-subgroup signals within a market, 77:

1 1

D, Qg

(16) T = = .
D{+D?  wa} + (1 — ay)ay

The next result (Lemma 4.3) expresses traders’ conditional expectations as functions of
the parameters (x, Ok, 7k ) ke (1,11} Besides the associated economic interpretations, these
parameters are technically convenient to handle, allowing us to establish tight bounds for

the fixed point mapping in the existence proof.

Lemma 4.3. Given the conjectured equilibrium strategies, the conditional expectation of

the value of an informed traderi € N, kl is

(17) E |64/s}, P, pi| = Clst + Chpe + ctp s,

and the conditionally expected value of an uninformed traderi € N} is

(18) E [6]/s}, p] = Chsi + Chpi,

where (C,%s, C,l,c,l, C,?s, Cg)ke{l,ll} are coefficients that depend on (Jy, (x, ﬂk,a]%,pk,nk,¢)ke{1,11}.
The exact form of is given in equation (25) and (27) in Appendix B.

Now we state the first main results of the paper (Theorem 4.4) that establishes the exis-

tence of a linear equilibrium and demonstrate its properties.

Theorem 4.4. There exists o7 € (0,(1 — px)(nx — 2)) such that if 07 < &2 for k = I,11,"°
there exists a linear Bayes Nash equilibrium such that

(1) aj >0, B{ >0, |b|> 0, a) > 0 and B} > 0.

(@) Cl, €% € (0,1), CL,CY € [0, 23],

(3) b]% > 0 and C% > 0 if and only if ¢ > 0.

Here we provide a sketch of proof for Theorem 4.4. First, we define two parameters to
capture the heterogeneity between informed and uninformed traders:
o Bl
e =1 o e =~ 0
apa, + (1 — ag)a) wBy + (1 — ag) By

(19)

Then we construct a fixed point mapping as follows:

Step 1: The input of the mapping is 7ty € [0,1] and ITy € [0,1] for k € {I,I1}.

Step 2: Fix any (7tx, [1x) ey iy, We solve for the unique (CL,Ci,cl, C}?Srczg)ke{l,ll}r as well
as (J, gk)ke{l,ll]w

19The condition 0f < o7 holds if ny is large enough or ¢7 is small enough.
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Step 3: Given (C,%s, cl c,%, C,(()S, C}?)ke{l,ll}/ we get the unique (a}(, B,%,ag, Bg)kE{I/H}, which are
all positive numbers, and also ( b}, b} 1)

Step 4: Given (a},B},a, BY)c (1,11}, we obtain the output of the mapping 7t; € [0,1] and
Il €10,1] fork € {I,I1}.

Along the proof of Theorem 4.4, we also identify the following properties regarding
the inference parameters and equilibrium strategies. First, both types of traders respond
positively to private signals (a2} > 0 and a) > 0) and negatively to the own price (B} > 0
and B > 0). This is guaranteed by the assumption that the noise of the private signal ¢7 is
small enough or there is a large number of trader ny. Intuitively, if a trader’s signal is very
informative about her value, her demand would mostly rely on her signal as opposed to
the prices. If instead it relies more on the information content of prices, then a low price,
for example, would imply that the asset is less valuable and thus the trader would lower
her demand, violating optimality. Likewise, if there are more traders, the price would
be less sensitive to each individual trader’s demand, thus the trader is more willing to
submit a larger demand when the price is lower. Second, informed traders react to the
price from the other market positively (b; > 0 and ¢} > 0) if and only if the two assets
are positively correlated (¢ > 0). Under positive (negative) correlation, a higher price
in other market serves a good (bad) news about the value of the asset in a trader’s own
market. Finally, the sensitivity of the own price for both types of traders is less than Z’;—j
to prevent the own price from being so precise to crowd out the informativeness of private

signals and make traders completely abandon their private signals.

4.1. Numerical Exercises. For fixed market sizes, the inference problems depend on the
composition of traders in both markets, which complicates the characterizations of traders’
best replies and thus the equilibrium demand schedules. Here we provide several numer-
ical examples on the impact of how information spillover «y (see Figures 1-3). From the
mapping constructed in Theorem 4.4, we apply the fixed point iteration to get a unique
numerical solution of (77, I1) and hence all the equilibrium parameters.'!

First, the informed and the uninformed react differently to their own prices (B} — BY =
0), and their reactions to their own signals also differ but only mildly (a,lc — ag #0). In
addition, different from the benchmarks, it is not always the case that informed traders
trade more aggressively, i.e., a; > a) (see Figure 1), while it is still true that informed

traders are more sensitive to prices (Bll > Bg). When 1 is small enough, an uninformed

HEoy simplicity, we focus on the symmetric case where a; = aj; and n; = nj; = n, where n = 10,50.
The inputs of the fixed point iteration are 7w = 7ty = 775 and I1 = I} = I1j;. It turns out that IT is the
unique positive root of a cubic polynomial, hence we can further simplify the input to be 7r, which is one-
dimensional and significantly simplifies the numerical analysis. See the details in the online appendix.
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FIGURE 1. Equilibrium Outcome: n = 10
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FIGURE 2. Equilibrium Outcome: n = 50

trader may trade more aggressively due to a free-riding effect. Since informed traders
are more sensitive to prices, then a larger fraction of informed traders lowers the price
impact, which benefits all traders in the market. Compared to the informed trader, an
uninformed trader faces one more informed in the market, so she could benefit more from
the smaller price impact of her residual demand. However, when the market size is large,
this free-riding effect vanishes, since the impact of a single trader becomes insignificant,
consequently, the informational advantage of an informed trader dominates: a; > a7 (see
Figure 2 and Proposition 5.2).

Second, information spillover (x;) has monotonic impacts on the equilibrium beliefs

and strategies. If there are more informed traders (a higher «;), then market k becomes
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more competitive (lower price impacts A} and AY); both types of traders trade more ag-
gressively (higher 4] and ag); and informed traders are less responsive to both prices,
relative to uninformed traders (lower B,% — B,? and b,%). Based on these observations, we

characterize the equilibrium in large markets in the next section.
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FIGURE 3. Welfare: n =50 and n = 10

Finally, the impacts of information spillover (ax) on welfare are non-monotonic (See
Figure 3). To be specific, when the number of traders are large enough (see the left figure
n = 50 in Figure 3), the welfare of informed traders (W]}) is decreasing in &y, while the
welfare of uninformed traders (W]?) and the aggregate welfare Wy = zka,g +(1- ock)W]?
are U-shaped in a;. Note that the welfare in the benchmarks corresponds to the two
extreme points in the interval oy € [0,1]; thus, the asymmetry between the two types of

traders plays has important welfare implications in the general (i.e., interior) case.

5. ANALYSIS OF LARGE MARKETS

To further examine the equilibrium properties, this section considers settings in which
the numbers of traders at both markets grow large, which allow us to disentangle the
information channel of price spillover from its strategic impact on traders’ inference, be-
havior, and welfare. We focus on the generic case in which p; > |¢| for each k, that is,
traders’ values are more correlated within a market than across markets. Let N = n; + ny;
be the total number of traders. Denote by xx = ny/N € (0,1) the proportion of traders
in market k € {I,1I}. Recall that a; € (0,1) is the fraction of informed traders in market
k. We will take N to infinity while holding both (x;) and () fixed. That is, we study
equilibria in large markets keeping the relative sizes of different subgroups the same. In
particular, we examine the inference and demand parameters in the orders of 1/N and

1/N?, which capture most of the direct and indirect spillover effects when N is large.

5.1. Comparison between two types of traders. We first compare traders’ inferences and
strategies in large markets. In particular, the unique limiting equilibrium is symmetric

and independent of the fraction of the informed. This “asymptotic symmetry” lays out
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the foundation toward the analysis of how information spillover and the composition of
traders influence the equilibrium in later sections.
Proposition 5.1 characterizes and compares traders’ inferences. Notably, the infinite-

market limit as well as the first and second order effects are all unique.

Proposition 5.1. Traders’ inference parameters satisfy the following:
k o A Ak
(1) lejl= 3= +o(x), [6kl= 3= +olg), Q —Cf = FE+o(y), and G, — C), = et
7, (1—pr) |¢] 1
7, (Pkp—k—¢*) aﬁ% '
%k
(2) ¢ >0,6; >0, A >0, and Ay, > 0."

(3) imy_ 0o c,1c =limy_ e 0 =0, limy_ C,% = limyn_ 0 Cg =1-C},andlimy_,« C,%s =

1—pk
1—p+o?”

