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Abstract

This paper proposes a novel approach in a general equilibrium model to assess

how belief heterogeneity affects equilibrium and contract origination. The market of-

fers a menu of collateralized debt contracts depending on leverage and interest rates.

Borrowers select a single contract from the menu, whereas lenders take the choice

as given. Binding collateral constraints raise asset prices above their fundamental

value. The model establishes that changes in market average beliefs rather than

belief disagreement determine asset prices and leverage comovement. Under mild

technical conditions, asset prices and leverage move in opposite directions. Exten-

sions of the model show the interaction of endogenous leverage and credit extension

in the mortgage market, and the ‘Minsky moment’ obtains in equilibrium. Finally,

macroprudential regulatory policy is evaluated.
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1 Introduction

Leverage was at the centre of global financial crisis in 2007. When a trader borrows

to purchase securities, or a household contracts mortgage loans to purchase houses,

collateral has to be pledged. The margin or haircut, is the difference between the value

of the collateral and the loan amount, while the leverage is the inverse of the margin.

When borrowers become more optimistic, they borrow more, thus boosting asset prices;

whereas when lenders become more optimistic, they extend credit more easily, hence

raising the market leverage.

Within a general equilibrium model with incomplete markets, this paper shows that

belief heterogeneity affects the relationship between market leverage and the underlying

asset prices in a nontrivial manner. When collateral is required for loans, the market

determines the leverage ratio, and the required rate of return simultaneously. A menu

of collateralized debt contracts with different combinations of leverage and required

return is available. The question then becomes which contract from the menu will

be actively traded. I introduce the following mechanism to determine the equilibrium

properties of the loans. The market offers a menu of collateralized debt contract with

different required margin and rate of return. Then borrowers choose one contract from

the menu, knowing that different margin requirements correspond to different required

rates of return. Meanwhile, the lenders take the choice as given. Such a simple tractable

mechanism determines uniquely the equilibrium leverage and rate of return for the loan

as well as the underlying asset prices. Put differently, when borrowers become more

optimistic, they demand more assets and loans, thus raising the prices, and when lenders

become more optimistic, they tend to extend more loans, since they believe that the

collateralized assets are less likely to lose value. Therefore, during boom times, when

everyone is optimistic, asset prices and leverage are high, whereas during the crisis

everyone is pessimistic, hence the prices and leverage are both low.

The model establishes that it is the market average belief rather than the belief dis-

agreement that determines the cyclicality and the co-movement of asset price and market

leverage. However, the model also predicts that there can be regions where belief changes

cause asset prices and leverage to move in opposite directions. In addition, when col-

lateral constraints are binding, the underlying asset prices are above their fundamental

value and this difference captures the collateral value. Due to endogenous collateral

constraints, the collateral value are more volatile than the fundamental asset value. Ex-

tensions of the model explore the mortgage market and show how endogenous leverage,

asset price and default affect each other over the credit cycle.
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The basic setup of the model is akin to Simsek (2013). However, unlike in his model,

investors are risk-averse and consume in both periods. Instead of using an arbitrage

argument to pin down the leverage of collateralized loans, I assume away the existence

of the risk-free asset without loss of generality, and propose an endogenous contract

selection mechanism to determine leverage in equilibrium1. Consider a two period econ-

omy with one financial asset (security) and a continuous state space. A financial asset

provides no direct utility to the holder, and the payoff is the same regardless of the his

identity. Two types of traders, with heterogeneous beliefs on the distribution of the

future states, borrow from each other and invest in the security. The optimistic traders

value the securities more, thus borrow from the pessimistic traders to purchase the secu-

rities that are pledged as collateral. If the realization of the collateral value is less than

the debts face value, default occurs and the only punishment is the foreclosure. There

is no asymmetric information and all traders have rational expectations. I assume that

there is a menu of collateralized debt contracts with different face value but the same col-

lateral requirements in the market. Evidently, these contracts have different prices thus

different interest rates. The borrowers are able to choose not only the quantity but also

the type of the contracts, and therefore realize that contracts with different face values

should have different prices and interest rates. The lenders take the menu of contracts

as given, and the borrowers choose the optimal contract according to their preference.

Consequently, leverage, interest rates and asset prices are determined endogenously in

equilibrium.

The main implication of the paper is that belief heterogeneity affects asset prices and

market leverage in a nontrivial way. If the beliefs of the borrowers and lenders change

in the same direction, then asset prices and market leverage comove. However, in some

extreme cases, if the two types of traders’ beliefs move in opposite directions, then it is

also possible the asset prices and leverage to move in opposite directions. Mainstream

literatures emphasizes the effect of belief disagreement. Patton and Timmermann (2010)

show that belief disagreement persists through time and such differences in opinion stem

from heterogeneity in priors or models rather than differences in information sets. They

also point out that differences in opinion move countercyclically, with heterogeneity

being strongest during recessions. Buraschi et al. (2014) show that belief disagreement

is positively related to the wedge between index and individual volatility risk premia,

the different slope of the smile of index and individual options, and the correlation risk

premium. This paper, however, focuses on the mean rather than the variance of beliefs.

I compute the equilibrium grid with different combinations of borrower/lender beliefs,

1I recently came across the work by Bailey et al. (2017) who use similar arguments to explain how
house price beliefs affect the household mortgage leverage choice. However, I arrive at substantially
different results and implications.
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ceteris paribus. Simulation results suggest that equilibrium asset prices and loan leverage

behave differently with respect to changes in the beliefs. In boom times, both types of

traders become more optimistic, thus both asset prices and leverage increase, whereas in

recessions, both types of traders become more pessimistic, hence both asset prices and

leverage decrease. These results are consistent with the empirical evidence in Gorton and

Metrick (2012) that repo haircut index raised from zero in early 2007 to nearly 50% at the

peak of the crisis in late 2008 and Adrian and Shin (2010) that mark-to-market leverage

and asset prices are strongly procylical. Theoretical results in Simsek (2013) indicate

that an increase in belief disagreements can increase/decrease asset prices and leverage

together, whose direction depends on the concentration of belief disagreement changes.

My simulation results unify their results, thus rendering Simsek (2013) a special case of

the model, with additional testable implications. When the beliefs of th borrowers and

lenders move in opposite direction in certain cases, it is possible for the asset price and

leverage to move in opposite directions as well. These results are summarized in Figure

1 and 2 in Section 2.5.

Whenever collateral constraints are binding, the asset price is above its fundamental

value, and the difference represents the collateral value of the asset. In other words,

the collateral value is the Lagrangian multiplier of the collateral constraint, which stays

positive if the constraint binds. Intuitively, the asset provides dividend payoffs that are

captured by the fundamental value, while it also allows the borrower to collateralize

the asset holdings that generate further collateral value. Later, I show that this result

holds regardless of whether the underlying asset is financial or real asset, and that the

collateral value tends to be more volatile than the fundamental value during the credit

cycle. I hasten to add that these results are consistent with the theoretical work by

Fostel and Geanakoplos (2008) and the empirical work by Lustig and Van Nieuwerburgh

(2005).

The equilibrium conditions of the model preserve the ‘asymmetric disciplining of op-

timism’ property of Simsek (2013), which indicates that pessimistic beliefs are used to

assess the probability of default, whereas optimistic beliefs are used to assess the value

of the asset conditional on default not occurring. The optimistic beliefs, which emphasis

on the upside states, may apply in the pre-crisis periods when Greenspan and Shiller ar-

gued that the ‘irrational exuberance had unduly escalated asset values’. After a Minsky

moment, the opposite would happen. The pessimistic beliefs apply during a crisis, when

asset prices collapse and leverage plummets. Therefore, the model generalizes Simsek

(2013) who assumes risk neutral traders and the existence of a perfectly elastically sup-

plied risk-free asset. Consequently, my argument with risk-averse traders, intertemporal

consumption smoothing and endogenous contract origination is technically substantially

4



more demanding, however, much more closely related the economic reality.

Finally I extend the model to incorporate the mortgage market with binomial multi-

period setting. ‘Overlapping generation’ households trade consumption goods and houses

with each other, using mortgage loans and deposit contracts to smooth consumption and

share risk. A long-lived bank offers financial contracts to the households and is oper-

ated by bankers that maximise short term profits. Aggregate risk is modelled via future

endowment shocks of house buyer. The mortgage loan contract is determined using the

same method as in the previous model and the equilibrium is characterized by house

prices and leverage, as well as mortgage default in bad states. This result conforms

with empirical data during the mortgage crisis. The spirit of the procyclical effect is

similar with the double spiral in Brunnermeier and Pedersen (2009). Low endowment

of house buyers decreases house prices, and triggers mortgage loan defaults. The banks

balance sheet shrinks accordingly, thus, less credit is available for new mortgage loans.

Meanwhile, the bank is forced to resell the foreclosed collateral in the housing market

where the demand is already low. The Shleifer and Vishny (1992) fire sale mechanism

further lowers the housing price. Therefore, this stressed financial condition makes the

bank requiring tighter mortgage loan terms, i.e., higher collateral requirement and inter-

est rates. This drop of housing collateral value precipitates in lower house prices. The

credit cycle that is similar to Kiyotaki and Moore (1997) together with fire sale mech-

anism reinforce each other, hence, amplifying the effect of low endowments. Expected

default limits credit extension through the endogenous mortgage contract origination,

and actual default reduce the banks net worth, and subsequently the ability to extend

future credit. Moreover, the model predicts that default after good states is more se-

vere than after bad states, which captures Minsky’s Financial Instability Hypothesis, as

in Bhattacharya et al. (2015) who examine the effect of leverage, as a path dependent

process, on financial stability by linking learning to risk-taking behavior2.

1.1 Related literature

This paper is related to the literature on collateral in general equilibrium. Geanako-

plos (1997, 2003, 2010) was among the first to incorporate collateralized lending and

endogenous leverage into the general equilibrium analysis. Dubey, Geanakoplos, and

Shubik (2005) extended the standard GEI model with default and punishment, and en-

compassed a broad rage of adverse selection and signalling phenomena. Araujo, Kubler,

and Schommer (2012) examined the effects of default and collateral on risk sharing, and

demonstrated that the scarcity of collateralizable durable goods leads to large welfare

losses. Regulation of collateral requirements never led to Pareto improvement, although

2Tsomocos and Yan (2017) consider a learning process of financial intermediaries and study the
‘Minsky effect’ in the mortgage market.
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it would often benefit a large group of agents. My paper adopts the definition of a col-

lateralized loan contract in Geanakoplos and Zame (2014), who proved existence of the

collateral equilibrium under general conditions. Under a binomial time structure with

financial assets serving as collateral Fostel and Geanakoplos (2015) proved that, any

equilibrium is equivalent to another one with no default, and that equilibrium loan-to-

value (LTV) ratio for noncontingent debt contract is determined by the worst case return

of the underlying asset. My paper deviates from their two assumptions, and highlights

the effect of default in equilibrium.