0(%), where ¢} =

limpy oo Cl(ch = ;j, where C,f =

First, an informed trader’s inference depends on the price in the other market, |c;|> 0
when the two assets are correlated (¢ = 0), as she directly takes into account this informa-
tion externality. Since py is predominantly determined by the average signal 5; in market

k, as the number of traders ny grows large, 5; is almost a perfect signal of her value, i.e.,

Cov(6L,5k) . . -
M is close to 1. Therefore, the residual explanatory power of 5_j converges to zero
ar(5y)
: : . 0.3 G
and is proportional to nlk, ie,1— C%ZE(Q:)") = Varg("s_k) nlk.B Consequently, the cross-asset ef-

fect is non-zero |éx|> 0. Because of information spillover, the demand of the informed
in market k depends on the price p_i, which is correlated with 5_, thus the equilibrium
price pyx depends on 5_ (i.e., |¢|> 0). Since this cross-asset effect is a direct consequence
of information externality, |0k is also proportional to nlk

Second, the uninformed are more sensitive to the own price than the informed: C{ > C}.
Intuitively, the information disadvantage of the uninformed makes them put more weight
on the own price than the informed. Since this is also a direct implication of information
externalities, C) — C} is proportional to nik

Finally, the uninformed are less sensitive to their own signals than the informed (CY, <
C},). Since the uninformed put more weight on the own price (C) > C}), which contains
information about the other market (|d;|> 0), it crowds out their reliance on their own
signals than the informed. Since the difference C}, — CY. is jointly determined by both
C? — C} and |J], it is proportional to nl%

Based on Proposition 5.1, we can now characterize and compare traders’ equilibrium

strategies in Proposition 5.2. In particular, the price impacts for both types of traders

1211 these parameters are solved in closed-form in the proof.
. _ 2
13\We have Cov(6;,5¢) = (pox + %)Ug}( and Var(5;) = (px + M)ng.

3
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are asymptotically the same up to second-order approximations. This is because price
impacts are determined by the price elasticity of demand By = axB} + (1 — ay)BY, so if
the market size is large, each trader faces with approximately the same set of market
participants. Consequently, the behavior differences between the two types of traders are
completely due to their information differences. Formally, an informed trader’s demand
is more sensitive to the own signal (a,l > ag), since her belief is more sensitive to the
own signal than the uninformed (C,ls > C,?s); an informed trader’s demand is also more
sensitive to the own price (B{ > BY), since her conditional expectation about her value is
less sensitive to the own price (C,% < C,?), that is, with a lower price, she is less pessimistic

about the asset value and is willing to buy more assets than the uninformed.

Proposition 5.2. Traders’ equilibrium strategies satisfy the following:
(1) A = g +o(xp) and A = g +o(5p)-
@) al —ad = —% +0(3), BL — BY = 2= + (%), and b} = & + o().
(3) aj = 2 Ak >0, Bf = 2A¢ >0, and b = 2¢; > 0.
(4) impy_ 0o a,l =limyN_ e ag = %;, limy 00 B% = limy_ e B,? = %’t, limpy oo b,l =0, and
limy e Ap = My AY = 0.

5.2. Impacts of information spillover. Next, we study how information spillover, pa-
rameterized by the fraction «y, affects traders” inference and behavior in market k.

For inference, the first step is to analyze the key parameters é; and (i, representing
cross-asset and own-asset effects, respectively. Let 5; be the average signal of all traders
in market k € {I,II}. From Lemma 4.2, we get
(20) P = Ck(Sk + 0S¢ +0(%),
where (j is the impact of 5; on p; and &y is the relative impact of 5_j on py. From Propo-
sition 5.1, a larger ay implies that the total demand in market k is more sensitive to p_,
since there are more informed traders reacting to p_j. Consequently, the equilibrium
price py is more sensitive to 5_j (larger |dk|). In other words, py is less informative of 5_.
Furthermore, since the inference of the informed is less sensitive to pj than that of the
uninformed, a larger «; implies that the total demand in market k is less sensitive to py,
which is predominantly determined by 5;. As a result, the equilibrium price py is less
sensitive to 5; (lower {i). That is, py is more informative of 5;. Lemma 5.3 below formally

establishes these relationships.

Lemma 5.3. If we ignore the terms of order o(;), then

e |0x| and |0y (k| are increasing in ay.
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e ( is decreasing in ay.

Applying Lemma 5.3, we establish the comparative statics of the inference parameters

in Proposition 5.4.

Proposition 5.4. The impacts of information spillover on inference are the following:

(1) First order effect: if we ignore the terms of order 0( ), then
e C] is increasing in a, and |c;| is decreasing in ay.
e C) is independent of ay;
(2) Second order effect: if we ignore the terms of order 0(%) then

e Cl. is independent of ay;
1—pk
o

° C]? is decreasing in «y if and only if oy <

According to Proposition 5.4, information spillover has a first-order effect on the in-
formed traders’ inference from prices, but has no first-order effect on that of the unin-
formed. For the informed, conditioning on observing p_, the predicting power of py
on 5_ is of second-order effect, thus we only need to focus on the direct inference of 3;
from py. A larger ay has two effects: (i) a smaller (i, implying that py is more informative
about 5 (a larger C}); (ii) a larger ||, implying that p, contains more information about
of 5_, which crowds out the informativeness of p_j in predicting 5_j (a smaller |c,1c\). For
the uninformed, the price py contains two sources of information: 5x and 5_j. Recall that
Lemma 5.3 shows that with a larger fraction of informed traders, py is more informative
about 5; and less informative about 5_j. It turns out that their first-order effects exactly
cancel out so that the informativeness of pj remains unchanged.'*

Proposition 5.4 also establishes that information spillover has a second-order effect on
traders’ inference from their own signals. For the informed, C,%S is independent of ay. This
is because they can almost perfectly infer the average signals from both markets (5, and
5_x), independent of ay (see (20)). For the uninformed, C0 is decreasing in «y if and only if
ap < = p £ 15 This non-monotonicity follows from two opposing effects. On the one hand,
the correlatlon between a trader’s value and the price is stronger when there are more
informed traders in the market. As a result, the uninformed rely more on the price instead
of their signals to predict their values (smaller CY). On the other hand, the market price
becomes noisier with more informed traders and thus the correlation between a trader’s
signal and the price is weaker, which implies that the signal contains more information

(larger C.). In total, these two effects generate the non-monotonity in Proposition 5.4.

141t i possible that a; has a second-order effect on CY.

15 1;# > 1, then C,gs is decreasing in oy for all oy € [0,1].
k
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Moreover, when the fraction of the informed is small, the former dominates the latter,
thus C,?S is decreasing in «j for small a1

Next, we study how information spillover affects traders” equilibrium strategies. The
first step (Lemma 5.5) is to analyze the price impact: A{ and A?. Recall that By = a;B] +
(1 — ay)BY is the price elasticity of the market demand.

Lemma 5.5. The following results hold:

e First order effect: if we ignore the terms of order o(%), then By is increasing in xy;
A} and MY are independent of ay.

e Second order effect: if we ignore the terms of order o(%), then A} = Ag = m
is decreasing in ay.

Lemma 5.5 states that the price elasticity of the market demand (By) is increasing in
ag. Intuitively, the demand of an informed trader is more responsive to price, relative to
an uninformed trader: B,% > B,? (see Proposition 5.2). Thus, if there are more informed
traders, the market demand becomes more elastic. Consequently, the price impacts A;
and Ag are smaller, where the changes are in the second order.

Proposition 5.6 then establishes the comparative statics of the equilibrium.

Proposition 5.6. The equilibrium impacts of information spillover are the following:

(1) First order effect: if we ignore the terms of order o(% ), then
e B} and |b| are decreasing in wy.
e B! is independent of wy.
(2) Second order effect: if we ignore the terms of order 0(%), then

° ”11 and ag are increasing in wy.

The first part of Proposition 5.6 follows from the fact that information spillover has
a second-order effect on price impacts (Lemma 5.5) and a first-order effect on inference
(Proposition 5.4). For the second part, note that even though the inference from signals
Cl, is independent of ay, the price impact of the informed is smaller when there are more
informed traders, thus they trade more aggressively with a higher signal, i.e., 4} is in-
creasing in «j. For the uninformed, their price impact is also smaller with more informed
traders, yet their inference from signals C}. is non-monotone in ay. Overall, the former
dominates the latter and hence the uninformed also trade more aggressively with a higher

signal, i.e., 4 is increasing in ay.

165¢e the online appendix for more detailed analysis of this non-monotonicity.
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5.3. Welfare Analysis. This section presents the main results on traders” welfare. Denote
the ex ante expected surplus of an informed (resp., uninformed) trader in market k by W}
(resp., WY). Recall that 5 is the average signal of all traders in market k.

Lemma 5.7 characterizes W} and W{. Importantly, it decomposes an informed (resp.,
uninformed) trader’s welfare into three parts: (1) an own signal effect: E[C} (s} — 5)]?
(resp., E[CY.(si — 5¢)]%), respectively; (2) a heterogeneous beliefs effect: (1 — ay)*E[(C} —
C2)§k + ci5_k|* (resp., a?E[(C] — C,?)§k + ¢15_4]%); and (3) a strategic effect related to the
price impacts.

1

~z), we have

Lemma 5.7. Ignoring the terms of order o(

Tl C _ _
() Wi = o [BICL(s) — 501+ (1 - ag2EI(CL — C)si + cfs_yJ?].
[E[C, (s} — 51)]* 4+ a2 E[(C} — CD)sk + ci5_]?] -

bl
L = M = L1 (dye)?), which is

0 _
@ We=5aate
(Y+AD)2 T (rAD2 T 2y n—1)C¢

Furthermore, the strategic effects satisfy

independent of «y.

Notably, information spillover does not affect welfare through the strategic effect up
to the second order. That is, the welfare impact of information spillover can be almost
completely attributed to the information effects. To see this, let us consider the informed.
The same reasoning applies to the uninformed. Recall that a larger aj lowers the price
impact A{, so the informed trade more aggressively. However, the marginal benefit of
trading equals its marginal cost in equilibrium so that there is no first or second order
welfare change when aj increases. Proposition 5.8 goes on to characterize how the own
signal and heterogeneous beliefs effects and thus traders’” welfare react to changes in ay.
Proposition 5.8. If we ignore the terms of order 0(#), then

(1) Wk1 is decreasing in «y.

1—pk
1—pp+o?”

3) Wi = ockW]} +(1— ock)ng is decreasing in wy if and only if oy < & =

(2) ng is decreasing «y if and only if ay < af =

1—pi
2(1—pg)+o?”
(4) Wy evaluated at o, = 1 and a; = 0 are the same.

(5) W,} — W,? is positive and decreasing in ay.

Proposition 5.8 shows that for any given market composition, the informed are always
better than the uninformed (W,} > ng), but the welfare advantage W,g — W]? shrinks as ay
increases. For the informed, since C, is independent of ay, the own signal effect is also
independent of a;. The heterogeneous beliefs effect is decreasing in ay: a larger a; means

that there are fewer uninformed from whom the informed can take advantage. Therefore,
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the welfare of the informed is decreasing in ay. For the uninformed, the own signal effect
is non-monotonic (Proposition 5.4) and the heterogeneous belief effect is increasing in ay.
When the fraction of the informed is small (a; < «;), the information disadvantage of the
uninformed dominates, so that the welfare of the uniformed is U-shaped in «.

Perhaps more surprisingly, the aggregate (i.e., weighted average) welfare Wy = a, W, +
(1 — ax) WY is also U-shaped. That is, more information spillover does not always improve
the aggregate welfare. To understand this, we consider the aggregate own signal and
heterogeneous beliefs effects, respectively. The aggregate own signal effect displays a
U-shape, since a larger a; implies that both there are more informed traders who are
better than the uninformed and the uninformed may get worse, and the latter dominates
when the fraction of informed is small, i.e., a; < &;. The aggregate heterogeneous beliefs
effect displays a reversed U-shape, as intuitively the market becomes more heterogeneous
when aj is in the middle. Overall, the aggregate own asset effect dominates the aggregate

heterogeneous belief effect, so Wy is U-shaped in «y.

5.4. Information Efficiency and Liquidity. In this section, we first examine the impact
of information spillover on information efficiency, captured by an individual trader’s un-

certainty reduction, formally defined as:
T = Var(6}) — Var(6;|st, pe, p—), & = Var(6}) — Var(6;|si, pi).

Since a larger fraction of informed traders a; improves the informativeness of the price
Pk, i-e., a higher correlation between the value and the price (see the online appendix for
details of this statement), uninformed traders in market k get more precise estimation of
their values by observing only pj; whereas informed traders, who observe both prices,
can almost perfectly estimate the average signals from both markets, independent of ay.

Thus, we have the following result (Proposition 5.9).

Proposition 5.9. If we ignore the terms of order 0(#), then
(1) Tk1 is independent of .
2) T,? is increasing in xj.

3) 7' — 1V is positive and decreasing in .
Kk~ % ISP g

The next result (Proposition 5.10) characterizes the relationship between welfare and
information efficiency. The welfare of any trader can be decomposed into two parts: in-
formation efficiency and price volatility. Hence, the gap between allocation efficiency
and information efficiency comes from the volatility of prices. This gives an alternative
explanation about the welfare impact of information spillover: as ay increases, the welfare

deterioration for both types of traders is due to the fact py becomes more volatile (higher
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Var(py)) and all traders are risk averse. Another immediate implication is that the advan-

tage of the informed W] — W} is completely determined by the information gain 7} — 7,

since price variance has the same effect on all traders.

Proposition 5.10. If we ignore the terms of order 0(%) then

— Var(py)).

J+AY (

e
(1) Wt = 2225 (! — Var(py)) and WY = CESIE

(v +A1)
2) W —WQ = (r,}—r,?)

(3) Var(py) is mcreasmg in .

Next, we study liquidity (i.e., trading volumes) in both markets. Define the liquidity

indices of the informed, the uninformed, and an average trader respectively as:
Ly =E(x ;)% LY =E(x);)? L = aeLg + (1 — ae) LY.

Proposition 5.11 extablishes that liquidity are determined by the price impact A} (or A?)
and welfare. With more informed traders, the uninformed trade more aggressively since
the price impact plays a bigger role than information disadvantage, while the informed
may trade less aggressively since the loss of information advantage may dominate the
gain from a lower price impact if &y is small enough. Moreover, the total liquidity is

increasing in «j.

Proposition 5.11. If we ignore the terms of order 0(%), then
1) Li=(F+A)" WL LY =(Z+A) "W, and Ly = ( + AL) T IW.
(2) L} is decreasing in ay if and only if ay < ak = %( )
3) Lg and Ly are increasing in a.

(4) Li — Lg = %(WI} — W,?) is positive and decreasing in y.

5.5. Price co-movement and volatility transmission. Here we show that information
spillover can account for the empirical patterns of market prices mentioned in the intro-
duction. First, it exacerbates the price comovement across markets beyond the correlation
in the fundamentals (see Proposition 5.12). Define r, as the correlation between p; and
p_k, and define r; as the correlation between 3, and 5_j, which captures the correlation
between fundamentals in two markets. Intuitively, a larger fraction of informed traders
in each market makes the market price contain more information about the other market,

thereby increasing the correlation between the two prices.

Proposition 5.12. Information spillover amplifies price co-movement:
(1) |rp| is increasing in both wj and a_.
2) |rp|= |rs|.
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(3) |rp|= |rs| if and only if ) = a_j = 0.
(4) rp > 0and rs > 0 if and only if ¢ > 0.

Furthermore, information spillover amplifies the transmission of price volatility be-
tween the two markets (Proposition 5.13). Suppose that the variance of the average
signal §_ increases, due to higher volatility of true value 6’ , or noises & ,. Define
Ay = AVar(py)/AVar(p_y) as the change in price volatility in market k, relative to market
—k, which captures the transmission of price volatility. Intuitively, because prices provide
information about the average signals of both markets: py = (i (5x + 65 _x) + 0(%) and
Pk =0 k(5 x4+ 0_k5k) + o(%), a larger ay (and thus a higher ;) implies a higher degree

of linkage between two prices.
Proposition 5.13. The change in price volatility Ay is increasing in ay.

6. DISCUSSION AND EXTENSIONS

We conclude with a brief discussion of the modeling assumptions and several exten-

sions studied in more detail in the online appendix.

Endogenous or exogenous information spillover. As mentioned in the introduction,
our results cover both endogenous and exogenous information spillover. When there are
informed traders in both markets, the equilibrium prices and their information content
are endogenously determined through joint market clearing. When only one market has
informed traders, the price in the other market, which is determined by its own market-
clearing condition, can be viewed as exogenous and “semi-public” information that is
only available to the informed in the former market. Therefore, in addition to prices from
other markets, our analysis applies to broader settings in which a fraction of traders (i.e.,

insiders) commonly observe some informative signals about their values before trading.

Trading in both markets. Our model assumes that each trader only participates in one
of the two markets in order to isolate the impact of information externality from prices.
The online appendix contains an analysis of the case in which all traders trade in both
markets and have multidimensional private information. Assuming a trader’s demand
for each asset can be contingent on both asset prices, we derive the unique symmetric
equilibrium. Compared with the full information spillover benchmark in Section 3.1, the
equilibrium features two extra incentives, in addition to the information externality from
prices: cross-market (and within-market) price impacts and cost linkage of holding differ-
ent assets; furthermore, traders trade more aggressively based on their signals and prices
when they participate in both markets. In the more general case with both traders who

trade both assets and those who only trade one asset, the above three types of incentives
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would confound each other due to this new trader heterogeneity, which is an interesting

question that goes beyond the scope of our current analysis.