This paper models the belief heterogeneity and disagreement as different subjective

probability density functions on the payoff states. Fostel and Geanakoplos (2008) con-

siders belief heterogeneity as different subjective probabilities in a binomial structure

and showed how leverage cycles can cause contagion, flight to collateral and issuance

rationing. Shleifer and Vishny (2010) used a different term, “investor sentiment”, and

assumed that it affects the price of securitized debt. Banerjee and Kremer (2010) showed

that when investors have infrequent but major disagreements there were positive autocor-

relation in volume and positive correlation between volume and volatility. My modelling

of belief disagreement is close to Simsek (2013). However, in the numerical examples, I

choose simplified linear belief functions, and compute equilibria with different value of

slopes to resemble different level of optimism/pessimism.

There has been a growing literature on the mortgage crisis in 2007. Demyanyk and

Van Hemert (2009) found that the quality of loans deteriorated for six consecutive years

before the crisis and that rapid appreciation in housing prices masked the deteriora-

tion in the subprime mortgage market and thus the true riskiness of subprime mortgage

loans. Mian and Sufi (2009) showed that the expansion in subprime mortgage credit and

its dissociation from income growth was closely correlated with the increase in securiti-

zation of subprime mortgages. Purnanandam (2010) argued that the lack of screening

incentives coupled with leverage-induced risk-taking behavior significantly contributed

to the current subprime mortgage crisis. Instead of loan quality and securitization, this

paper proposes that the leverage increases endogenously during booms, thus contribut-

ing to increased financial instability. This paper is also related to those on borrowing

constraints, credit cycles and financial stability. In addition to those already mentioned,

theoretical works include Holmstrom and Tirole (1997), Bernanke, Gertler, and Gilchrist

(1999), Gromb and Vayanos (2002), Goodhart, Sunirand, and Tsomocos (2006a), etc.,

and empirical works include Copeland et al. (2014), Krishnamurthy et al. (2014), etc.

The rest of the paper is organized as follows. Section 2 introduces the basic collateral

equilibrium in a two period model with a continuum of payoff states, establishes the
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endogenous determination of the collateralized debt contract, and reveals the relation-

ships among belief heterogeneity, asset prices, and leverage. Section 3 extends the basic

model, and incorporates the contract selection method into the mortgage market, and

illustrates the effect of endogenous leverage and bank capital on the credit cycle. Section

4 concludes the paper.

2 The Model

Consider a two period economy (t = 0, 1) with two types of traders and one perishable

consumption good. There is a financial asset (a security) with inelastic supply a from

an outsider. I refer to a financial asset as one providing no direct utility to the holder, as

contrasted with a real asset such as a house. The security sells at an endogenous price

p in terms of the consumption good at t = 0, and pays a random amount s ∈ {0, s̄}
of the consumption good at t = 1. The traders disagree on the distribution of s, with

subjective probability density function fo(s) for the optimistic trader and fp(s) for the

pessimistic trader, where
∫ s̄

0 f
o(s)sds >

∫ s̄
0 f

p(s)sds, and the hazard rates satisfy ho(s) <

hp(s), ∀s ∈ (0, s̄). There is no risk-free asset and the traders are endowed with strictly

positive amount of the consumption good at each state (eh0 , e
h
1 , s ∈ (0, s̄), h ∈ {o, p}),

however they cannot save the consumption good from t = 0 to t = 1.

The Collateralized Debt Contract I define the debt contract as in Geanakoplos

and Zame (2014). A debt always requires collateral. When the value of collateral drops

below the debt’s face value the borrower simply walks away from the contract and gives

up the collateral. Assume that there is a menu of collateralized debt contract CD(j)

with face value j, each sells at a price π(j) at t=0, repays at t = 1, taking 1 unit of the

security as collateral. It is easy to see that j satisfies 0 < j < s̄. Evidently the face value

should be positive. In addition, the a face value above the highest possible future value

of the collateral leads to default at all states and such contract has the same payoff as

the one with face value of s̄. Hence, all contracts with face value above s̄ are redundant.

The price of the debt contract, π(j), or the amount that can be borrowed with one unit

of collateral, increases with the face value. This is because, within a certain range, higher

face value increases the payment in the favourable states, while keeping the downside

states payment unchanged, thus raising the price of the debt. If the security’s realized

payoff at t = 1 is high (s > i), then the borrowers keep their promise, repay the debt, and

get back the collateral. If the security’s realized payoff is low (s < i), the borrowers walk

away from the contract, and give up the collateral. There are no penalties, pecuniary or

non-pecuniary, other than the foreclosure of the collateral.
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Time Structure Consider the case in which the optimistic traders borrow from the

pessimistic traders to purchase the security. Assume that the market is competitive.

1) Both types of traders enter the economy at the beginning of t = 0;

2) The optimistic traders purchase the security from the outsider, and borrow from

the pessimistic traders, using the security as collateral;

3) The traders consume at the end of t = 0;

4) At the beginning of t = 1, the return of the security realizes, and the optimistic

traders choose whether to repay or to default;

5) The traders consume at the end of t = 1.

2.1 The Optimization Problem

2.1.1 The pessimistic traders/lenders

The pessimistic traders/lenders choose the consumptions cp0, c
p
s, the unit of the debt

contract to offer φp, to maximize the expected utility,

max
cp0,φ

p,cps
Ūp = U(cp0) + βp

∫ s̄

0
U(cps)f

p(s)ds (2.1)

subject to the budget set Bp1(p, π(j), j) defined by inequalities (2.2)∼(2.3)

cp0 + πφp 6 ep0 (2.2)

(consumption at t = 0 plus the lending should not exceed endowment)

cps 6 ep1 + φp min[s, j] ∀s ∈ (0, s̄) (2.3)

(consumption at t = 1 should not exceed endowment plus the debt repayment)

2.1.2 The optimistic traders/borrowers

The optimistic traders/borrowers choose the consumptions co0, c
o
s, the holding of the

security ao, and the face value jo and position of the debt contract φo, and maximizes

the expected utility,

max
co0,a

o,φo,jo,cos
Ūo = U(co0) + βo

∫ s̄

0
U(cos)f

o(s)ds (2.4)

subject to the budget set Bo1(p, π(j)) defined by inequalities (2.5)∼(2.7)

co0 + pao 6 eo0 + πφo (2.5)
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(t = 0 consumption and the payment for the security should not exceed the endowment

plus the borrowing)

φo 6 ao (2.6)

(Collateral constraint: number of contracts entered, which equals the amount of collat-

eral, should not exceed the security holding)

cos 6 eo1 + (ao − φo)s+ φo max[s− jo, 0] ∀s ∈ (0, s̄) (2.7)

(t = 1 consumption should not exceed the endowment plus the income from the security

with and without using the collateralized debt contract)

2.2 The Equilibrium

2.2.1 Market Clearing Conditions

The markets for the security and the debt contract should clear,

ao = a (2.8)

(demand for the security equals supply from the outsider)

φo = φp ≡ φ (2.9)

(demand for the debt contract equals the supply)

jo ≡ j (2.10)

(the lenders offer a menu of contracts, and the borrowers choose from the menu)

2.2.2 Contract Determination

The optimization problem above implies that the borrowers have all the bargaining

power on choosing the debt contract, the market determines the prices, while the lenders

accept the type of debt contract to be traded. Recall that the collateralized debt contract

in this paper is characterized by the face value and the collateral level, with normalization

that each unit of contract requires one unit of collateral. Thus, the borrowers choose the

contract by picking the face value j, and are aware that different face values correspond

to different prices thus interest rates. More specifically, the market offers a menu of

collateralized debt contracts, taking the form of a function π(j),∀j ∈ (0, s̄). For any

face value, or the promised repayment level j, the contract price will be π(j). In this

way, the debt’s required interest rate is given as 1 + r(j) = j/π(j), ∀j. The borrowers

choose one of the contract from the menu, by choosing the face value j, while taking
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the function π(j) as given. When they choose different debt contracts, they are aware

that different choices of j yield different prices π(j), i.e., they internalize the pecuniary

externalities. However, they are still considered to be price takers in the credit market,

since they do not take into their consideration the effect of their choice in quantity of

the debt on the debts price.

The first-order conditions are presented in Appendix A.1. When solving for equi-

librium, I focus on the cases where the collateral constraint binds, so that the model

can show how the scarcity of collateral affects the equilibrium prices and leverage. The

lenders’ first-order condition combined with the market clearing condition is given as

below,

πU ′(ep0 − πa) = βp
∫ j

0
sU ′(ep1 + as)fp(s)ds+ βp

∫ s̄

j
jU ′(ep1 + aj)fp(s)ds (2.11)

This equation is the Euler equation for the lenders investment in the collateralized debt.

The left hand side is the marginal cost issuing one additional unit of the loans, whereas

the right hand side is the marginal benefit. Note that only the borrowers choose which

contract to use, while the lenders take the choice as given, and optimize by choosing the

quantity of such contract to offer. In equilibrium, equation (2.11) gives the menu of debt

contracts π(j), ∀j that the market offers. Obviously this relationship is differentiable.

Taking derivative w.r.t. j on both sides yields,

∂π

∂j

(
U ′(ep0 − πa)− aπU ′′(ep0 − πa)

)
= βp

∫ s̄

j

(
U ′(ep1 + aj) + jaU ′′(ep1 + aj)

)
fp(s)ds

(2.12)

which gives the slope of the menu. Another issue to mention is that, the general equilib-

rium analysis requires convex preference and convex budget sets, yet in this model the

default decision leads to non-convexities in the budget sets. The contract determination

method in this model requires checking the second-order condition w.r.t. j, and detailed

discussions are presented in Appendix A.2.