Additional comparative statics. The analysis in Section 5 focuses on the comparative
statics of the equilibrium in market k of information spillover, parameterized by the frac-
tion & of informed traders in a market. The online appendix contains further compar-
ative statics results, such as the cross-market impact of information spillover (i.e., how
«_y affects equilibrium in market k), which we show are negligible up to second-order
approximations, and the correlation |¢| between the two assets, which we show amplifies

the impact of information spillover.

More than two markets. We focus on the two-market setting for notational simplicity.
We show in the online appendix that, when there are more than two markets, informa-
tion spillover has stronger impacts on the equilibrium, as the prices from other markets
provide more information about traders’ values. Furthermore, an increase in the number

of markets is qualitatively similar to an increase in the asset correlation |¢|.

Positive information spillover in large markets. In our main setting, the impact of
information spillover vanishes as the market size increases to infinity, which is a conse-
quence of the assumption that a trader’s residual uncertainty diminishes when the mar-
ket size increases, conditional on the average signal of traders in her market (in particular,
s}; = 9}; + ¢ and px > |¢|). There are several ways to enrich the model to reinstall infor-
mation spillover in the large market limit. We pursue two such extensions in detail in the
online appendix: systematic risks and supply shocks. Since the underlying logic of these
two extensions is similar, here we only briefly discuss the former.

We model systematic risk by introducing an extra market-specific normally-distributed
noise ey in the signals of all traders in market k: s;'( = 9,i + e + &, for all i € Ny. Even
when these noises e; and e are independent, in the large market limit, the average signal
of traders in market k will not filter out all the noise in si. As in the main setting, we
tirst solve for the unique symmetric equilibrium in the benchmark where all traders are
informed and examine how the systematic noise ¢y affects traders’” inference. In particular,
it muffles the informativeness of the average signal 5;, but this also implies that traders
may rely more on information spillover (i.e., 5_x) if ex becomes noisier. Furthermore, in
the large market limit, information spillover matters for traders” inference as long as the
variance of the systematic risk is positive.

In the general case with heterogeneously informed traders, the presence of systematic

risk implies that the limiting equilibrium remains asymmetric, which further complicates
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the equilibrium characterization even in large but finite markets. To make progress, ex-
tend the approximation method in the main setting to investigate equilibria around a
double limit, first taking the market size to infinity and then taking the variance of the
system risk to zero. This again allows us to characterize the comparative statics of in-
formation spillover up to second-order approximations. Furthermore, we show that the

results in our main setting are robust to systematic risks.

APPENDIX A. PROOFS OF THE RESULTS IN SECTION 3

A.l. Proof of Proposition 3.1. We first solve for E [6}|si,py, p_k]. It follows from the
market clearing condition (4) that p; = a} (B!, 51 + bs' )/ (B{B!, — blb!,), so it suffices
1+(n—1)p)o3 1 i -
A+ (n—1p)oy (nn )P)% , Cov(s},st) = Var(s}) =

- 2,2 - )
LH=Det )% and Cov (s, 6]) = Cov(s',s}) = Cov (s}, 5 ) = ¢o3. Thus,

i1 =1
E [Gk]sk,sk,s k]

. . (C'B} CLp! CB', C'b}
:Cg5;<+clgllc+cl—§1—kzcgsi+< 1k_ 1_k Pk + 1_k_ 1k P—ks

to solve for E[6}|s,5},5,]. We have Cov(s},6i) =

aj a_ a_ aj
where
1
cl__1=p y_ o P+p—( ore) _ g2 cl— -
ST 1—p402 "  1-p+0% 1-p+02)? T 1-p+o2)? '
10 p <,0+ Pn‘7> _(PZ <p_|_ Pn(7> _(PZ

Then we prove the properties of the equilibrium parameters. First, since C1 > 0 if
and only if ¢ > 0 and b; has the same sign as C1, we have b! > 0 if and only if ¢ > 0.
Second, since p? + p(1 —p + 0?)/n — ¢* > |¢|(1 — p + ¢?)/n, we have C! > |CL| and

1 _ncl_cl 1 )
thus ‘b| S |C | < 1. Since C! > 0, we have a! = =2G—C  Cn2 ginee
cl+ct v(n-1) v n—1
ct > ]Cl_], we also have B! = m < F < %Z—% Finally, since p2 +po(1—p+

2)/n <(o+(1—p+0?)/n)?— ¢? we have 2 a\(PI < 0. Together with 2% < 0, we have

a| 4)‘ > 0. In addition, since gﬁl’l > 0, both = B and ‘b | are increasing in C1 and decreasing

in C1, and thus both are increasing in |¢|. Together with 22

aig) > 0, we have that B! and |b!

are increasing in |¢|.

A.2. Proof of Proposition 3.2. From the market- clearing condition, py = a)s?/BY, where
5) = Zi,eng s}z/n, we have that Cov(pk,éli/) =a)(1+ (n—1)p)og/(nBY), Cov(pk,sk) =
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a) (14 (n—1)p+0?)og/(nBY), Var(py) = (a))? (14 (n — 1)p + 02) 07/ (n(BY)?). Thus,

E [911:|S;<//]9k] Cksk +C%) = Cls + O Zpk
k

where )
o A=p) 0_ P

27 = T 2 —oto?”
o l-p+4o 1—p+c7p_|_1 Pn+<7

Finally, it is clear that a° > 0 and B® > 0 are independent of ¢. Since C° > 0, we have

0_ n=2)-c® _ 0_ _a 1n-2
e = mnon o < ,Y andthusB C0+C0<CO<’Y” T

A.3. Proof of Corollary 3.3. First, C0 = C! = (1—p)/(1 — p + ¢?). Next, we have

2 (1—p+0?)¢?
g L > 0.

1-p+o2 (p+#) ((p+1 p+(72> _4,2>

A.4. Proof of Corollary 3.4. Part (i) follows directly from the closed-form solutions. By

CO_C1:

Corollary 3.3, we have a] — a? = C(O 1) > 0. Since C° > C!, then we have

Bl Cl +C! 1 1 BY

— = >
ap  (Cl+CH2—(CL)2” Cl+C! e Y ag

1
Together with a,% > ag, we have B,% > B,((). Since a,l i e ag i A0 and C1 Cg, then

aj > a) implies that A < AY.

A5. Proof of Proposition 3.5. With full information spillover, for any trader i € N},
xi = ﬁ(]E[Q,HS}(, Pr,P—k] — Pr), then her expected payoff is
v(xi)z) _

Wi = E((E[6Is}, pi p—] - pi)xt — — > TADE(x)?.

By the market-clearing condition, the equilibrium demand is xi = alsi — Blp, + blp, =

al(si — 5;). Together with the fact that al = Cl, we have

'y+A1

1
3N

F= i R —s)

N 0 .
Similarly, W) = (;j)ﬁ)k)z (CY)?E(st — 5¢)2. Since Al < A? and C! = CY, we have W} > WY.
k
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APPENDIX B. PROOFS OF THE RESULTS IN SECTION 4

B.1. Proof of Lemma 4.1. The first-order condition of an uninformed trader i’ is

1! il d
(21) E |6fIsf, pi| - Pk—(7+dpf§)

In addition, from the market-clearing conditions, we have

ox d oxi d oxi d

Z k APk Z k 4Pk kK AP—k | _

t opk dx * [3]9 dxt’ i op_i dxi ] B
JeND jrit TP OXE e nnt | TPk AX —k X

and

y oxL, dp—x y [axl—k dp_g , L, de] _

! i/ + i/
I'eN®, Pk dxj leN?, Ip—k dx Opk dxj

Thus, the price impact of an uninformed trader i’ is
-1

]'/ . . Z ax k
i
@ Po-| ¢ Thep fiop gk L
dx}z e NO i1 it apk e N1 apk e N1 ap*k axl/ ax
JENT# 1EN 1N Z:l’e./\/o ap_ ,<—|—Z4l€./\f1 Bp k

Substituting (22) into (21) and using the conjectured linear strategies, we obtain

@)+ (pos]) = ,H#dp (= [ef1stom] ~ pi) = - (B[ n] = )

dxk
where )\2 is given by (12). Similarly we obtain the strategy of the informed as in (11).
B.2. Proof of Lemma 4.2. The market-clearing conditions can be rewritten as
aparst + (1 — ap)als) = (o(kB,l +(1— ak)B,(3> pe — (1 — a) bip_i = Bipr — bep—i,

for k,—k € {I,II} and k # —k. Thus, we have p; = D}5} + D05 + d}s', + d%° , where

the parameters are given in the statement of this lemma.

B.3. Proof of Lemma 4.3. We first define some new parameters:

1— px Ue—k
24) Gi=—— g =10}, =
(24) p jp— k Pk T Okr Mk = o5,
e (l-m)? | Mk 1-mkg
ekl_lxknk'ekz_( 1—ay (xk)nk’ekS_l—aknk'
K€ e
pa =R L o okt o) —
Kk — €1 Mk

er1 — €
Vi = (ok + ex2) (0—k +e_2) — ¢ — ﬁ((f?k + o) (kT e_x2) — 7).
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Informed traders: For an informed trader i € N}, since (6};,55(, Pk, P—k) 1s jointly normal,
we have E(6L[s, pr, p—x) = Cist + Clpx + c}p_k. Define X =6, Y = (s, p, p_x). By the
projection theorem, E[X|Y] = E(X) + ZX,yZY,Y(Y E(Y)), where

Yxy = (Cov(6:,sL), Cov(6L,px), Cov(6L,p_i)),

Cov(si,st)  Cov(st,pr)  Cov(st,p_),
Yyy=| Cov(pusy) Cov(pupr) Cov(prps)
Cov(p—r,s;) Cov(p—i,pe) Cov(p_i,p—k)

. dl+d¥ D1 D! drt
Define §;, = DII—I—DkO’ {x =D + DY, my = D1+D0 Since —kt5 = k

DI+DY T dl 440,
D;§,1 + D,(() d,ls1 Pt dks ; (see Lemma 4.2), we have

and by py =

P = k[ (s + (1= me)8Y) + S (g8t 4+ (1 — )52 )]

In addition, we have Xy yZY y = (C]%S,C,l,cll), where

(25)
oo =Gl —elye 1 A-C)lr—yudr) 1_ (1—C)u — Yl
S (ke —e)yes 1—=60 -yl * (1— kb )yl
Define f; = W Then, B = (1 — 6x0_ ) (k. Substituting this into (25), we get
1-— — Yr10_ 1-C; 0
26) cl = (1-C) k2 — ym k)’ ol = ( ©) W — Yiadi)
YiaBr Y-k

Uninformed traders: For an uninformed trader i € N9, since (9,2,52, Px) is jointly normal,

we have
E(6] s}, pr) = Clesi, + Clp.

Define X = 6, Yy = (si, px). By projection theorem, we can solve for
E[X|Yo] = E(X) + Zx v,y v, (Yo — E(Y0)),

Cov(sf(,s};) Cov(Sf(, Pk)

Cov(pisi) Cov(pr p)
Therefore, we have x v, Xy 1Y (C,CY), where

where ZX/YO = (COV(Q;{,S;;), ZYO,YO =

(27)
(1= C}) (ykan202 + pi(exa — ex3) — exapiidi) c0_ (1= C{) (o (xx — exs) + nxdkr)
H](() 7 k nggk 7

HY = ng6¢ (k% + o) (0—k + e—x2) — %) + (i + ) (o + ex2) — (px + ex3)* + 2 (i — exs) ik

0
Cks

=Ci +
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1 1
B.4. Proof of Theorem 4.4. Define By = %, C1 Cl kC ka/ T = m

1
and Hk - uckB,lJf(lefkock)Bg'

We construct a fixed point mapping in Steps 1-4 for the case where ¢ > 0, which sat-
isfies the conditions in the Brouwer’s fixed point theorem (Step 5). Step 6 discusses the
case where ¢ < 0.

Step 1: Given 71y € [0,1] and IT; € [0,1], there is a unique &, {x, Bk, C,%S, C,?S, C,%, C,?, c,l, C_]%.

Given 71, we get a unique solution ey, exy, €3, Y1, Yk, Vi3 An immediate result is that

1 _ (1-Cf) (ex1—ex)y
weget G = G ~ ey
Next, we solve for d;. By Lemma 4.2, we get
28) 5, b} _ By meBogey
aap + (1—ap)a)  af Cl

From(26) and (28), we get 6 = (1 — Cjf) (4L — %24 ) . Consequently,

Yi3 Yi3 k
(1- *)yk1

(29) 5 = .
(1-C)yr + < }/k3

Since we have solved for yi1, Yo, Vi3, 7Tk, Cll , then we get the solution of J.

By the definition of By, we have 17_?,‘( = g’lg ,Blk = QCT)/S Together with (26), we get
Y Yn e
30 =(1-C —_j)+ —=
(30) Be=(1- (2 - Y ) 4 2

By definition, we have {; = 1_?:5%. Since we know By, J; and J_g, then there is a
unique solution ;. By Lemma 4.3, we solve for C9 o C,?, c,% and C,%, which are functions of

(8k, Tk €k1, €x2, k3, Vi1, Y2, Vi3 )- Moreover, we solve for Cl = C} + ’éi kel

Step 2: Given C},,C{,CY. € [0,1], C},CY € [0, % ”" 2] there is a unique solution to a > 0,

Bk >0, ak >0, B0 >0, b1 > 0. Consequently, there is a unique 7rx € (0,1), I, € (0,1).

[ aby
gk DCkB1+(1 ock)BO'

and C} = Cl + ’éf Skeckel we get

"‘—kblfk _
By the definition of (Sk, we have §; = Therefore, B (1w B,

2@ £, Together with 2 31 =

1C1

“—kBlk +(1- [X*k)B(ik

=1
1

k k k ( Bl gk )
Substitute the above expression into the definition of A} and A?, we get

Cl
1-C}

Cl

—1
cl +((1—ak)nk—1)32> .

-1
A= ((nock - 1)Bk = Ki(1- )nkB,?) ,AY = (nk(kak
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Together with Bk 1;;’; and B0 =7 AO’ we get
1-CY X
Bl(c) = v £ — 1_¢1 = Ho(x),
It + (1 — a)mg — 1)a]
1-C} 1
1 k _
Bk = v - 1—c1 = Hl(x)/

(e — 1) 7=t + (1 — ae)my]

0
where x = % We divide Hy(x) by Hi(x) and get x = gﬁ’gg Define

G(x) = xHj(x) — Ho(x).
0
We need to solve G(x) = 0 to get the solution x = %.
k
Notice that if C} < 1and C] < 1, then G(x) is continuous for x > 0. Moreover, Hy (x) is

increasing in x and Hy(x) is decreasing in x for any x > 0. Define y = 1:2’; It is apparent
that y > 0. ‘
First, there is a solution x* > 0 such that G(x*) = 0. This holds since G(0) =
and G(+o0) = +o0.
Second, we prove that the solution x* € (0,00) is unique. Define x such that H;(x) > 0
if and only if x > x (it is possible that x = 0). We prove that G(x) < 0 for x < x. If

1-C 1-C}
x >y, then Hi(x) > Hy(y) = 7 — 'y(nkl—l)y = 7(1_&)(2’; % — C}) > 0, where the last

1= c,9<0

inequality holds since C} < 2

implies that x < y and hence Hy(x) > Ho(y) = 2 ("k 2 - CY) >0, wh1ch holds since

Y NE—
CO

(x) < 0and Hy(x) > 0 for any x < x, then we reach the conclusion
that G( ) = xHj(x) — Ho(x) < 0 for x < x. Consequently, any solution x* of G(x*) =0

satisfies x* > x.

We then prove that G(x) is increasing in x for x > x. Since Hy(x) > 0 and H;(x) is
increasing in x for x > x, then xHj(x) is increasing for x > x, Together with the fact
that Hy(x) is decreasmg in x, we have G(x) = xH;j(x) — Ho(x) is increasing in x > x.
Therefore, the solution x* such that G(x*) = 0 is unique.

Next, we solve for the unique B} = Hy(x*) > 0 and BY = Hy(x*) > 0. Moreover, x* €
(0,y) if and only if C < Cp. We know that G(y) = yH1(y) — Ho(y) = yl G ﬁ =
%(Cg — C}). There are two cases: (1) If C} > C?, then G(y) < 0, which means that G(x*) =
0> G(y). Since x* > x and y > x and G(x) is increasing for x > x, then x* > y. Moreover,

B} = H(x*) > Hi(y) = (11 Cck)(Z: % Cl) > 0. Furthermore, BY = Ho(x*) = x*H(x*) >

0. (2) If C] < CY, then G(y) > 0, which means that G(x*) = 0 < G(y). Consequently, x* <
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y. Moreover, BY = Hy(x*) > Ho(y) = %(Z’;—:% — CY) > 0. Furthermore, B{ = Hj(x*) =
%HQ(X*) > 0.

Since we have solved B} > 0 and B > 0, then together with the fact that C}_,C},C}. €

=1 (0 ng—2 : 1_ G p1 0_ S no 1_
0,1], C,C € [Ofn,li_fl]' we get the unique a; = 1_"% B, >0, a) = 1—kC,‘3 By > 0 and b, =

1
1_C—kC11B,1 > 0. Finally, by definition, we get the unique 71} € (0,1) and I € (0,1).