After some algebra, the equilibrium can be characterized by four variables (p, π, j, ∂π/∂j)

and the four equations ((2.11), (2.12) above, and (2.13), (2.14) below,

(p− π)U ′(eo0 − a(p− π)) = βo
∫ s̄

j
(s− j)U ′(eo1 + a(s− j))fo(s)ds (2.13)

∂π

∂j
U ′(eo0 − a(p− π)) = βo

∫ s̄

j
U ′(eo1 + a(s− j))fo(s)ds (2.14)

Equation (2.13) is a Euler equation for optimistic traders’ down-payments on the secu-

rity. p− π is the security price minus the borrowed amount, and s− j is the net pay-off
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of holding one unit of the security bought with leverage. Equation (2.14) implies the

optimistic traders choice of contracts. By agreeing to repay one more unit of the con-

sumption goods in each of the future scenario, ∂π∂j more can be borrowed using the same

collateral. Later, I will show that the equilibrium is unique under certain conditions3.

Also note that, the contract determination doesn’t depend on the existence of a risk-

free asset as in Simsek (2013). In that paper, the risk-neutral pessimistic traders must

hold cash, which should have the same return as the debt contract, and this property

consequently fixes the leverage ratio of the collateralized debt contract.

The equilibrium is a set of contract choice and price, security price, and consumptions

for both type of traders at each state. The equilibrium defined later assumes that

the pessimistic traders will not purchase the security themselves, and that the collateral

constraint binds in equilibrium. Therefore, only the optimistic traders act in the security

market, whereas both the optimistic and the pessimistic traders act in the debt market.

Moreover, we are interested in equilibria where the collateral constraint binds so that

to assess its real effects. The following two conditions are consequences of the traders

rational optimization behaviour and fulfill the aforementioned requirements.

p > pp ≡ βp
∫ s̄

0

U ′(cps)

U ′(cp0)
sfp(s)ds (2.15)

λ ≡ πU ′(co0)− βo
∫ s̄

0
min[s, j]U ′(cos)f

o(s)ds > 0 (2.16)

Condition (2.15) states that, the equilibrium price of the security is higher than the

pessimistic traders’ subjective valuation of the the security. Thus, they are not willing

to directly purchase the security. Condition (2.16) states that the Lagrangian multi-

plier for the collateral constraint is positive, which implies that the collateral constraint

binds. The marginal benefit of borrowing through one more contract is greater than

the marginal cost of the repayment, but the borrowers cannot borrow more, due to the

binding collateral constraint. Hence, the equilibria I am focusing analysis on, satisfying

equations (2.11)∼(2.14), can be formally defined as follows:

Definition 1. The Collateral Equilibrium for the economy

E1 =
{

(Ūh, eh0 , e
h
1)h∈{o,p},s∈(0,s̄), a

}
is a vector consisting of a security price, choice of the debt contract and the prices,

3Moreover, if the traders’ risk aversion approaches 0, the four equations above would imply F o(j) =
F p(j), where Fh·, h ∈ {o, p} is the cumulative probability function for the beliefs. In this way we can
find the equilibrium face value of the debt. However, if the belief functions satisfy first order stochastic
dominance condition, we always have F o(s) < F p(s), s ∈ (0, s̄). So the only values of j satisfying the
condition are 0 and s̄, which imply no lending at all.
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individual consumptions as a function of the state’s realization, security holding, and

contract trades, (
p, π(j), j, (ch0 , c

h
s , a

h, φh)h∈{o,p},s∈(0,s̄)

)
if and only if

1. (cp0, c
p
s, φp) ∈ Bp1(p, π, j), and ((c̃0, c̃s, φ̃) ∈ Bp1(p, π, j)⇒ Ūp(c̃0, c̃s, φ̃) 6 Ūp(cp0, c

p
s, φp)

2. (co0, c
o
s, φ

o, ao, jo) ∈ Bo1(p, π), and ((c̃0, c̃s, φ̃, ã, j̃) ∈ Bo1(p, π) ⇒ Ūh(c̃0, c̃s, φ̃, ã, j̃) 6

Ūh(co0, c
o
s, φ

o, ao, jo)

3. Market clearing conditions (2.8)∼(2.10) hold.

4. Conditions (2.15) and (2.16) hold.

where the budget sets Bp1(p, π, j) and Bo1(p, π) are defined by inequalities (2.2) ∼ (2.3)

and (2.5) ∼ (2.7), respectively.

2.3 Equilibrium Characterization

Proposition 1 (Asymmetric Disciplining of Optimism). Only if the collateral constraint

binds then the optimism is asymmetrically disciplined. (i.e. the optimism of the opti-

mistic trader on the downside states does not affect the equilibrium.) Also, the price of

the debt contract is determined by the lenders subjective valuation.

Proof. These results are obvious from equation (2.11)∼(2.14).

Define the stochastic discount factors for the two traders as,

mo(s) = βo
U ′(cos)

U ′(co0)
(2.17)

mp(s) = βp
U ′(cps)

U ′(cp0)
(2.18)

Equations (2.13) and (2.11) can be written as,

p− π = Eos>j [mo
s · (s− j)] (2.19)

π = Ep [mp
s ·min[s, j]] (2.20)

These two equations are no other than the Euler equations. More specifically, equation

(2.19) is the Euler equation of the down payments for the optimistic traders, while

equation (2.20) is the Euler equation of the debt contract for the pessimistic traders.

After plugging in the market clearing conditions and focusing on the situations where

the collateral constraint binds, we have a system of four variables (p, π, j, ∂π/∂j), and

four equations (2.11) ∼ (2.14). Obviously, the optimistic trader’s belief on the bad states

(s < j) does not enter the calculation. Thus the main argument in Simsek (2013) about
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asymmetric discipline of beliefs is robust in this model, where I generalize with inter-

temporal consumption trade-off and risk-aversion, and this result does not depend on

the existence of a risk-free asset.

Proposition 2 (Collateral Constraint). Only if the collateral constraint binds then the

security price is higher than its fundamental value to the buyers (the optimistic traders);

the contract price is equal to the fundamental value to the lenders, but higher than that

of the borrowers.

Proof. It is easy to see that, in equilibrium,

p = βo
∫ s̄

0

U ′(cos)

U ′(co0)
sfo(s)ds+

λ

U ′(co0)
= E [mo

s · s] +
λ

U ′(co0)
(2.21)

π = βo
∫ s̄

0

U ′(cos)

U ′(co0)
min[s, j]fo(s)ds+

λ

U ′(co0)
= E [mo

s ·min[s, j]] +
λ

U ′(co0)

= βp
∫ s̄

0

U ′(cps)

U ′(cp0)
min[s, j]fp(s)ds = E [mp

s ·min[s, j]] (2.22)

Equation (2.21) implies that the security price can be decomposed into the fundamental

value for the optimistic traders plus the collateral value, as suggested by Fostel and

Geanakoplos (2008). Although the security price is higher than the optimistic traders’

valuation, they still choose to buy it, because holding the security as collateral allows her

to borrow more. The price of the debt contract equals the pessimistic traders’ valuation

of future income from the debt, but is greater than the optimistic traders’ valuation

of future payment. This implies that, the borrowers would like to borrow more at the

current interest rate, but could not do so due to lack of collateral. As for the lenders,

the debt contract is fairly priced, and the collateral constraint has not direct effect on

her. Note that the above holds only when the collateral constraint binds (λ > 0). This

proposition summarizes the effect of collateral constraint on the security price and debt

price.

Theorem 1 (Uniqueness). The solution to the system of the four simultaneous equations

(2.11) ∼ (2.14) is unique, only if

1. The utility function takes the form of U(x) = x1−γ

1−γ , and the relative risk aversion

coefficient γ satisfies 0 6 γ 6 1.

2. The hazard rates ho(s), hp(s) of the two types of traders’ belief function satisfies
aγ

(eo1+a(s̄−j)γ+1)
+ hp(j)

(eo1+a(s̄−j))γ >
ho(h)
(eo1)γ , ∀j ∈ (0, s̄)

The proof is provided in Appendix B. I hasten to add that the assumptions about

the utility function, the endowments and the beliefs are sufficient but not necessary to

ensure uniqueness. Note that, if γ → 0, the traders become risk-neutral, and the second

condition above becomes hp(s) > ho(s).
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2.4 Numerical Examples

Consider two risk-averse traders with belief function

f(s) = k(s− s̄

2
) +

1

s̄
∀s ∈ (0, s̄) (2.23)

where the slope k satisfies k ∈ (− 2
s̄2
, 2
s̄2

), so that it is linear on (0, s̄). Let the slope k

equal to ko and kp for the optimistic and pessimistic traders, respectively. It is easy to

show that Eo(s) > Ep(s), and ho(s) < hp(s),∀s ∈ (0, s̄), where E(s) is the subjective

expectation of the security payoff, and h(s) = f(s)/(1 − F (s)) is the hazard rate. The

rest of the parameters and functions are given in Table 1,

Table 1: Exogenous variables

Belief ko = 0.5 kp = −0.5
Utility U(·) = ln(·)
Endowment eo0 = ep0 = eo1 = ep1 = 1
Security Supply a = 1 s̄ = 2
Discount factor βo = βp = 1

Table 2 shows the endogenous variables of the Collateral Equilibrium, together with

a no-lending benchmark, in which the two types of traders are forbidden from lend-

ing/borrowing. Notice that, in absence of the debt contract, both types of traders invest

part of their endowment in the security, and the optimistic traders purchase more than

the pessimistic traders do. Given that the traders have the same amount of endowment,

same discount factor and same utility function, the difference in trading reflects the

belief disagreement. The optimization problem is given in Appendix C.

Table 2: Endogenous Variables

No-Lending Benchmark

p = 0.4511 ao = 0.7052 ap = 0.2948 Ūo = 0.2636 Ūp = 0.0302

Collateral Equilibrium

p = 0.4825 π = 0.1560 j = 0.2647 LTV = 32.34% r = 0.6968
Ūo = 0.3027 Ūp = 0.0367 λ = 0.0968 p− pp = 0.0359 ∂2Lo/(∂jo)2 = −2.1419

λ is the Lagrangian multiplier for the budget constraint. In equilibrium, the collateral constraint binds,
thus λ should be positive.
pp is the price the pessimistic traders willing to pay for the security, defined in equation (2.15). p−pp > 0

means the equilibrium price of the security is higher than the pessimistic traders’ bid price, so it is optimal
not to purchase.
∂2Lo/(∂jo)2 is the second-order derivative w.r.t. jo for the optimistic traders’ optimization problem.

The negative value implies maximization.
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In the collateral equilibrium, the security sells at p = 0.4825, which is higher than the

price 0.4511 in the no-lending benchmark. The debt contract sells at π = 0.1560, with

face value j = 0.2647. This means that, with one unit of the security as collateral, an

optimistic trader can borrow 0.1560 at t = 0, and promises to pay back 0.2647 at t = 1.

This yields a Loan-to-Value ratio (LTV) of 32.34%, and an interest rate of r = 0.6968.

The marginal decrease of utility if the borrowers borrow less is λ = 0.0968 > 0, which

means it is optimal for them to borrow until the collateral constraint binds. The price of

the security is greater than the pessimistic traders’ offer (p > pp), so it is optimal for them

not to purchase the security, as assumed. The optimistic traders, who value the security

more, buys all the security, financed by the collateralized debt. The expected utility of

the optimistic traders/borrowers is 0.3027, and 0.0367 of the pessimistic traders/lenders.

Compared with the no-lending benchmark, both traders’ expected utilities are higher in

the collateral equilibrium. The introduction of the collateralized debt contract provides

better risk-sharing between the two traders, allocates the assets to those who value them

more, thus boosts the asset price, and achieves Pareto-improvement.

More importantly, this example shows that we cannot construct a default-free equi-

librium which is equivalent to the collateral equilibrium with default. As the security’s

payoff lies in the domain (0, s̄), it is possible that the security may end up with value close

to zero. According to Fostel and Geanakoplos (2015), this security cannot be used as

collateral, and consequently the default-free equilibrium is no other than the no-lending

benchmark in the previous section. In the collateral equilibrium model, potential default

affects the determination of the debt contract, while actual default re-distributes wel-

fare between the households. The collateral equilibrium and the default-free equilibrium

are not equivalent, and the reason for this “challenge” is that this paper changes the

assumption about binomial structure

2.5 Belief heterogeneity

This section evaluates how changes in beliefs affect the equilibrium, without changes

in the fundamentals. I fix the value of all other exogenous variables, and only change

the value of ko and kp. Remember that these two coefficients occurs in the probability

density function of beliefs (Equation (2.23)), with higher value representing a more opti-

mistic belief. More specifically, I compute the equilibrium with different combinations of

(ko, kp) ∈ {−0.5,−0.49,−0.48, ..., 0.49, 0.5}2, ko > kp (5050 cases), fixing all other exoge-

nous variables. I am particularly interested in the cases where the collateral constraint

binds, and the pessimistic traders do not purchase the security. In order to generate

more equilibrium satisfying the assumptions above, the endowment of the pessimistic

traders need to be high so that they are not interested in purchasing the security. All
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the other exogenous variables are the same as in the previous case, except for the second

period endowment of the pessimists, with ep1 = 2 in this section.

Figure 1 shows the simulation results on belief heterogeneity, asset price, and contract

leverage ratio. For each figure, the horizontal and vertical axis represents kp and ko,

respectively. Remember that the ks are the slopes of the linear belief functions fh(s) =

kh(s− s̄/2) + 1/s̄. The higher value of the coefficients, the more optimistic the traders

are. Also, the average of the two slopes, (ko+kp)/2, can be seen as a measure of average

market optimism, while the difference, ko − kp can be taken as a measure of belief

disagreement. The figure on the left shows how belief heterogeneity affects equilibrium

asset price, while the one on the right shows the effect on equilibrium contract leverage.

The region with color closer to blue represents lower value, while the the region with

color closer to yellow represents higher value. Obviously, a more optimistic belief of the

borrowers or the lenders increases both the asset prices and the leverage. When the

borrowers become more optimistic, they value the the security more, thus increasing the

demand, which leads to higher prices and leverage they choose. When the lenders become

more optimistic, they believe that the value of the collateral is higher, and the probability

of default is lower, thus increasing the credit supply. Consequently the leverage and the

security price are higher. However, the belief of pessimistic traders/lenders has a stronger

effect on the equilibrium leverage than on the asset price.

All the data points are on the northwest part of each graph, since I only consider

the cases where the borrowers are more optimistic than the lenders (ko > kp). More-

over, I assume that in equilibrium the collateral constraint binds, and the pessimistic

traders/lenders do not purchase the security directly. The calculation indicates that,

when the belief disagreement between the two types is small, the asset prices would fall

below the subjective valuation of the pessimistic traders, incentivizing their purchase.

However, in this paper I only focus on the equilibrium with properties mentioned in

Section 2.3, thus in Figure 1 there are blank area to the southeast. The zigzags are

due to the discrete increment of ko and kp, while within the colored region the graph is

smoothed by MATLAB graphic function.

Fixing other exogenous variables, we can always find combinations of (ko, kp) that

keep either equilibrium asset prices or the contract leverage ratio unchanged. These

combination are represented by the region of same color in Figure 1. To clarify the idea,

I draw the isovalue curves of price and leverage crossing at the initial equilibrium E in

Figure 2. The movement along the curve p represents (ko, kp) that keep the asset prices

unchanged, while the movement along the curve Leverage represents (ko, kp) that keep

the contract leverage ratio unchanged. At each initial equilibrium, the slopes of the two
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Figure 1: Belief heterogeneity, asset price, and leverage

These two figures show how belief heterogeneity affects equilibrium asset prices and contract

leverage. For each figure, the horizontal axis is kp which represents the lenders’ belief, while

the vertical axis is ko which represents the borrowers’ belief. Fixing other exogenous variables,

equilibrium changes when the beliefs change. The figure on the left shows the equilibrium asset

price, and the figure on the right shows the equilibrium contract leverage. The region with color

closer to blue represents lower value, while the region with color closer to yellow represents

higher value. Obviously, the higher ko or kp, the higher the value of asset prices and leverage.

curves are different. It is obvious from the figure that, in most cases asset prices and

leverage move in the same direction when the two types of traders’ beliefs change. The

right-hand-side figure zooms in near the initial equilibrium point E, and the dashed lines

are the horizontal, the vertical and the ±45◦ lines. Remember that I only consider the

cases where the borrowers are more optimistic than the lenders, thus moving towards

the area above the 45◦ line represents an increase in the belief disagreement, whereas

moving towards the area blow the 45◦ line represents a decrease in the belief disagree-

ment. Similarly, moving towards the area above the −◦ line represents an increase in

the average belief increases, whereas moving towards the area below the −45◦ line rep-

resents a decrease in the average belief. For instance, the green area represents the

boom times, when belief disagreement narrows, and asset prices and leverage move up

together. The yellow area represents the crisis times, when belief disagreement broad-

ens, and asset prices and leverage move down together. These predictions are consistent

with the procyclicality of asset prices and leverage (Adrian and Shin (2010),Gorton and

Metrick (2012)), as well as the counter cyclicality of belief disagreement (Patton and

Timmermann (2010)). In both the blue and yellow area, belief disagreement increases,

but the direction of asset prices and leverage comovement depends on the change in the

average market beliefs.
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Figure 2: Comovement of asset prices and leverage

The figure on the left summarizes the main message of Figure 1. Fixing other exogenous

variables, we can always find combinations of ko and kp that keep either equilibrium asset prices

or contract leverage ratio unchanged. Note that the two ‘indifference curves’ have different

slopes at the initial equilibrium point. The figure on the right zooms in, with dashed horizontal,

vertical and ±45◦ lines.

The results above predict a narrow area where asset prices and leverage move in op-

posite directions due to change in beliefs. On the right one of Figure 2, if we move

the initial equilibrium (point E) along one of the red arrows, we could have such con-

sequences. The arrow pointing to the northwest resembles the case where lenders are

getting less optimistic thus raising the required contract leverage, whereas the borrowers

are still getting more optimistic thus boosting up the asset prices. The arrow pointing

to the south east resembles the case where lenders are getting more optimistic thus de-

creasing the required contract leverage, yet the borrowers are getting less optimistic thus

losing support for the asset prices. This paper does not try to tell why beliefs change,

but only looks at what happens if beliefs change.

3 Applications

This section applies the collateralized debt contract selection method into a dynamic

framework for mortgages, and shows that the endogenous collateral constraint together

with the change in the net worth of financial intermediaries generate the credit cycle in

the mortgage market. Different from Goodhart et al. (2010) and Goodhart et al. (2012),

the equilibrium mortgage contract is endogenously determined. This model can also be

used to study the effects of belief formation (the Minsky effect), and regulation policies4.

4For more on the Minsky effect, see Tsomocos and Yan (2017)
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3.1 The Economy

Consider a three period (t = 0, 1, 2) non-recombining binomial structure with per-

ishable consumption goods and durable houses. There are two types of representative

overlapping generation households, the house sellers (R) and house buyers (P), each of

whom only stays in the economy for two periods. A house buyer is endowed with per-

ishable consumption goods at each state, whereas a house seller is endowed with some

durable houses when she enters the economy, and some consumption goods at each state

as well. Aggregate uncertainty is characterized by the second period endowments of the

house buyers. A good state indicates high endowment, whereas a bad state indicate

low endowment. After each node, a good state is occurring with probability θ, and a

bad state 1 − θ. Later, I shall show how this affects house price, default, and credit

extension. Both types of households derive utility from consuming the goods and living

in the houses, and the house provides some salvage value when they exit the economy.

A bank serves as the financial intermediary throughout the economy, offering mortgage

loan contracts to the house buyers and deposit contracts to the house sellers, and faces

liquidity constraints. The banks is operated by two generations of bankers, who only

cares about short term profit. A Central Bank provides non-defaultable loans for liquid-

ity to the bank within each period with exogenous interest rates. There is no fiat money

in the economy, and the consumption good is used as numeraire. Figure 3 presents the

structure of the economy.

Figure 3: The Economy

19



Let Rs, Ps,Bs, ∀s ∈ {0, U,D} represent the house sellers, the house buyers and the

bankers who enter the economy at the beginning of state 0, U,D, respectively. Each

agent stays in the economy for two periods, and leaves the economy at the end og the

subsequent state. Figure 4 shows the time structure of the economy. At the beginning

of the initial state, the bank (B), the house seller (R0), and the house buyer (P0) enter

the economy. B first borrows from the central bank, and issues mortgage loans to P0.