Step 3: We show that (i) & € (0,7), &0 € (0,1); (i) C, < 1, C); < 1; (i) if Cj > 0,
then B >0, {x >0, C} € (0,1), CY > 0, and ¢} > 0.
First, we prove that J; € (0,%), d_r € (0,1) and 6_j < % By equation (29) and

Cl
n—"ks > 0, we get o, < % Moreover, by C; <1, yxq > 0, yxo > 0, yx3 > 0, we get 6 > 0.
Consequently, 5d_; < %ﬁ Since Ny < Y-k, 1—kY—i1 < Yk2 and iy, = 1, then we

Y1 Y-k YaY-n Y- Yi2
get Ve n < 1. Therefore, 6;.0_j < el < 1. Moreover, §_; < e <

Second, we prove that Cj, < 1 and C, < 1. By (25), we get 1 — Cf, = (1 —C})(1 +
—dialioy s (Pk(Pfk e ) = 9P+ (0 e i) (e — R €k1)) > 0, due to the

(Ke—ex1)Vis Kk —ek1

fact that px(0_x +e_gp) — ¢* > 0and e — L=2¢yy > 0. Inall, Cj, < 1. By (27),1 — C}, =

Kk —¢€k1
1-C;
- 1507k (0—k + e —x2) + Kiexa — €3 + (o + 201k ) (K — ex3) + exadrdy] > 0, due to the
fact that xxex, — e, > 0 and & — e > 0. Therefore, C). < 1.
Third, we prove that B; > 0 and {; > 0. By (30), 6_; < % and C}, > 0, i > 0 and

IT; > 0, then we have B > 0. Since 6;6_; < 1, then {; = b 0.

16,0 1
Next, we prove that C} € (0,1). By equation (26) and (30), we get
— Yia _ Yia
cl= (1 - C) W2 — yiad—x) _ (1-S) Vo yii(ik)
T
YkaPr (1-CH2 =5 )+ CL 3t
Since §_j < % and By > 0, then C; > 0. Furthermore, C,%SI;—I’: > 0 guarantees that C} < 1.

Finally, we prove that C? > 0 and c¢; > 0. Since HY > 0 and xx — ex3 > 0, then C) =
(1-CF) (px (kx—ex3) +17xkrx )
HYZy

holds.
Step 4: If ny is large or (7,3 is small, then C,%,Cg elo, Z::%] and C%S,C]?S,C,% € [0,1].
%21 Prom (26), we get C_,l = C,% NI {5 ) LG e

> 0. By equation (26), c} > 0 is equivalent to J; < %, which

First, we prove that C] € [0

Fme—14° 1—ct) kT O oy”
_1(1-C¢
Hence, we need to prove that {; > %yf’;m By (30) and { = %, we need to
prove that
Vo _ Yk G
4 (1-CHEE —J204) + - _ =10 -Cye

1— k0 Nk—=2 Vi3
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We check the case §_j = 0, then (31) is equivalent to

1-Clyp
(32) e —2 > ——k 2 Tk
Cks Yies T
As ny — o0 or a,f — 0, we get limiﬁ =1, hm% =1and limC;S = C;. The right hand
* 2
side of (32) converges to CS = 10"p Moreover, if we ignore the first order term o(1),

then (32) is equivalent to and 0?2 < (1 —px)(ng —2). Since limé_ = 0, then (31) also
holds.
Second, we prove that CY < ”"—_2 Since C) < iﬁ then we need to prove that ¢ >

Z’; ;(1 —Cy). Since lim;; =L then the condition to guarantee CY < 7t 2 also guarantees
that C} < #i=7.

Finally, we prove that C},C,C! € [0,1]. By Step 3, we only need to prove that C}, > 0
and C,(()S > 0, which holds since C,%S —C; >0, Cgs — C; >0,as ny — +ooor (7,% — 0.
Step 5: Since the mapping constructed above is continuous and maps from a convex
compact set to a convex compact set. By Brouwer’s fixed point theorem, there exists a
fixed point. By construction, we obtain the equilibrium parameters, a,i, Bll, ag, B,‘g, b;,
C,%s, C;, ci, C,(()S, and C]? that satisfy the properties stated in Theorem 4.4.
Step 6: The ¢ < 0 case. If ¢ < 0, then yyq, &, ¢, b}, and c} are all negative. Therefore, when

we replace &, ¢, b}, ci with |5/, |¢|, |b}|, |c}|, all the analysis above remains valid.

APPENDIX C. PROOFS OF THE RESULTS IN SECTION 5

C.1. Proof of Propositions 5.1 and 5.2. We prove these two results in five steps.
Step 1: The limit as N — +-oo.

Theorem 4.4 shows that J; < % As N — 400, y;1 — 0, and hence J; — 0. Conse-
quently, limc}c =0, limClls = C,?S = C, limC1 = lirnCO =1-C, lim)\1 = lim)tg =0,
hmak = hmak = hmB1 = hmB0 = Ck . Moreover, lim B = lim(; = 1, lim 7tj. = ay.

Step 2: The coefficients C,% , C,l, ck, Cgs, and C0 ignoring the term o(+r 1 ).

N2
In equilibrium, a} — a? = o(4;) (which is verified in Step 7). Consequently,

T — K =

o (1 — “k)(”k - “k) —0 l)
gy + (1 — ag)ay N”

Substituting 71, = ax + o(y L) into (24), we get (by ignoring o(%))

Kk Kk
33 e =€ —¢€ = —, = —
(33) === Yi o
K_ K
Yio = pr(0—k + n—_i) — %, i = (ox + )(P k T];) — ¢
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Substituting (33) into (25) and (27) and ignoring o(%), we get
(1-C) k2 —ykd—x) 1 _ (1= C) (W — Yrads)

(34) ClL.=C} C= , G = ,
o e YiaPr ‘ Yi3P—k
« -1
0 -G 10 (Vi1 — Yiadr) o0 (1 = Co)mee (P =k + Pr1icdi)
ks — “k 0 7~k 0 7
Hy H{Ck
k ng — 1
= 10k ((ox + K1) (o -k + _k) —¢%) + nk Kk (P + ) 2 i
Step 3: The parameter |Jx|.
Since C, = C} + 0(%) and 71 = ay + o), then by (29), we get 5 = 4 Ck)ykll +
(1- C*)ykz+ Yk
o(5) = + +o(5s) = 5’; - f{‘ — + 0(5y), which holds by yi3 = yx2 + 0(1 ) and
yk2+myk3 k P
G _1=p Y — K¢ 1
1_’&; = ‘Tkk Since yg mn—k we have
o 1
(35) |0k|= n_l; + O(N), and &) = it % .

(kP = 92) g + 4%
k

Step 4: The coefficients |ci|, Cl, — C),, and C} — C}.
1—C5) (Vo1 — Vi, .
By B_x =1+ 0(1) and y43 = yxp + 0(1), we have ¢} = ( k;}f?’ygikykZ K (1-— Ck)(;% —
Ok) + 0( ). By (24) and (35) and vy, = pxo_x — ¢* + 0o(1),

C* 1 * (1 —pk)|(P’ 1
36 cl= 2k +0(— and ¢} =
( ) | kl 1y (N) k Uk(oko—k (PZ)

()42 _ (k)42 _
Since H,? = ko + 0(1), then Clls _ C}({)s _ =COmd(yin—viade) _ (1=CO)midk (i —Yiadr) +

HY KkPk
o(z)- By (24) and (35),

Aks 1 (1 — pk)()bz Xk
4+0(—) and Ai = > 0.
n2 (N2 “ 7 peloko k= 97 (ay + Ly

k

(37) Ck Cks

S

Since Hy = "~y (px + ;1) + 2% Ledmidr +o(4), then

e+ ok 1 1
) to()
Pk B N

1 -Gy 1 1, e e +iE) 1 1
= toly)=t-a Pk(P—kﬂL,L) 4’2)ﬁk

38 Cl=(1-CH(1—

iz Bk (N)

(1_Ck)17k4)(& 5k)+0(

1
C)—Cl= — =).
koo Ok B Yi2 N )
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By (38), (24) and (35), we obtain

A 1 (1—pK)¢? 1
39 Cl—cl="K4o(=) and A=
(39) TR T (N) “7 prlowo—k — ¢7) K

Step 5: The parameters A} and AY.
Since b} = 0(1) and b_; = o(1) and By — B} = o(1), then (A})™! = (agn — 1)(B] —
bip) + (1 — a)meBY = mBy — B} +0(1) = (mg — 1) By + o(1), which implies that

(0) M=o oG M= s o)
The result for A{ follows by the same logic. It is clear that A} = 0(1) and A? = 0(1).
Step 6: The coefficients a} — a{, B{ — BY, and |b} .

Since A} = o0(1) and ¢} = 0(1), then |b]|= ﬁk,ﬂ: l|c,1c|—|—o(l). Similarly, Bf — B) =
%(Cg —CH) +o(q), a} — (C,%S —C)+ 0( »). Consequently, a} — a = k + 0(N2)
Bl — By =1k +o(d), ]bll_ Ut o(4), where af = 1A, > 0, Bf = LA, >0, b = Lcf > 0.
Step 7: We Verlfy that ak - ak =o(%).