R0 and P0 then trade houses with consumption goods, and R0 makes deposit to the

bank. B repays fully to the central bank, and the households consume. If state U occurs

at t = 1, P0’s endowment is high. At the beginning of state U , RU and PU enters the

economy. B borrows from the central bank, and repays deposit to R0. Then P0 repays

the mortgage loan, and B issues new mortgage loan to PU . Households trade houses

with consumption goods, and RU deposit in B. By the end of the state, household

consumes and the bank repays the central bank. R0 and P0 leave the economy. If state

UU occurs after U , PU ’s endowment is high. B borrows from the central bank, and

repays deposit to RU . Then PU repays the mortgage loan, and households trade and

consume. B repays the central bank by the end of the state, and realizes the profit. If

state UD occurs after U , PU ’s endowment is low. B borrows from the central bank,

and repays deposit to RU . PU ’s endowment is so low such that either she cannot afford

to repay the mortgage loan, or the equilibrium house price is lower than the mortgage

repayment. So PU defaults on the mortgage loan, B gets the collateral, and resells.

Then households and the bank trade and consume. B repays the central bank by the

end of the state, and realizes the profit. The time structure is similar if state D occurs

at t = 1. The only difference is, P0 defaults at D, the bank seizes the collateral, and

resells in the housing market. When households leave the economy, they take away the

houses owned at the end of the period, and the houses provide some salvage value to the

households.

Mortgage Contract The bank issues mortgage loan contracts to the house buyers,

which is defined as a pair of variables: (A,C). Similar as in the previous model, A is

the required repayment per contract, and C is the required unit of collateral (house)

per contract. The contract’s price, π, represents how much the house buyer can borrow

from the seller per contract. Normalize C to 1, which means each unit of mortgage

contract requires one unit of house as collateral, and assume that the contract is infinitely

divisible. If the future house price is higher than A, it is optimal for the house buyers

to repay the mortgage loan in full, otherwise default occurs, and the bank seizes the

collateralized houses. Partial default is not allowed, so the buyers either repay in full,

or default on all their mortgage loans. The households are atomistic, so they do not

internalized the impact on the loan’s price of their the choice of quantity in the mortgage

contracts to use, nor do they realize their impact on the house price. To deal with
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Figure 4: Time Structure

the potential non-convex budget set issue, I assume that the bank offers a menu of

contracts with different face value, while the house buyers choose one contract from it.

In equilibrium, the contract is jointly determined by both parties’ preferences.

Deposit The bank also provides a safe deposit contract as well, promising a risk-free

interest rate of r. Assume that the bank faces a cash-in-advance constraint. Within

each period, it can borrow from the central bank for liquidity at the beginning of the

state, and is obliged to repay at the end of the state, with an exogenous interest rate

(rM ≡ {rM0 , rMU , r
M
D }). This gives the central bank some power to affect the equilibrium.

More importantly, the bank can only leverage at a cost, making the equity level matter for

the whole economy. This model can only partially reflect the situation in the mortgage

market. As mentioned in Gorton and Metrick (2012), the banks do not underwrite

the mortgage loan itself, but outsource this to a direct lender “with a specialization of

underwriting loans to be held for only a short time before being sold to banks”. Moreover,

this model leaves out securitization, which might be the most important character of the

crisis. Nevertheless, we can think of the banker in this model serving all the roles of

financial intermediation, without complicating the model too much.

3.2 Credit Cycle

The model implies reinforcing credit and price cycles, induced by the endogenous lever-

age and bank capital. The endowment is low at state D for the house buyers, decreasing

the demand for houses. Thus the house price decreases, which triggers mortgage loan

21



default. The bank’s balance sheet shrinks accordingly, and less credit is available for

new mortgage loans. This further decreases the house demand and price, which forms a

credit cycle. Also, the bank needs to resell the seized collateral at the housing market,

where the demand is already low. This is similar to the Shleifer and Vishny (1992) fire

sale, which further decrease the house price. The two cycles reinforce each other, persist-

ing and amplifying the effect of low endowment. If things go to extreme, there might be

bank failure. Brunnermeier and Pedersen (2009) provides a similar twin-spiral structure,

and links the asset’s market liquidity with the traders’ funding liquidity. In this model,

the bankers play a similar role as the speculators. Figure 5 illustrates how the credit

cycle and the price cycle reinforce each other, amplifying the initial endowment shock.

Figure 5: Credit Cycle

3.3 The Optimization Problem

Let Rs, Ps,Bs, ∀s ∈ {0, U,D} represent the house sellers, the house buyers and the

bankers who enter the economy at the beginning of state 0, U,D, respectively. Define

state sU and sD as the subsequent states of state s ∈ {0, U,D}. Also define

P ≡ {P0, PU , PUU , PUD, PD, PDU , PDD} is the vector of house price,

r ≡ {r0, rU , rD} is the vector of deposit interest rates,

π ≡ {π0, πU , πD} is the vector of mortgage loan prices,

A ≡ {A0, AU , AD} is the vector of mortgage loan face values,

rM ≡ {rM0 , rMU , r
M
UU , r

M
UD, r

M
D , r

M
DU , r

M
DD} is the vector of central bank lending interest

rate.

The borrower/house buyer (Ps) A representative house buyer is the borrower in

the mortgage contract, who derives utility from consuming the consumption goods and
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living in houses. The house also provides some salvage value in the end. She is only

endowed with some consumption goods at each state (ePs ≡ {ePss , ePssU , e
Ps
sD}), and ePssD is

low5. The buyer chooses her consumption (cPs ≡ {cPs0 , cPssU , c
Ps
sD}), the quantity of houses

to buy (qPs ≡ {qPs0 , qPssU , q
Ps
sD}), the numbers of mortgage contract to use (φPss ), and the

mortgage loan’s face value (APss ) to maximize her expected utility,

ŪPs =U(cPss , qPss ) + βPsθ
(
U(cPssU , q

Ps
s + qPssU ) + S(qPss + qPssU )

)
+ βPs(1− θ)

(
U(cPssD, q

Ps
s − φPss + qPssD) + S(qPss − φPss + qPssD)

)
(3.1)

subject to the budget set BPs2 (P, π(A)) defined by inequalities (3.2)∼(3.5). In the initial

state, the buyer’s consumption plus the payment for the houses should not exceed her

endowment plus the borrowed amount,

cPss + Psq
Ps
s 6 ePss + πsφ

Ps
s (3.2)

Meanwhile, the collateral constraint is,

φPss 6 qPss (3.3)

If the a good state occurs, the sum of her consumption, payment for some new houses,

and the mortgage loan repayment should not exceed her endowment,

cPssU + PsUq
Ps
sU +APss φPss 6 ePssU (3.4)

If a bad state occurs, the buyer defaults on the mortgage loan, and her consumption

plus the payment for some new houses should not exceed her endowment,

cPssD + PsDq
Ps
sD 6 ePssD (3.5)

The house seller (Rs) A representative house seller sells the houses to the house

buyers and deposits in the bank to smooth consumptions, and derives utility from con-

suming the consumption foods and living in houses. Endowed with some houses (ERss )

at the beginning and the consumption goods at each state (eRs ≡ {eRss , eRssU , e
Rs
sD}), the

house seller chooses her consumption (cRs ≡ {cRss , cRssU , c
Rs
sD}), the quantity of houses

to sell (qsR ≡ {qRss , qRssU , q
Rs
sD}), and the amount to deposit (DepRss ) to maximize her

expected utility,

ŪRs =U(cRss , ERss − qRss ) + βRsθ
(
U(cRssU , E

Rs
s − qRss − qRssU ) + S(ERss − qRss − qRssU )

)
5The economy is complicated so that I will neither provide an analytical solution nor the threshold

value of ePssD for default, however, ePssD should be low enough to trigger mortgage default in the bad states
and this condition is satisfied in all the simulation presented hereafter.
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+ βRs(1− θ)
(
U(cRssD, E

Rs
s − qRss − qRssD) + S(ERss − qRss − qRssD)

)
(3.6)

subject to the budget set BRs2 (P, r) defined by inequalities (3.7)∼(3.9). At the initial

state, her consumption plus the deposit should not exceed her endowment plus the

income from selling the house,

cRss +DepRss 6 eRss + Psq
Rs
s (3.7)

If a good state occurs, her consumption should not exceed the sum of her endowment,

income from selling some more houses, and the deposit repayment,

cRssU 6 eRssU + PsUq
Rs
sU +DepRss (1 + rs) (3.8)

If a bad state occurs, her consumption should not exceed the sum of her endowment,

income from selling some more houses, and the deposit repayment,

cRssD 6 eRssD + PsDq
Rs
sD +DepRss (1 + rs) (3.9)

Notice that if qRssD < 0, the house seller would buy back some houses at the bad state

sD.

The bank The bank is endowed with some initial capital (eB0 ) in terms of the con-

sumption goods in the initial state, and is the price taker in all the markets. The budget

set BB2 (P, r, π,A, rM ) of the bank is defined by inequalities (3.10)∼(3.20). At the ini-

tial state, the total mortgage loan issued should not exceed the initial capital plus the

liquidity borrowed from the central bank,

π0φ
B
0 6 eB0 +M0 (3.10)

then the bank should absorb enough deposit to repay the central bank,

M0(1 + rM0 ) 6 DepB0 (3.11)

At state U , the bank first borrows from the central bank to repay the deposit,

DepB0 (1 + r0) 6MU (3.12)

then the issuance of new mortgage loans plus the repayment to the central bank should

not exceed the collected mortgage repayment plus the new deposit absorbed,

πUφ
B
U +MU (1 + rMU ) 6 AB0 φ

B
0 +DepBU (3.13)
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At state UU , the bank first borrows from the central bank to repay the deposit,

DepBU (1 + rU ) 6MUU (3.14)

At state UD, the bank first borrows from the central bank to repay the deposit,

DepBU (1 + rU ) 6MUD (3.15)

At state D, the bank first borrows from the central bank to repay the deposit,

DepB0 (1 + r0) 6MD (3.16)

then the issuance of new mortgage loans plus the repayment to the central bank should

not exceed the resale of collateral plus the new deposit absorbed,

πDφ
B
D +MD(1 + rMD ) 6 PDq

B
D +DepBD (3.17)

notice that the bank cannot sell more than the seized collateral,

qBD 6 φB0 (3.18)

At state DU , the bank first borrows from the central bank to repay the deposit,

DepBD(1 + rD) 6MDU (3.19)

At state DD, the bank first borrows from the central bank to repay the deposit,

DepBD(1 + rD) 6MDD (3.20)

Bankers Two generations of bankers operate the bank and they overlap in the interim

period. The first generation banker B0 makes the investment decision by choosing φB,

M0, DepB0 , MU and MD, whereas the second generation bankers Bs, s ∈ {U,D} choose

φBs , DepBs , MsU and MsD. All the bankers maximize the expected utility from profits

in their second period,

ŪBs = θU(ProfitsU ) + (1− θ)U(ProfitsD), s ∈ {0, U,D} (3.21)

where

ProfitsU = Asφ
B
s −MsU (1 + rMsU )

ProfitsD = PsDφ
B
s −MsD(1 + rMsD)
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Different generations of the bankers cannot affect each other’s decisions directly, while

the first generation banker may affect the “endowment” of the second generation bankers,

which is the profit in the first period. Breaking down the bank into two generation of

bankers reflect the myopia in the banking industry and simplify the computation, but

ignores the potential benefit of investment smoothing. Goodhart et al. (2006b) proves

that, under certain conditions, an infinite horizon utility maximising problem for bankers

is equivalent to a finite horizon problem, and such horizon can be chosen as one period.