By Step 6, a; — a) = (C,%S CY)+o (%) = %i—’g + 0(%) =o(3)-
C.2. Proof of Lemma 5.3. First, (35) implies that |Jy| is increasing in ay.

- 0_cl_A 1 1 x Clo—Ci
Next, since G} — C; = 3 +o(y) and C; =1 —C +0o(1), then & 0. clk = C*nk +o(F)-
c)—c}

1 _go
1 - 1
Bk 1-Cl

k —

Since B} — B} = 2(C} — C}) +o(y) and B} = 2(1 — C) + o(1), then +
—BY

o(R)- By (39), 3¢ —1— (1-a)

in oy, we have that 2 Bl is increasing in ay.

=1—(1— ) 25 C* +0(). Since Ay > 0is decreasing

k
Next, from (30), we have

1 *
o (Y YKk 10 By (1 =C)yie B}
—(-cyR _Yas ol BTk o DT VR Tk
Pr=( k)(]/ks Yi3 2 ks 711 By Yi3 kBk ( )

. B - s . . . . . . . Bx . 1
Since i s increasing in ay, then By is decreasing in a. Since {; = =60 — Br +o(x),

k
then (j is also decreasing in ay.

B * *

B—’g =1+0(1), then { = Br + o(5) = (1 — Ck)% + C{ +o(1). Therefore,
10k k| = |gg :‘—{‘,gk((l — C;)% + C}) + o(3), which is increasing in aj.
%

Finally, since

Déka]%+(1flxk)ﬂ2 _ Cp
axBl+(1—ay)BY 1—(aC4(1—ay)CY)

C.3. Proof of Proposition 5.4. Since f; = + o(%) then

B = Ci + Br(C) — i (C — C})).
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Substituting (38) into this expression, we get

TP (1= CHmd v Mo kG 1
=1-(1-C)*——— —gp————(F= =) =1— + =k 1 o(=).
P ( k) Pk T (ykz t Pk Ok ¥
Substituting the above expression of B into (38), we obtain
ch* 1
41 Cl=(1-CH(1——%)+o(2).
@) P= (-G - D) ()

Therefore, Cg is independent of «y.
By (39), CY — C} is decreasing in ay. Since CY is independent of &, then C} is increasing
1
in ay. By (36), |ci| is decreasing in ay. Since C1 = C; + (L) then % = 0. By (37),

0 _ 1 — _% 1 aAks Pk I(c)s 1
Crs — Cis 2 + 0(3z). Thus, > 0 if and only if ay <1 Therefore, 7k < 0 if
k k

and only if a; < g

C.4. Proof of Lemma 5.5. By (39), ax(B} — BY) = %(CO —CH) 4o(g) = 18 4 5L,

T Nk
which is increasing in a;. Together with 35 = 0, we have Bk = By + (1 — ay)B) =
BY + ak(Bll —BY)is increasing in ay. By (40), we have Al = W + O(Nz) Since aBk >0,

then a m £ <0. Slrmlarly, " <0.

C.5. Proof of Proposition 5.6. We first prove that a; and 4 are increasing in a;. We

know that a; = Cj,. Since A} is decreasing in ax and C}, is independent of ay, then a}

+A1
is increasing in ay. Since 4 = o /\0’ then
G .-G 1 1 1 G 1
42 EIO——k: ks k+ __COZ_CO_C*_—k +o(—
( ) k v ¥ (r)/_}_)\o ,)/) ks ,Y( ks k 1_’_7()\2)_1) (Nz)

Since (AQ)~! = (nx — 1)Bx + 0(57), Bx = axBf + (1 — ) BY, 7(B} — BY) = 2t +o(F),
vBY = C; + 0(1), and By = C} + 0(1), then

1 1 B 1 - (1 — 1)ag (B} — BY)
1+7(A2)—1 1+ y(nx —1)By 1+’y(nk—1)B2 (1+'y(nk—1)Bk)(1—l—’y(nk—1)B£)
1 1 leAk 1

= — 0(—).
1+’y(nk—1)Blg (Cy)? n% (Nz)
Substituting the above expression and (37) into (42), we obtain

G 1 (_ C 1 gy

1
) — = —
) = 0% >t Y\ 1+79(m—1)B ( C; Ak5)> JrO(NZ)
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where )
b o (1=pd o 11
S 2 - 1o,
Ck Pe(okp—k = %) ay + 0 CF pye + f
k k
. * 1- Pk 1 . . . . . X .. . .
Since C < 2 , then G > (s increasing in wy. Since —=—- is increasing in
kT2 et —5

k %k
and B,? is independent of ay, then ag is increasing in ay.

Then we prove that B! and |b}| are decreasing in a; and BY is independent of ;. Since
By = & +0(1), then A{ = HW + 0(%) = W + 0(4)- Therefore, Al is indepen-
dent of ay if we ignore the term o(4;). By the same logic, A is independent of ay if we
ignore the term 0( ). Consequently, B}, |bi | and BY are completely determined by 1 — CJ,
ct| and 1 — C}, in term of comparative statics of ay. Since 1 — C} and |c}| are decreasing

in ay, so are B{ and |b}|. Since C{ is independent of ay, so is BY.

C.6. Proof of Lemma 5.7. Define ay = aza; + (1 — ak)ag, By = axBl + (1 — ax)BY, and
by = axby. We first solve for E(xj ;)* and E(x{ ;)% Since a; — a = o(yy) and a5 — Bpy +
bep -k =0, then xp ; = af (s, — 5k) + (Bx — By)pr — (b — b)p i +o(5y)-

Since pr = Cx(5k + 05 1) +o(y) = 5k +0(1), By — By = —(1 — a) (B — BY) = o(y),
and by — b} = —(1 — ax)b} = 0(1), we have

(44) xp;=ap(sp — ) — (1 — ) (Bf — B)S + (1 — ) b5 k+0(;,)

Since E(si — 5) = E(sk — 5¢)8k = E(s. — 5¢)5_ = 0, then (44) implies that

i - _ _ 1
E(x)* = (ax) E(sp = 51 + (1= Q) E((Bg — BY)Sk — Bi5—)” + 0(553):
By (a},B} — BY,bi) = (v + AL) " HCL,CY— Cl,cb) + 0(%) we have
1 - 1
142 _ 12 =2 2
(45) B’ = o ((CR)E(s} =507 + (1= ) Hy ) + o).
where Hy = E((C] — C?)5k + ¢j5_)?. Similarly, we get
1 ; 1
032 _ 02
(46) B’ = oy ((CRE(s} =507 + afHy ) +0(5):

Next, we solve for W} and W?. Since E(6%|si, px, p—x) — px = (v + /\,{)xii, then

v 7
ng ]E[xkz( (9k|5k/pkrp k) = Px) — E(xil,i)z] = (E + /\l%)E(xl%,i)Z-
Substituting (45) into the above expression, we get

T+ M
(v +A})?

1

47) Wi = £z

((CL)*B(sf — 5 + (1 — ) *B((C} — C)5k + cf5 4)%) + o
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Similarly,
o_ 3+M 2 2 1 1
@9 W= A ((CLPEGh =50+ afE((CL = D+ o)) +o(gg)
k
. . T+al T4+A9
Finally, we estimate (Z:T")z and (;I—Agky By Al = o 11)B + 0(%), Al = o0(1) and
« AL AL

(4 WD = G o), we gt 53 = 30— ki>2> = 0 (o)) +

o(ﬁ) = %(1 — (W) ) +O(N2) Similarly, -2 (

C.7. Proof of Proposition 5.8. We first compute two preliminary estimations.