One potential reason behind such behaviour is that, the bankers may depart from the

current bank for better alternative contracts after a finite period of time.

Contract Determination I use the same method as in the previous section to de-

termine the equilibrium mortgage contract. Assume that the market offers a menu of

mortgage contracts with different face value A, each requiring one unit of house as col-

lateral. The menu is thus given as a function of π(A), which specifies the price thus

the interest rates of the loan depending on the face value. The house buyers choose

the face value A, taking the function as given, and the banker takes the choice of face

value as given. In this way, the banker’s budget constraint is linear, and there is only

non-convexity problem with the house buyers. It is only necessary to check the second

order condition ∂2LP /(∂Ap)2 < 0. In equilibrium, the mortgage contract and the func-

tion π(A) should be consistent with the expectation of both the banker and the house

buyers. The first-order condition of the banker Bs, s ∈ {0, U,D} gives the following

equation,

θU ′(ProfitsU )
(
As − πs(1 + rs)(1 + rMs )(1 + rMsU )

)
+ (1− θ)U ′(ProfitsD)

(
PsD − πs(1 + rs)(1 + rMs )(1 + rMsD)

)
= 0 (3.22)

This equation holds for all the value of A given to the bankers, thus in equilibrium, it

represents the relationship between π and A., and we can take partial derivative w.r.t.

A to get the value of
∂π

∂A
at each point on the contract menu in equilibrium.

Equilibrium The mortgage equilibrium is similar to the definition provided earlier,

where all agents optimize by choosing their choice variables, and all the markets clear.

The precise definition of the equilibrium is given in Appendix D. In equilibrium, house

buyers default at state D,DU,DD since the house price drops below the face value of

the mortgage loan.

3.4 Properties

Proposition 3. If the house is used as collateral in the mortgage loan contract, and the

collateral constraint binds then the house price is higher than the fundamental value for
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the buyer. This spread captures the collateral value of the house.

Proof. It is easy to get from the optimization problem that,

Ps =
U ′(HPs

s ) + βPsθ(U ′(HPs
sU ) + S′(HPs

sU )) + βPs(1− θ)(U ′(HPs
sD) + S′(HPs

sD))

U ′(cPss )
+

λs
U ′(cPss )

where HPs
s , HPs

sU , H
Ps
sD , s ∈ {0, U,D} is the house owed by Ps at state s, sU, sD. The first

term represents the house fundamental value to the house buyer, which is the sum of

the marginal rates of substitution, and the second term represents the collateral value,

with the Lagrangian multiplier λ > 0, and

λs = πsU
′(cPss )− θAsU ′(cPssU )− (1− θ)U ′(HPs

sD)

Combining the two equations we have,

(Ps − πs)U ′(cPss ) + βPsθPsAsU
′(cPssU ) = U ′(qPss ) + βPsθ

(
U ′(qPss + qPssU ) + S′(qPss + qPssU )

)
which implies that the marginal cost of down payment plus the marginal cost of the

repayment should equal to the marginal benefit from living in the house. The positive

value of the Lagrangian multiplier λs implies a binding collateral constraint. The house

buyers are willing borrow more, but are constrained by the collateral requirement. The

scarcity of collateral pushes up the house price above the fundamental value. These

results hold generally, regardless of the model structure, and are consistent with the

leverage cycle theory in Fostel and Geanakoplos (2008). Moreover, due to the decreasing

marginal utility, the collateral value tends to be more volatile than the fundamental

value, thus it tends to be more volatile than the house price. Later I will show this

through a numerical example.

3.5 Numerical Example

The following section presents a numerical example of the mortgage economy. The

exogenous variables are given in Table 3. Each house seller has the same endowment in

consumption goods across time, while each house buyer has relatively higher endowment

in the good state and lower endowment in the bad state. As we assume, RU and RD

are the same household entering the economy at different states of the same time period,

thus RU and RD have the same endowment. So are PU and PD. Assume that all the

households and the bankers have the same belief on the states (same θ), they remain

constant. Also, let all the instantaneous utility functions be logarithm, and the salvage

value function be S(·) = τU(·).
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Table 3: Exogenous variables

eB0 = 1 rM0 = 0.01 rMU = 0.01 rMUU = 0.01 rMUD = 0.01
θ = 0.95 τ = 1 rMD = 0.01 rMDU = 0.01 rMDD = 0.01

ER0
0 = 1 eR0

0 = 10 eR0
U = 10 eR0

D = 10 βR0 = 1
eP0

0 = 10 eP0
U = 20 eP0

D = 5 βP0 = 1
ERUU = 1 eRUU = 10 eRUUU = 10 eRUUD = 10 βRU = 1

ePUU = 10 ePUUU = 20 ePUUD = 5 βPU = 1
ERDD = 1 eRDD = 10 eRDDU = 10 eRDDD = 10 βRD = 1

ePDD = 10 ePDDU = 20 ePDDD = 5 βPD = 1

With the given choice of exogenous variables and utility functions, the equilibrium

has the following characters: 1) the bank is solvent in all the states; 2) all the budget

constraint binds; 3) all the collateral constraints for the house buyers binds; 4) the house

buyers default on the mortgage loans at the bad states (D,UD,DD), and repays fully

in the good states (U,UU,DU); 5) the banker B0 resells all the collateral as soon as

possible. These properties are satisfied when all the households and the bankers optimize

over their choice variables. Table 4 presents the endogenous variables given the choice

of the parameters and utility functions. The house price is initially high, and remains

in a high level at the good state U , but crashes at the bad state D, which leads to the

default in the mortgage market. The overall trend of a decreasing house price is due

to the choice of parameters, while the difference between state U and D is robust. As

the model has only three periods, boundary conditions affect variables at different time

significantly. However, variables in states sharing the same predecessor are comparable,

namely the variables in state U and D. As the probability of state D is only 5%, the

low endowment can be seen as a negative shock, although it is expected and affects the

decision makings of the rational households and bankers.

The numerical example exhibits the following properties, which are consistent with the

model’s prediction. First, the house price and the leverage move in the same direction.

At state U , both the house price and the leverage are higher than those at state D.

As explained previously, the low endowment of house buyers at state D decreases the

demand for houses, thus the house price drops and triggers mortgage default. The bank

generates less profits at state D, thus the capital available for future investment is also

low, shrinking the bank’s balance sheet size. The endogenous mortgage contract selection

method together with the difference in the bank’s capital determines the comovement

of house price and leverage. Second, default at state D leads to less credit extension.

πφ, which equals lending per unit of contract π multiplied by the number of contracts

issued φ, is low after default occurs. Moreover, low credit extension is accompanied with

stricter terms of the mortgage contract, which offers lower leverage (LTV ) but demands
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Table 4: Endogenous Variables, Credit Cycles

0 U UU UD D DU DD

P 63.914 59.639 53.098 36.510 47.724 51.740 35.816
π 36.842 32.404 24.679
φ 0.202 0.205 0.248
A 51.508 42.806 40.810
πφ 7.460 6.651 6.122
rMORT 0.398 0.321 0.654
LTV 0.576 0.543 0.517
Dep 6.525 5.187 5.424
r 0.361 0.284 0.584
rMORT − r 0.038 0.037 0.070

CollaV 7.262 1.948
Default 1.292 1.239

CollaV represents the collateral value of the houses, while Default is the level of default at a bad state.

higher required rate of return (rMORT ). Third, default at state D has a persistent

consequence. Although the bank requires higher return on the mortgage loans, the

spread between the mortgage loan and the deposit (rMORT − r) is lower at state D,

decreasing the profitability of the bank, thus the future profits in all the subsequent

states. Forth, collateral value is more volatile than the price of the house. I calculate

the collateral value (CV ) following the definition from Proposition 3. Obviously, the

percentage difference of the collateral value between state U and D is much larger than

that of the house price itself. When house price is low, its capacity to back loans is

naturally low. When leverage comoves with the house price, the capacity is even lower.

The comovement of leverage and house price leads to the high volatility of the collateral

value, which in turn contributes to the volatility of house price. Last but not the least,

the fault in state UD is stronger than in state DD. This observation is consistent with

the Minsky effect, which states that after a period of prosperity, risk accumulates. If a

“Minsky moment” occurs, economy would fall down much more severely than in the case

without the previous prosperity. In this model, leverage is endogenously higher at state

U due to the bank’s balance sheet effect. Thus, when default occurs in the subsequent

state UD, it is more severe than in state DD, which is after a relatively lower leveraged

state.

3.6 Discussions

The multi-period model in Section 3 may be easily extended to incorporate a general-

ized belief formation process and the Minsky effect. Minsky (1977) argues that “Over a

period of prosperity in the economy, optimism changes, and agents tend to invest more
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in the riskier assets. The tendency to transform doing well into a speculative investment

boom is the basic instability in the economy.” Bhattacharya et al. (2015) provide a

practical method to embed the Minsky effect into a multi-period portfolio choice prob-

lem. Following a simple Bayesian updating mechanism, the agents rationally become

more optimistic after a series of good realizations, and more pessimistic after a bad one.

Agents optimisms, i.e., their subjective view on the future states to come determines

their portfolio choices over different assets. In the credit cycle model of this paper, the

bank stays in the economy all the time while the overlapping generation households lives

for only two periods. Thus, it is possible to consider a belief updating process for the

bank, and see the effect of a procyclical leverage of the banking sector on asset prices

and welfare. It is reasonable to consider the learning process for the bank even when

the bank is operated by bankers who only care about short-term returns, since the bank

is a long-lasting institution that preserves the information from the past and provides

guidance to different generation of its employees.

Both the continuous state space model and the binomial mortgage model provide

a useful framework for regulation. In particular, it is easy to impose Loan-to-Value

requirements in both models, and check their effect on prices, trades, and welfare. Fur-

thermore, the dynamic mortgage model explicitly includes a bank and a central bank,

through which we can test the policy combinations of financial regulation and monetary

policy, as in Goodhart et al. (2012, 2013). This model considers a novel mechanism

to endogenize the mortgage contract origination, thus it is expected to generate more

intuitive policy implications.

4 Conclusion

To recapitulate, this paper provides a novel approach within the general equilibrium

paradigm to assess how belief heterogeneity affects equilibrium and contract origination.

The model establishes that changes in market average beliefs rather than belief disagree-

ment determine the comovement of asset prices and leverage. Under mild technical

conditions, asset prices and leverage could move in opposite directions. Optimism con-

cerning the probability of downside states has no or little effect on asset prices, whereas

optimism concerning the relative probability of probability of upside states may have a

significant impact on asset prices. Asset prices are above the fundamental value due to

their usefulness as collateral. An extension of the basic model considers a multiperiod

framework for mortgage contract origination and establishes that house price and lever-

age comoves, default limits credit extension, raises required rate of return and collateral,

and eventually decreases banks current and future profitability; collateral value of the

house is more volatile than its fundamental price, and default is more severe after a series
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of good outcomes, which is consistent with Minsky’s Financial Instability Hypothesis.

Appendices

A Optimization for the Collateralized Debt Contract

The optimization problem in Section 2.1 is solved as below.This paper focus on the equilibrium

where the collateral constraint is binding, thus I always assume that φo = ao. Combined with

the market clearing conditions, we have φp = φo = ao = a in equilibrium.

A.1 First-Order Conditions

The Lagrangian for the borrowers/optimistic traders is,

Lo = U(eo0 + πφo − pao) + βo
∫ jo

0

U(eo1 + (a− φo)s)fo(s)ds

+ βo
∫ s̄

jo
U(eo1 + aos− φojo)fo(s)ds− λ(φo − a)

where λ is the Lagrangian multiplier for the collateral constraint. Taking derivative of ao, φo

and jo, respectively,

∂Lo

∂ao
=− pU ′(eo0 + πφo − pao) + βo

∫ jo

0

sU ′(eo1 + (ao − φo)s)fo(s)ds

+ βo
∫ s̄

jo
sU ′(eo1 + aos− φojo)fo(s)ds+ λ = 0

∂Lo

∂φo
=πU ′(eo0 + πφo − pao)− βo

∫ jo

0

sU ′(eo1 + (ao − φo)s)fo(s)ds

− βo
∫ s̄

jo
joU ′(eo1 + aos− φojo)fo(s)ds− λ = 0

∂Lo

∂jo
=φo

∂π

∂jo
U ′(eo0 + πφo − pao)− βo

∫ s̄

jo
φoU ′(eo1 + aos− φojo)fo(s)ds = 0

In equilibrium, these equations become,

(p− π)U ′(eo0 − a(p− π)) = βo
∫ s̄

j

(s− j)U ′(eo1 + a(s− j))fo(s)ds (A.1)

∂π

∂j
U ′(eo0 − a(p− π)) = βo

∫ s̄

j

U ′(eo1 + a(s− j))fo(s)ds (A.2)

The lenders/pessimistic traders take the choice of j as given, and their Lagrangian is,

Lp = U(ep0 − πφp) + βp
∫ j

0

U(ep1 + φps)fp(s)ds+ β

∫ s̄

j

U(ep1 + φpj)fp(s)ds
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Taking derivative of φp,

∂Lp

∂φp
= −πU ′(ep0 − πφp) + βp

∫ j

0

sU ′(ep1 + φps)fp(s)ds+ βp
∫ s̄

j

jU ′(ep1 + φpj)fp(s)ds = 0

In equilibrium, this equation becomes,

πU ′(ep0 − πa) = βp
∫ j

0

sU ′(ep1 + as)fp(s)ds+ βp
∫ s̄

j

jU ′(ep1 + aj)fp(s)ds (A.3)

Now we have three equations (A.1 ∼ A.3), but four unknowns (p, π, j, ∂π∂j ), so one more equation

is required. Note that Equation (A.3) holds for all the values of j given to the lenders. In

equilibrium, this equation represents the menu of debt contracts π(j),∀j that the market offers.

Obviously this relationship exists, and is differentiable. The left-hand-side is a function of π,

while the right-hand-side is a function of j. Thus, we can take derivative w.r.t. j on both sides,

∂π

∂j
(U ′(ep0 − πa)− aπU ′′(ep0 − πa)) = βp

∫ s̄

j

(U ′(ep1 + aj) + jaU ′′(ep1 + aj)) fp(s)ds (A.4)

and now we have the fourth equation.

A.2 Non-convexity

Traditional general equilibrium analysis requires convex preference and convex budget sets. In

this model, traders can default on the collateralized debt contract, which leads to non-convexities

in the budget sets. To avoid this problem, let the borrowers choose from a menu of contracts,

and the lenders take the choice as given. There are two reasons why the borrowers make the

choice rather than the lenders. First, it is more realistic. In the mortgage market, the bank or

other financial intermediaries would offer several combinations of down-payments and interest

rates, and the house buyers choose one contract from the menu. Second, the borrowers’ budget

constraint (2.3) is more likely to be concave rather than convex, compared with the borrowers’

budget constraint (2.7), if both types are allowed to choose the value of j. The calculation for the

lender-choosing case violates the second-order conditions. In this model, the lenders’ budget set

is linear. But we still need to deal with the non-convexity in the borrowers’ budget set. To ensure

that we are maximizing rather than minimizing, we need to check the second-order condition

w.r.t. j for the borrowers. In (2.7), the non-linearity comes from the term φo max[s− jo, 0], thus

we check the following two second-order derivatives,

∂2Lo

(∂φo)2
=π2U ′′(co0) + βo

∫ jo

0

s2U ′′(cos)f
o(s)ds+ βo

∫ s̄

jo
j2U ′′(cos)f

o(s)ds (A.5)

∂2Lo

(∂jo)2
=φo

∂2π

(∂jo)2
U ′(co0) +

(
∂π

∂jo
φo
)2

U ′′(co0) + βpφoU ′(eo1 + aojo − φojo)fo(jo)

+ βp
∫ s̄

jo
φoU ′′(cos)f

o(s)ds (A.6)

Obviously ∂2Lo/(∂φo)2 is negative, given that the marginal utility is decreasing. The sign of

∂2Lo/(∂jo)2 is not that obvious, and we need to check this value numerically.

32



B Proof of Theorem 1

The equilibrium of the economy in Section 2.1 can be summarized by the following four equa-

tions.

(p− π)U ′(eo0 − a(p− π)) = βo
∫ s̄

j

(s− j)U ′(eo1 + a(s− j))fo(s)ds (B.1)

∂π

∂j
U ′(eo0 − a(p− π)) = βo

∫ s̄

j

U ′(eo1 + a(s− j))fo(s)ds (B.2)

πU ′(ep0 − πa) = βp
∫ j

0

sU ′(ep1 + as)fp(s)ds+ βp
∫ s̄

j

jU ′(ep1 + aj)fp(s)ds (B.3)

∂π

∂j
(U ′(ep0 − πa)− aπU ′′(ep0 − πa)) = βp

∫ s̄

j

(U ′(ep1 + aj) + jaU ′′(ep1 + aj)) fp(s)ds (B.4)

Lemma 1. ∀j, ∃!π ∈ R+ s.t. equation (B.3) holds. Given power utility function U(x) = x1−γ

1−γ ,

π increases as j increases if γ 6 1.

Proof. Take derivative of the left hand side (LHS) of equation (B.3) w.r.t. π,

∂LHS

∂π
= U ′(ep0 − πa)− πaU ′′(ep0 − πa) > 0

thus the left hand side increases as π increases. Also,

lim
π→0

πU ′(ep0 − πa) = 0

lim
π→ e

p
0
a

πU ′(ep0 − πa) =∞

∀j ∈ (0, s̄), the right hand side of equation (B.3) is a fixed positive number. Thus, there must

be a unique and positive π that satisfies equation (B.3), ∀j ∈ (0, s̄). Take derivative of the right

hand side (RHS) of equation (B.3) w.r.t. j,

∂RHS

∂j
= βpjU ′(ep1 + aj)fp(j) + βp

(
−jU ′(ep1 + aj)fp(j) +

∫ s̄

j

(U ′(ep1 + aj) + ajU ′′(ep1 + aj))fp(s)ds

)
= βp

∫ s̄

j

(U ′(ep1 + aj) + ajU ′′(ep1 + aj))fp(s)ds

= βp
∫ s̄

j

ep1 + aj(1− γ)

(ep1 + aj)γ+1
fp(s)ds > 0

thus the right hand side increases as j increases. So π increases as j increases, given power utility

function and that γ 6 1. Thus equation (B.3) presents π as an increasing function of j.

Lemma 2. ∀j, ∃!p ∈ R+, p > π s.t. equation (B.1) holds. Given power utility function

U(x) = x1−γ

1−γ , p decreases as j increases if γ 6 1.

Proof. It’s obvious that p−π > 0 always holds. Take derivative of the left hand side of equation
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(B.1) w.r.t. p,

∂LHS

∂p
= U ′(eo0 − a(p− π))− a(p− π)U ′′(eo0 − a(p− π)) > 0

thus the left hand side increases as p increases. Also,

lim
p−π→0

(p− π)U ′(eo0 − a(p− π)) = 0

lim
p−π→ eo0

a

(p− π)U ′(eo0 − a(p− π)) =∞

∀j ∈ (0, s̄), the right hand side of equation B.1 is a fixed positive number. Thus, there must be a

unique and positive p− π that satisfies equation (B.1), ∀j ∈ (0, s̄). Given Lemma 1, there must

be a unique and positive p. Take derivative of the right hand side of equation (B.1) w.r.t. j,

∂RHS

∂j
= βo

∫ s̄

j

(−U ′(eo1 + a(s− j))− a(s− j)U ′′(eo1 + a(s− j))) fo(s)ds

= −βo
∫ s̄

j

eo1 + a(s− j)(1− γ)

(eo1 + a(s− j))γ+1
fo(s)ds < 0

thus the right hand side decreases as j increases. So p decreases as j increases, given power

utility function and that γ 6 1. Thus equation (B.1) presents p as a decreasing function of j.