. C . ~
Since T ‘P”" + 0( 5), im E(5)? = pkagk, and limE(5_;)% = P—kag,k' then

(49) E(si —5;)% = E(s})? — E(5,)% = X,

1
EI(CE~ s+ efs i = (ehPE(TE s —5007 = ()i +o()

where X; = "1(1 — pk—|—(7k)0’9 and Y, = &£k 9 il e .- By (47) and (49), we have

1 Pk

T4l 1 (1—p)*P05  (1— )2 1
50 Wl=_2""k [(cr2x, + k k +o(—=),
(50) k (,)/_I_/\Ilc)z (( k) k ﬂ%Pk(PkP—k _<P2) (“k‘i‘ %)2 (NZ)

k

1
which holds since C, = Cf + 0() and (36). Thus, we have Tk < 0.
By (48) and (49), we have

T4 A0 1 (1—p)?¢*05  2ap — a2 1
(1)  Wo=-21"k | (C/)2X— = X s | Tolg)
F= e K T e — ) (g + %) )

which holds because of (36) and (37). Consequently, " < 0if and only if ay < 1 1{;‘1‘02.
k
Then by (50) and (51), we obtain
1 (1—p)*9°0p, 1 1

(52) Wl — W0 = o2 T2
2t oloro—k = ) (e + )2 TN

Thus, W} — W) is decreasing in ay and W} — W? > 0.
By (50), (51), and 24, = 3%
y (50), G1), and 7505 = G

T4 AL 1 (1= 00705 (1 — o) 1
53 We=-—2""k [ (C)?2x,— = ke Tk Mo +o0(=).
©3) ¢ (v +A})? <( 6" X n%Pk(Pkak_ﬁbz)(lxk—i—%)z el
k

>+ o(%),we have




40 B. HUANGFU AND H. LIU

Hence, Wy is decreasing in ay if and only if ay < &y = Finally, by (53), Wy is the

1—pk
2(1—pg)+og”
same when a; =1 or a = 0.
C.8. Proof of Proposition 5.9. Let Varj = Var(6i|si,py,p_t), Var) = Var(6i|si, py). Let
X=0,,Y=(s,5,5 ) and Y = (s}, px, p—x) and Yo = (st, py).

Since ZX,yZ;}Y = (C{ (1= C’f)%’(l - C,f);%) and 2y x = (1,0 + 1;—5’(,¢)U§k, then by
the projection theorem,

2

_ 0]
(54) Var; = Var[X|Y] = Var(X) — ZxyZy , Zy,x = K—’;(1 — 0%,
1 Y . o? 0_kK 1 PR
where o, = of — nl;i yg =0k~ + % - PkP ’; k¢2 + 0(yz) is independent of a;. Therefore,

= Var(6) — Varj is mdependent of X
Since ZX,YOZ;Ol,YO = (C2,CY) and Zy, x = (Cov(b:,st),Cov(6i,px)) (see Lemma 4.3),
then by the projection theorem,

2
_ o
(55) Var)) = Var[X|Yy] = Var(X) — ZX,YOZY;,YOZYO,X = K—’;(l - pg)agk,
where p? = oy — U" + % ( T 4 (2 — —-)) + o(5pz) is increasing in ay.

Pl PPk =9 o4 Pk o+
% %
Since 70 = Var(6}) — Var) is increasing in p?, then 7 is increasing in a.

C.9. Proof of Proposition 5.10. Let E} = E(6i|s,, pr, p—x) and EY = E(6.|st, py). By (54)
and (55), we have

1 (1-p)¢? 1
1 Pe(Ok0—k = $%) (e + LfE )2

k

o2
(56) T — 1) = Var{ — Var; = K—k(p pk)agk:
k

Comparing (52) with (56), we get
(57) Wl w0 = L (- ).

Next, we deduce W/ — WY in a different way. By Lemma 5.7, we have

68) Wh = WP = o (B((EL = p? ~ B(E = p?) + ol )

By the law of total variance, Var(6i) = E(Var;) + Var(E}) = Varj + E(E})?, which holds
since Var; is a constant by normality and E(E}) = 0. Therefore,

(59) E(E})* = Var(6}) — Var} = 1}, E(E?)? = Var(6.) — Var} = 7.

Thus, we have E((E} — px)* — E(E) — px)? = 1} — 10 + 2E(pi(E) — E})).
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We then substitute the above equation to (58) and get

1
NZ)

From (57) and (60), we get E(px(E{ — E})) = o(z)- Since (1 — ay)x{; + axxi ; = 0, then
(1 — a)EY + axE{ — px = 0. Therefore, we have
(61) E(piEp) = E(piEq) = Var(py).

Hence, by (59) and (61), ]E(E1 pe)? =E(E})? — E(px)? = 1@ — Var(py).
Similarly, E(EY — px)? = 10 — Var(py). Therefore, we get the decomposition of W} and

1
(60) Wi =W = o (dh =+ 2B (py(B] ~ 1)) ) + o

WY in Proposition 5.10. In addition, since 7/ is independent of a; and W} is decreasing in

ay, Var(py) is increasing in ay.

C.10. Proof of Proposition 5.11. By Step 2 of the proof of Lemma 5.7, we have

L= (G +A) "W, L = <§ +A0)TIWE, L= (5 + A1) T W

2
: A
Since A} = (nk—lw + 0(%) and B} — %nl’: +0(4), we have
(62) 1 1 2 leAk

= +— +o0(—)-
(Y+A0% (r+ ((me=1)B)1)?2 2 (C)*mp " N?
Substituting lE(s;( — §)? and E[(C] — C,?)S?k + ¢;5_4|? into (45), we get
_
(7 +Ap)?
We substitute Ay into (62), and then substitute ¢; and (62) into (63), where we take out
the term in (63) that is related to ay:

(63) L} = Js(x,lli)2 =
k

((Ck) X+ = ! (Ck(l_“k))zyk> +O(Z\1]2)

0.2
1 (1-p)*p?og (1 — ay)? +2(1+—1fpk)ak
2 ( — Z)n 1—-pky\2 1—pk
77Ok — 7)1 \ (o + =) g + =
k k

Taking derivative to ay, we get that L} is decreasing in ay if and only if ay < (1 — 1;2p £).

Next, we study L = E(x? ). Substituting E(s. — 5;)> and E[(C} — C?)5) + c15_«]? into
(46), we get

1 1 1
64 L) = E(x),)* = (a})*X +— chag)* Vi + o(
Since ag, W and cjay are increasing in ay, then L,g is increasing in ay.
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Then, we estimate L; = akE(xll )%+ (1 — ag) E(x ) From (53) and Wy = (4 + A{)Ly,
we get

1 1 (1= 0u)*¢%07 (1 — ) 1
65 Li=—— | (CF)2X, — ).
©> ¢ (v +A})? (( % n2 o (oo — ¢?) (ock+—1;fk)2 tolRe)

k

We substitute (62) into (65), from which we take out term that is related to ay:

1 (1—px)¢%0p (txk(l — ) 2(1+ 10—’;)%) |

Voo — 0 \ (s + P2 s B
k k

Taking derivative to oy, we get that Ly is increasing in «y.
Finally, since L} — LY = (3 + A}) " 1(W! — WD), W! — W2 = 0(;) and A = 0(1), then

2 1

C.11. Proof of Proposition 5.12. First, we calculate r, and rs. Since py = k(5 + 0k5_x)
and p_j = g—k(g—k + 5—k§k)/ then
Cov(pk, p—) = CkG—k[(1 + 60 )CoV (Sk,5 k) + & Var(5_) + 6, Var(5x)],

Var(py) = @,% [Var(5x) + 5,%Var(§_k) + 26,Cov (5k,5 )],
Var(p_i) = {2 [Var(5_g) + 6%  Var(5;) 4+ 20_;Cov(5;,5_¢)].

Define wy = \@;Eé‘k")) and w_j = \ZI ir(( )) We get
Cov(pep—i)  _ (1 + 6kd_)1s + Owor + 6_gw—

p = .
v/ Var(py) Var(p_g) \/1 + 02w? + 2rswk(5k\/1 + 0% w2 |+ 2rsw_kb_

Since Cov (5y,5_¢) = ¢y, 0p_,, Var(5c) = (ox + ;£ )(79 and Var(5_x) = (o_x + =% )O'g , then
¢
Yot o)
Second, we prove that r, > 0 and rs > 0 if and only if ¢ > 0. If ¢ > 0, then s > 0, 6 > 0
and 6_j >0, thusr, > 0. If ¢ <0, thenr; <0, <0and §_j <0, thusr, <0.
Next, we prove that |r,| is increasing in ay and a_. We first check the case where ¢ > 0.
We have

T’S:

op _ wi(1—1%)(1 — 5d )
9% (14 Sw? + 2rswidy)? \/1 + 0% w2 |+ 2rsw_b_
using the fact that s < 1,1 — 66 > 0, and ww_i = 1. If ¢ < 0, we replace ¢, 7, s, 5k

>0,

and d_y with |§], |,], |rs|, [6k| and |6_|. By definition, |r,| is increasing in |J;|. Together
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with the fact that |J;| is increasing in ay, we have |rp| is increasing in aj. By symmetry,
|7p| is also increasing in a_y.
Finally, we prove that |r,|> |rs|. Notice that |r,|= |rs| if ay = a_ = 0. Since |r,] is

increasing in a; and a_y, then [ry[> |rs|.

C.12. Proof of Proposition 5.13. Since
Var(p}) — Var(py) = (363(Var(s.) — Var(s_))

Var(p' ) — Var(p_y) = {*;(Var(s' ) — Var(5_y))
then

o Var(pl) ~Vax(p) _ (8:5?
Var(pl,) —Var(p) %,
Since |0 (| is increasing in ay and {_ is independent of ay, then Ay is increasing in ay.
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