Theorem 1. The solution to the system of the four simultaneous equations (B.1) ∼ (B.4) is

unique, if

1. The utility function takes the form of U(x) = x1−γ

1−γ , and the relative risk aversion coefficient

γ satisfies 0 6 γ 6 1.

2. The hazard rates ho(s), hp(s) of the two types of traders’ belief function satisfies aγ
(eo1+a(s̄−j)γ+1)+

hp(j)
(eo1+a(s̄−j))γ >

ho(h)
(eo1)γ , ∀j ∈ (0, s̄)

Proof. Divide equation (B.2) by (B.4),

U ′(eo0 − a(p− π))

U ′(ep0 − aπ)− aπU ′′((ep0 − aπ)
=
βo

βp

∫ s̄
j
U ′(eo1 + a(s− j))fo(s)ds∫ s̄

j
(U ′(ep1 + aj) + jaU ′′(ep1 + aj)) fp(s)ds

Plug in the power utility function form, and rearrange,

1

(eo0 − a(p− π))γ
(ep0 − aπ)1+γ

eo0 − aπ(1− γ)

ep1 + aj(1− γ)

(ep1 + aj)1+γ
=
βo

βp

∫ s̄
j

fo(s)ds

(eo1 + a(s− j))γ∫ s̄
j
fp(s)ds

(B.5)

Now look at the three terms on the left hand side separately. From Lemma 2 p−π is decreasing

with j, so the first term is decreasing with j. Take derivative w.r.t. j of the third term yields,(
ep1 + aj(1− γ)

(ep1 + aj)1+γ

)′
=
a(1− γ)(ep1 + aj)1+γ − (ep1 + aj(1− γ))(1 + γ)a(ep1 + aj)γ

(ep1 + aj)2+2γ

=
a

(ep1 + aj)2+γ

(
(1− γ)(ep1 + aj)− (ep1 + aj(1− γ))(1 + γ)

)
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=
−γa

(ep1 + aj)2+γ
(2ep1 + aj(1− γ)) 6 0

thus the third term is decreasing with j. The second term takes similar form with the third

term. Given Lemma 1, π increases with j, thus the second term decreases with j. All the three

terms on the left hand side decrease with j, thus the left hand side decreases with j.

Take derivative w.r.t. j of equation (B.5)’s right hand side yields,
∫ s̄
j

fo(s)ds

(eo1 + a(s− j))γ∫ s̄
j
fp(s)ds


′

=

[(
− fo(j)

(eo1)γ
+

∫ s̄

j

aγfo(s)ds

(eo1 + a(s− j))γ+1

) ∫ s̄

j

fp(s)ds+

∫ s̄

j

fo(s)ds

(eo1 + a(s− j))γ
fp(j)

]
/

(∫ s̄

j

fp(s)ds

)2

=

∫ s̄

j

∫ s̄

j

(
−h

o(j)

(eo1)γ
+

aγ

(eo1 + a(s− j))γ+1
+

hp(j)

(eo1 + a(s− j))γ

)
fo(s1)fp(s2)ds1ds2

>

∫ s̄

j

∫ s̄

j

(
−h

o(j)

(eo1)γ
+

aγ

(eo1 + a(s̄− j))γ+1
+

hp(j)

(eo1 + a(s̄− j))γ

)
fo(s1)fp(s2)ds1ds2 > 0

thus the right hand side of equation (B.5) increases with j. So if the system has a solution, it

must be unique.

C No-lending benchmark for the collateralized equilibrium

Consider the case in which the two types of traders are forbidden from lending/borrowing.

The traders maximize the expected utility by choosing the consumptions and asset holdings,

max
ch0 ,a

h,chs

Ūh = U(ch0 ) + βh
∫ s̄

0

U(chs )fh(s)ds, h ∈ {o, p} (C.1)

with budget set defined by (C.2)(C.3):

ch0 + pah 6 eh0 (C.2)

(Consumption at t = 0 plus the payment for the security should not exceed the endowment.)

chs 6 eh1 + ahs ∀s ∈ (0, s̄) (C.3)

(Consumption at t = 1 should not exceed the endowment plus the security’s payoff)

Market clears if total demand for the security equals the supply,

ao + ap = a (C.4)

Thus we have,

p = β

∫ s̄

0

U ′(chs )

U ′(ch0 )
sfh(s)ds, h ∈ {o, p} (C.5)
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D The Mortgage Equilibrium

This section defines the Mortgage Equilibrium for the economy in Section 3. In equilibrium,

the markets for the houses, mortgage loans, and deposit should all clear. More specifically, the

supply and demand of houses should equal in equilibrium at all states,

qR0
0 = qP0

0 (D.1)

qR0
U + qRUU = qP0

U + qPUU (D.2)

qRUUU = qPUUU (D.3)

qRUUD + φBU = qPUUD (D.4)

qR0
D + qRDD + qBD = qP0

D + qPDD (D.5)

qRDDU + φB0 − qBD = qPDDU (D.6)

qRDDD + φB0 − qBD + φBD = qPDUD (D.7)

The mortgage loan supply from the banker equals the demand from the house buyers,

φB0 = φP0
0 ≡ φ0 (D.8)

φBU = φPUU ≡ φU (D.9)

φBD = φPDD ≡ φD (D.10)

The face value of the mortgage contract chosen by the banker and the house buyers should be

the same,

AB0 = AP0
0 ≡ A0 (D.11)

ABU = APUU ≡ AU (D.12)

ABD = APDD ≡ AD (D.13)

The demand for deposit of the banker should equal the supply of deposit of the house sellers,

DepB0 = DepR0
0 ≡ Dep0 (D.14)

DepBU = DepRUU ≡ DepU (D.15)

DepBD = DepRDD ≡ DepD (D.16)

Definition 2. The Mortgage Equilibrium for the economy

E2 =
{

(Ūh, eh)h∈H , r
M
}

is a vector consisting of house prices, mortgage contract prices, deposit interest rates, consump-

tions, house trading, mortgage loan face value and traded volumes, and deposit volumes,(
(P, π, r), (ch, qh)h∈H\B , q

B
D, A, φ,Dep,M

)
if and only if
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1. (cRs, qRs, DepRs) ∈ BRs2 (P, r), s ∈ {0, U,D}
(c̃, q̃, D̃ep) ∈ BRs2 (P, r)⇒ ŪRs(c̃, q̃) 6 ŪRs(cRs, qRs)

2. (cPs, qPs, φPs, APs) ∈ BPs2 (P, π), s ∈ {0, U,D}
(c̃, q̃, φ̃, Ã) ∈ BPs2 (P, π)⇒ ŪPs(c̃, q̃) 6 ŪPs(cPs, qPs)

3. Bankers optimize accordingly, subject to the bank’s budget constraints.

4. Market clearing conditions (D.1)∼(D.16) hold.

5. Equations (D.17) (D.18)(D.19) hold.

6. In equilibrium min
[
ePssD
φs
, PsD

]
< As < min

[
ePssU
φs
, PsU

]
, s ∈ {0, U,D}.

where

H ≡ {R0, RU,RD,P0, PU, PD,B} is the set of all the agents in the economy,

eRs ≡ {Es, eRss , eRssU , e
Rs
sD}, s ∈ {0, U,D} is the vector of the endowment of the house sellers,

ePs ≡ {ePss , ePssU , e
Ps
sD}, s ∈ {0, U,D} is the vector of the endowment of the house buyers,

eB is the bankers endowment,

rM ≡ {rM0 , rMU , r
M
UU , r

M
UD, r

M
D , r

M
DU , r

M
DD} is the vector of central bank lending interest rates,

P ≡ {P0, PU , PUU , PUD, PD, PDU , PDD} is the vector of house prices,

π ≡ {π0, πU , πD} is the vector of mortgage contract prices,

A ≡ {A0, AU , AD} is the vector of mortgage contract face values,

Dep ≡ {Dep0, DepU , DepD} is the vector of deposits,

r ≡ {r0, rU , rD} is the vector of deposit interest rates,

M ≡ {M0,MU ,MUU ,MUD,MD,MDU ,MDD} is the vector of the banker’s lending from the

central bank.

Following the contract determination method, the first-order conditions for the bank generates

the contract menus, and the slope of the contract menu at each state can be described by the

following equations.

θB0

((
1− (1 + r0)(1 + rM0 )(1 + rMU )

∂π0

∂A0

)
U ′(ProfitU )

+
(
A− (1 + r0)(1 + rM0 )(1 + rMU )π

)(
φ0 − (1 + r0)(1 + rM0 )(1 + rMU )φ0

∂π0

∂A0

)
U ′′(ProfitU )

)
+(1− θB0 )

(
1− (1 + r0)(1 + rM0 )(1 + rMD )

∂π0

∂A0

)(
U ′(ProfitD)

+φ0(A− (1 + r0)(1 + rM0 )(1 + rMD )
∂π0

∂A0
)U ′′(ProfitD)

)
= 0 (D.17)

θBU

((
1− (1 + rU )(1 + rMUU )

∂πU
∂AU

)
U ′(ProfitUU )

+
(
AU − (1 + rU )(1 + rMUU )πU

)(
φU − (1 + rU )(1 + rMUU )φU

∂πU
∂AU

)
U ′′(ProfitUU )

)
+(1− θBU )

(
1− (1 + rU )(1 + rMUD)

∂πU
∂AU

)(
U ′(ProfitUD)

+φU (AU − (1 + rU )(1 + rMUD)
∂πU
∂AU

)U ′′(ProfitUD)

)
= 0 (D.18)
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θBD

((
1− (1 + rD)(1 + rMDU )

∂πD
∂AD

)
U ′(ProfitDU )

+
(
AD − (1 + rD)(1 + rMDU )πD

)(
φD − (1 + rD)(1 + rMDU )φD

∂πD
∂AD

)
U ′′(ProfitDU )

)
+(1− θBD)

(
1− (1 + rD)(1 + rMDD)

∂πD
∂AD

)(
U ′(ProfitDD)

+φD(AD − (1 + rD)(1 + rMDD)
∂πD
∂AD

)U ′′(ProfitDD)

)
= 0 (D.19)
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